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iety Vol. 30 No. 1 (2004), pp 13-20.WEAK COMPACTNESS OF THE SET OF"-EXTENSIONSSH. REZAPOURAbstra
t. Let W be a subspa
e of a normed spa
e X , " > 0be given and let f 2 W �. Every extension of f (in the sense ofHahn-Bana
h Theorem) is a "-extension of f . We determinewhen the set of all "-extensions of every f 2 W � is weakly
ompa
t. Finally by using of "-extensions, we 
hara
terizeweak�-
losed "-weakly Chebyshev subspa
es of X�.1. Introdu
tionLet X be a (
omplex or real) normed spa
e, " > 0 be given andlet W be a subspa
e of X. A point y0 2 W is said to be a "-approximation for x 2 X if kx � y0k � d(x;W ) + ". For x 2 X,put PW;"(x) = fy 2 W : kx� yk � d(x;W ) + "g:It is 
lear that PW;"(x) is a non-empty, bounded and 
onvex sub-set of X. Also, PW;"(x) is 
losed for all x 2 X, if W is 
losed.Re
ently, the author has de�ned "-quasi Chebyshev and "-weaklyChebyshev subspa
es of a normed spa
e (see [8,9℄). A subspa
e Wof a normed spa
e X is 
alled "-quasi Chebyshev ("-Weakly Cheby-shev) if PW;"(x) is 
ompa
t (weakly 
ompa
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14 Rezapoursome types of proximinality are investigated (see [2℄-[7℄).Let W be a subspa
e of a normed spa
e X, " > 0 be given andlet f 2 W �. A linear fun
tional g 2 X� is 
alled "-extension of fif gjW = f and kgk � " � kfk � kgk. We denote the set of all"-extensions of f by E"(f). Note that E"(f) is a non-empty, 
losedand 
onvex subset of X�.Re
all that if W is a subspa
e of a normed spa
e X, then W? =ff 2 X� : f(w) = 0 for all w 2 Wg. Also if M is a subspa
e ofX�, then ?M = fx 2 X : f(x) = 0 for all f 2 Mg and kfkM? =supfj'(f)j : k'k � 1, ' 2 M?g, for all f 2 X�. Finally, x̂ standsfor the 
anoni
al image of x 2 X in the se
ond dual X��.We 
on
lude this se
tion by a list of known lemmas needed inthe proof of the main results.Lemma 1.1. [8; Lemma 2.1℄. Let W be a subspa
e of a normedlinear spa
e X x 2 X, y0 2 W and " > 0 be given. Then,y0 2 PW;"(x) if and only if kx � y0k � kx � y0kW? + ", wherekx� y0kW? = supfjf(x� y0)j : kfk � 1; f 2 W?g.Lemma 1.2. [8; Lemma 2.2℄. Let W be a 
losed subspa
e ofa normed linear spa
e X, x 2 X and " > 0 be given. Then,M � PW;"(x) if and only if there exists f 2 X� su
h that kfk = 1,f jW = 0 and f(x� y) � kx� yk � " for all y 2M .Lemma 1.3. [8; Corollary 2.12(a)℄. All 
losed subspa
es of anormed spa
e X are "-quasi Chebyshev in X if and only if X is�nite dimensional.



Weak 
ompa
tness of the set of "-extensions 15Lemma 1.4. [9; Corollary 2.8(a)℄. All 
losed subspa
es of a normedspa
e X are "-weakly Chebyshev in X if and only if X is re
exive.Lemma 1.5. [3; Lemma 1.4℄. Let X be a normed spa
e and letW be weak�-
losed subspa
e of X�. Then, kfkW? = kf j?Wk for allf 2 X�.2. Weak 
ompa
tness of the set of "-extensionsNow, we are ready to state and prove our results on "-extensions.Lemma 2.1. Let W be a subspa
e of a normed spa
e X and f; g 2X�. Then g 2 PW?;�(f) () [f � g 2 E�(f̂ jW??):Proof. Let g 2 PW?;"(f). Then, by Lemma 1.2, there exists� 2 X�� su
h that k�k = 1, �jW? = 0 and �(f � g) � kf � gk� ".It follows that, kf � gk � " � k([f � g)jW??k � kf � gk. Thus,k[f � gk � " � kf̂ jW??k � k[f � gk. Therefore, [f � g is a "-extension of f̂ jW??. Now, let [f � g be a "-extension of f̂ jW??.Then, ĝjW?? = 0 and hen
e g 2 W?. On the other hand, kf�gk =k[f � gk � kf̂ jW??k + " = k([f � g)jW??k + " = kf � gkW?? + ".Therefore, by Lemma 1.1, g 2 PW?;"(f). 2Lemma 2.2. Let W be a subspa
e of a normed spa
e X; f 2 W �and let ~f 2 X� be an extension of f . ThenE�( ~̂f jW??) = fĝ : g 2 E�(f)g:Proof. Let g 2 X� be su
h that ĝ is a "-extension of ( ~̂f)jW??.Then, ĝ(') = ( ~̂f)('), for all ' 2 W??. Thus,



16 Rezapourg(x) = x̂(g) = ĝ(x̂) = ( ~̂f)(x̂) = x̂( ~f) = ~f(x) = f(x), for all x 2 W .Sin
ekgk � " = kĝk � " � k( ~̂f)jW??k = k ~fk = kfk � kĝk = kgk;g is a "-extension of f . Now, let g 2 X� be a "-extension of f . Then,g(x) = f(x) = ~f(x), for all x 2 W . Sin
e ĝ and ( ~̂f) are 
ontinuouswith respe
t to the weak-topology on X�� and W is dense in W??for the weak-topology on X��, we have ĝ(') = ( ~̂f)('), for all ' 2W??. Hen
e, ĝjW?? = ( ~̂f)jW?? andkĝk � " = kgk � " � kfk = k ~fk = k( ~̂f)jW??k � kgk = kĝk:Therefore, ĝ is a "-extension of ( ~̂f)jW??. 2Theorem 2.3. Let W be a subspa
e of a normed spa
e X and let" > 0 be given. Then the following are equivalent:(a) For ea
h f 2 W �, E"(f) is weakly 
ompa
t.(b) For ea
h f 2 X�, the set of all g 2 X� su
h that ĝ is a "-extension of f̂ jW?? is weakly 
ompa
t.(
) W? is a "-weakly Chebyshev subspa
e of X�.Proof. (a))(b). For ea
h f 2 X�, f1 2 W �, where f1 = f jW . Letfgngn�1 be an arbitrary sequen
e inX� su
h that ĝn is a "-extensionof f̂ jW?? (n = 1; 2; : : : ). Then, by Lemma 2.2, fgngn�1 is a sequen
ein the set of all "-extensions of f1. Therefore, fgngn�1 has a weakly
onvergent subsequen
e, and hen
e the set of all g 2 X� su
h thatĝ is a "-extension of f̂ jW?? is weakly 
ompa
t.



Weak 
ompa
tness of the set of "-extensions 17(b))(a). Let f 2 W � be given. Then, f has an extension~f 2 X�, by Hahn-Bana
h Theorem. Now, (a) is an immediate 
on-sequen
e of Lemma 2.2.(b))(
). Let f 2 X� be given and let fgngn�1 be a sequen
e inPW?;"(f). Then, by Lemma 2.1, ff � gngn�1 is a sequen
e in theset of all g 2 X� su
h that ĝ is a "-extension of f̂ jW??. Thus, thereexists a weakly 
onvergent subsequen
e ff�gnkgk�1 of ff�gngn�1.Therefore, fgnkgk�1 is a weakly 
onvergent subsequen
e of fgngn�1.Hen
e, W? is a "-weakly Chebyshev subspa
e of X�.(
))(b). Let f 2 X� be given and let fgngn�1 be a sequen
ein X� su
h that ĝn is an extension of f̂ jW??, for all n � 1. Then,by Lemma 2.1, ff � gngn�1 is a sequen
e in PW?;"(f). Thus, thereexists a weakly 
onvergent subsequen
e ff�gnkgk�1 of ff�gngn�1.Therefore, fgngn�1 has a weakly 
onvergent subsequen
e. 2The proof of the following Theorem is similar to that of Theorem2.3.Theorem 2.4. Let W be a subspa
e of a normed spa
e X and let" > 0 be given. Then the following are equivalent:(a) For ea
h f 2 W �, the set E"(f) is 
ompa
t.(b) For ea
h f 2 X�, the set of all g 2 X� su
h that ĝ is a "-extension of f̂ jW??, is 
ompa
t.(
) W? is a "-quasi Chebyshev subspa
e of X�.The following 
orollary is a 
onsequen
e of Theorems 2.3, 2.4,Lemma 1.3 and Lemma 1.4.



18 RezapourCorollary 2.5. Let X be a normed spa
e.(a) For ea
h subspa
e W of X and for ea
h f 2 W �, the set of all"-extensions of f is weakly 
ompa
t if and only if X is re
exive.(b) For ea
h subspa
e W of X and f 2 W �, the set of all "-extensions of f is 
ompa
t if and only if X is �nite dimensional.3. "-weakly Chebyshev subspa
es in dual spa
esIn this se
tion by using of "-extensions, we shall 
hara
terizeweak�-
losed "-weakly Chebyshev subspa
es in dual spa
es.A subspa
e W of a normed spa
e X is said to have the property("�W ) if for every f 2 W � the set E"(f) is weakly 
ompa
t.A subspa
e M of X� is said to have the property ("�W �) if thesetDMx;" = fy 2 X : f(y) = f(x) for all f 2M & kyk � kxkM+"gis weakly 
ompa
t for all x 2 X, wherekxkM = supfjf(x)j : kfk � 1; f 2Mg:Note that DMx;" is a non-empty, 
losed, bounded and 
onvex sub-set of X for all x 2 X.Theorem 3.1. Let X be a normed spa
e, M be a subspa
e of X�and let " > 0 be given. Then the following are equivalent:(a) M is a "-weakly Chebyshev subspa
e of X�.(b) M? has the property ("�W �).(
) ?M has the property ("�W ).



Weak 
ompa
tness of the set of "-extensions 19Proof. (a))(b). If DM?f;" is not weakly 
ompa
t for some f 2 X�,then there exists a sequen
e fgngn�1 in DM?f;" without a weakly
onvergent subsequen
e. Sin
e M is weak�-
losed, g1 � gn 2M forall n � 1 andkg1 � (g1 � gn)k = kgnk � kfkM? + " = kg1 � (g1 � gn)kM? + "for all n � 1. Therefore, g1� gn 2 PM;"(g1) for all n � 1. It followsthat M is not "-weakly Chebyshev subspa
e of X�. Hen
e, (a) im-plies (b).(b))(
). suppose that ?M does not have the property ("�W ).Then, there exists f0 2 (?M)� and a sequen
e fgngn�1 in Ef0;"without a 
onvergent subsequen
e. Sin
e, M? = (?M)??, ?Mis dense in M? for the weak topology on X�� ([1; Propositions1.10.15 and 2.6.6℄). Next, de�ne F0 : X�� �! � by F0(') = '(f0)and Fn : X�� �! � by Fn(') = '(gn) for all n � 1, where � isthe real or 
omplex �eld. Then, F0; F1; F2; : : : are 
ontinuous withrespe
t to the weak-topology on X��. Therefore, '(gn) = '(f0) forall n � 1 and ' 2 M?. By Lemma 1.5, gn 2 DM?g1;" for all n � 1,be
ause kg1kM? = kf0k � kgnk � " for all n � 1. Thus, M? doesnot have the property ("�W �). Hen
e, (b) implies (
).(
))(a). suppose that PM;"(f0) is not weakly 
ompa
t for somef0 2 X�. Then, there exists a sequen
e fgngn�1 in PM;"(f0) with-out a weakly 
onvergent subsequen
e . By Lemma 1.1, kf0� gnk �kf0�gnkM?+" = kf0kW?+" for all n � 1. It follows that f0�gn 2DM?f0;" for all n � 1. If we de�ne the linear fun
tional �0 2 (?M)�by �0 = f0j?M , then by Lemma 1.5, �0(x) = f0(x) � gn(x) andk�0k + " = kf0kM? + " � kf0 � gnk for all n � 1 and all x 2? M .It follows that f0 � gn 2 E�0;" for all n � 1. Therefore, ?M doesnot have the property ("�W ). 2Corollary 3.2. Let X be a normed spa
e and " > 0 be given. Thenthe following are equivalent:



20 Rezapour(a) All weak�-
losed subspa
es of a X� are "-weakly Chebyshev.(b) All subspa
es of X have the property ("�W ).(
) X is re
exive.
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