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WEAK COMPACTNESS OF THE SET OF
e-EXTENSIONS

SH. REZAPOUR

ABSTRACT. Let W be a subspace of a normed space X, e > 0
be given and let f € W*. Every extension of f (in the sense of
Hahn-Banach Theorem) is a e-extension of f. We determine
when the set of all e-extensions of every f € W* is weakly
compact. Finally by using of e-extensions, we characterize
weak*-closed e-weakly Chebyshev subspaces of X*.

1. Introduction

Let X be a (complex or real) normed space, £ > 0 be given and
let W be a subspace of X. A point yq € W is said to be a e-
approximation for z € X if ||z — yol| < d(z,W) +e. For z € X,
put

Py.(z)={yeW:|z—y| <daW)+e}.

It is clear that Py () is a non-empty, bounded and convex sub-
set of X. Also, Py () is closed for all z € X, if W is closed.

Recently, the author has defined e-quasi Chebyshev and e-weakly
Chebyshev subspaces of a normed space (see [8,9]). A subspace W
of a normed space X is called e-quasi Chebyshev (e-Weakly Cheby-
shev) if Py (x) is compact (weakly compact) for all z € X. Also,
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some types of proximinality are investigated (see [2]-[7]).

Let W be a subspace of a normed space X, € > 0 be given and
let f € W*. A linear functional g € X* is called e-extension of f
if glw = f and ||g|| —¢ < ||f]| < |lgl]. We denote the set of all
e-extensions of f by E.(f). Note that E.(f) is a non-empty, closed
and convex subset of X*.

Recall that if W is a subspace of a normed space X, then W+ =
{f € X*: f(w) =0 forall we W}. Also if M is a subspace of
X* then *M = {zx € X : f(z) =0forall f € M} and [|f| e =
sup{|lo(f)|: l¢l]] €1, ¢ € M1}, for all f € X*. Finally, & stands
for the canonical image of z € X in the second dual X**.

We conclude this section by a list of known lemmas needed in
the proof of the main results.

Lemma 1.1. [8; Lemma 2.1]. Let W be a subspace of a normed
linear space X © € X, yo € W and ¢ > 0 be given. Then,
Jo € Puale) if and only if 7 — yoll < |17 — yollws + &, where
Iz = yollws = sup{lf(z —yo)| : If < 1, f € W}

Lemma 1.2. [8; Lemma 2.2]. Let W be a closed subspace of
a normed linear space X, x € X and € > 0 be given. Then,
M C Py () if and only if there exists f € X* such that ||f|| = 1,
flw=0and f(x —y) > ||lx —y|| — & for all y € M.

Lemma 1.3. [8; Corollary 2.12(a)]. All closed subspaces of a
normed space X are £-quasi Chebyshev in X if and only if X is
finite dimensional.
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Lemma 1.4. [9; Corollary 2.8(a)]. All closed subspaces of a normed
space X are e-weakly Chebyshev in X if and only if X is reflexive.

Lemma 1.5. [3; Lemma 1.4]. Let X be a normed space and let
W be weak*-closed subspace of X*. Then, ||f|lwe = || flow] for all
feXr.

2. Weak compactness of the set of c-extensions

Now, we are ready to state and prove our results on e-extensions.

Lemma 2.1. Let W be a subspace of a normed space X and f, g €
X*. Then

g€ Pyi(f) < [-geEflwi).

Proof. Let g € Py1.(f). Then, by Lemma 1.2, there exists
A € X* such that ||[A|| =1, Al =0and A(f—g) > ||f — gl —&.
It follows that, [If — gl — = < [I(F— 9)wes ]| < [If = gll. Thus,
IF=9l == < |flwesl < =gl Therefore, F—g is a =
extension of fly 1. Now, let f— g be a e-extension of f|y 1.
Then, gl 11 = 0 and hence g € W. On the other hand, || f —g| =

1F=gll < I flweell+e = 1I(F = @lweell +2 = If = gllwee + <.
Therefore, by Lemma 1.1, g € Py (f). O

Lemma 2.2. Let W be a subspace of a normed space X, f € W~
and let f € X* be an extension of f. Then

Eflwes) = {: 9 € E(f)}.

~

Proof. Let ¢ € X* be such that g is a s-extension of (f)|y 1.

Then, g(p) = (f)(¢p), for all o € W+, Thus,
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9(z) = i(g) = 4(3) = (F)(&) = #(f) = f(2) = f(), for all 2 € W
Since

~

lgll = = = llgll = & < [(Alwell = 1711 = 1£11 < llall = llgll.

g is a e-extension of f. Now, let ¢ € X* be a e-extension of f. Then,

g(x) = f(x) = f(z), for all z € W. Since g and (f) are continuous
with respect to the weak-topology on X** and W is dense in Wt

for the weak-topology on X**| we have g(p) = (f)(p), for all ¢ €

WLL. Hence, Q‘WJ_J_ = (f)‘WJ_J_ and

~

13l == = llgl = < IF Il = 171 = 1D lwll < Nlglh = gl

Therefore, § is a e-extension of (f)|y1e. O

Theorem 2.3. Let W be a subspace of a normed space X and let
e > 0 be given. Then the following are equivalent:

(a) For each f € W*, E.(f) is weakly compact.

(b) For each f € X*, the set of all g € X* such that § is a &-
extension of fly 11 is weakly compact.

(¢c) W is a e-weakly Chebyshev subspace of X*.

Proof. (a)=(b). For each f € X*, fi € W*, where f; = f|y. Let
{gn}n>1 be an arbitrary sequence in X* such that g, is a e-extension
of flywrr (n=1,2,...). Then, by Lemma 2.2, {g, }n>1 is a sequence
in the set of all e-extensions of f;. Therefore, {g,}n>1 has a weakly
convergent, subsequence, and hence the set of all g € X* such that
g is a e-extension of f\Wu is weakly compact.
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_(b)=(a). Let f € W* be given. Then, f has an extension
f € X*, by Hahn-Banach Theorem. Now, (a) is an immediate con-
sequence of Lemma 2.2.

(b)=(c). Let f € X* be given and let {g,},>1 be a sequence in
Py 1. (f). Then, by Lemma 2.1, {f — gn}n>1 is a sequence in the
set of all g € X* such that ¢ is a e-extension of f\Wu. Thus, there
exists a weakly convergent subsequence {f— gy, }i>1 of {f —gn}n>1.
Therefore, {gn, }x>1 is a weakly convergent subsequence of {gy},>1.
Hence, W+ is a e-weakly Chebyshev subspace of X*.

(c)=(b). Let f € X* be given and let {g,},>1 be a sequence
in X* such that ¢, is an extension of fA\Wu, for all n > 1. Then,
by Lemma 2.1, {f — gn}n>1 is a sequence in Py1 .(f). Thus, there
exists a weakly convergent subsequence {f—g,, }i>1 of {f —gn}n>1.
Therefore, {g,}n>1 has a weakly convergent subsequence. O

The proof of the following Theorem is similar to that of Theorem
2.3.

Theorem 2.4. Let W be a subspace of a normed space X and let
e > 0 be given. Then the following are equivalent:

(a) For each f € W*, the set E.(f) is compact.

(b) For each f € X*, the set of all g € X* such that § is a e-
extension of flwii, is compact.

(¢) W is a e-quasi Chebyshev subspace of X*.

The following corollary is a consequence of Theorems 2.3, 2.4,
Lemma 1.3 and Lemma 1.4.
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Corollary 2.5. Let X be a normed space.

(a) For each subspace W of X and for each f € W*, the set of all

e-extensions of f is weakly compact if and only if X is reflexive.

(b) For each subspace W of X and f € W*, the set of all -

extensions of f is compact if and only if X s finite dimensional.

3. e-weakly Chebyshev subspaces in dual spaces

In this section by using of c-extensions, we shall characterize
weak*-closed e-weakly Chebyshev subspaces in dual spaces.

A subspace W of a normed space X is said to have the property
(e — W) if for every f € W* the set E.(f) is weakly compact.

A subspace M of X* is said to have the property (¢ — W*) if the
set

Dy.={y€X: f(y)=f(z) for all feM & |y| < |z]rn+e}

is weakly compact for all x € X, where

[zl = sup{lf (@) [Iflf <1, fe M}

Note that Diwg is a non-empty, closed, bounded and convex sub-

set of X for all z € X.

Theorem 3.1. Let X be a normed space, M be a subspace of X*
and let € > 0 be given. Then the following are equivalent:

(a) M is a e-weakly Chebyshev subspace of X*.
(b) M+ has the property (e — W*).

(¢) M has the property (e — W ).
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Proof. (a)=(b). If D}V[’El is not weakly compact for some f € X*,

then there exists a sequence {g,}n,>1 in D}V[; without a weakly
convergent, subsequence. Since M is weak*-closed, ¢ — g, € M for
alln > 1 and

lgr = (g1 = gn) | = llgnll < W fllare +&=llgr = (91 = gn)llase +¢

for all n > 1. Therefore, g1 — g5, € Pr.(g1) for all n > 1. It follows
that M is not e-weakly Chebyshev subspace of X*. Hence, (a) im-

plies (b).

(b)=(c). suppose that - M does not have the property (¢ — W).
Then, there exists fo € (*M)* and a sequence {gn}n>1 in Ey, .
without a convergent subsequence. Since, M+ = (*M)+t LM
is dense in M= for the weak topology on X** ([1; Propositions
1.10.15 and 2.6.6]). Next, define Fy : X** — ® by Fy(p) = ¢(fo)
and F,, : X* — ® by F,(p) = p(g,) for all n > 1, where ® is
the real or complex field. Then, Fy, Fy, F3, ... are continuous with
respect to the weak-topology on X**. Therefore, ¢(g,) = ¢(fo) for
alln > 1 and ¢ € M*. By Lemma 1.5, g, € DM for all n > 1,
because ||gi|[at = || fol| > |lgnll — ¢ for all n > 1. Thus, M* does
not have the property (¢ — W*). Hence, (b) implies (c).

(c)=(a). suppose that Py .(fo) is not weakly compact for some
fo € X*. Then, there exists a sequence {g, }n>1 in P .(fo) with-
out a weakly convergent subsequence . By Lemma 1.1, || fo — g,|| <
| fo—gnllarr +¢ = || follws +¢ for all n > 1. It follows that fo—g, €
D%i for all n > 1. If we define the linear functional Ay € (*M)*
by Ao = fo|1ar, then by Lemma 1.5, Ag(x) = fo(z) — gn(x) and
Aol +2 = |lfollpe + > ||fo — gul| for all n > 1 and all x €+ M.
It follows that fo — g, € Ea,. for all n > 1. Therefore, LM does
not have the property (¢ — W). O

Corollary 3.2. Let X be a normed space and ¢ > 0 be given. Then
the following are equivalent:
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(a) All weak*-closed subspaces of a X* are e-weakly Chebyshev.

(b) All subspaces of X have the property (¢ — W ).

(¢) X is reflexive.
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