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A REMARK ON A REMARK BY MACAULAY
OR
ENHANCING LAZARD STRUCTURAL THEOREM

MARIA GRAZIA MARINARI AND TEO MORA

In [10] (also cf.[6]) Macaulay gave a construction which, to each
monomial ideal J C k[X7, ..., X,,], associates a set of points X C k"
whose associated radical ideal | has, using modern lingo, J as the
monomial ideal associated to its Grobner basis — J = T(I); more-
over Macaulay explicitly stated a direct correspondence between
the points X and the monomials 7 ¢ J under the “Grébner escalier”
N(I).

Partial converse of the Macaulay’s result appeared in the earlier
research on Grobner Technology:

e In 1981 Moéller [1] introduced Duality in Computer Algebra
proposing an algorithm which, for each finite set of points
X C k™, computes the Grébner basis and the “Grobner
escalier” of its associted radical ideal I.

e In 1985 Lazard [9] gave a characterization of the Grébner
basis of any ideal | C k[X7, X5] and such characterization is
a refinement of Macaulay’s result.

e In 1990 Cerlienco-Mureddu [2] gave an algorithm which, for
each finite set of points X C k™ , computes the “Grobner
escalier” N(I) of its associated radical ideal | and a direct
correspondence between X and N(I).
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2 Marinari and Mora
What started our investigation was the realization that

e in the common setting (simple points in k[X7, X5]) Lazard
and Cerlienco-Mureddu together state exactly the converse
of Macaulay’s result, and

e the most elementary proof of this converse consists of direct
application of Moller’s Algorithm.

This gave us a reasonable strategy in order to investigate how
it could be possible to generalize Lazard’s Structural Theorem to
more than two variables: the application of Cerlienco-Mureddu
Correspondence and Moller’s Algorithm together, on the same line
as in the case of two variables, should automatically produce the
required result.

This paper is a report on our investigation.

In Section 1 we introduce the notation and we recall the
Groebnerian results we need; Section 2 is devoted to Moller’s
Algorithm, Section 3 to Macaulay’s Trick, Section 4 to Lazard’s
Structural Theorem and Section 5 to Cerlienco-Mureddu
Correspondence. We are then able to state (in Section 6) the
Groebnerian Structural description of configurations of points in
a plane and prove it in Section 7.

Out next step is to discuss (in Section 8) some illustrating
examples in 3 wvariables; this is sufficient, after a deeper
analysis of Cerlienco-Mureddu Correspondence (in Section 9) to
state (in Section 10) and prove (in Section 11) our enhanced Lazard
Structural Theorem.

Our investigation is not yet satisfactory as we will explain in
Section 12.

1. Notation and Recalls

Let P := k[Xy,...,X,] and 7 the semigroup generated by
{X1,..., Xn},

T :={X{" - X (a1,...,a,) € N"};
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if < is a semigroup ordering on 7, i.e. an ordering such that
t1 <ty = tt1 <ty fOT each t, 11,19 € T,
each element f € P can be uniquely expressed either as

deg(f) .
f = Z ng:L € k?[Xl, .. ,Xn_l][Xn],
=0
9i € k[Xla s 7Xn—1]7gdeg(f) ?é 07

or as a linear combination
S

f=>cf,t)t=> clftti - c(f,ts) 0t € T oty > - >t

teT =1

of terms t € 7 with coefficients ¢(f,t) in k; and we will denote

Lp(f) := Gaeg(s) the leading polynomial of f,
T(f) := t; its mazimal term,

le(f) := c(f, t1) its leading cofficient and
M(f) := e(f, t1)ty its mazimal monomial.

For each set G C P, T{G} denotes the set {T(g) : g € G},
and T(G) denotes the monomial ideal {7T(g) : 7 € 7,9 € G}
it generates. For each ideal | C P, we will consider not only the
monomial ideal T(I) = T{l} but also G(I), the minimal basis of
T(l), and the sets

N :=7\T()
and
B(l) := {Xpt:1<h<n,teND}\N(I
= THNH{1}U{Xpt:1<h<n,teN()})
and we set k[N(I)] := Span, (N(I)).

All these notations (and the definitions below) depend on the
term-ordering <: all over the paper, we will choose as < the
lexicographical ordering induced by X; < --- < X,, defined by

X X0 < X0 XD <= exists j:a; < bj and

a; = b; for ¢ > 7.
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Lemma 1.1 (Buchberger). With this notation, it holds:
(1) P=1a k[N
(2) P/l = Kk[N(D];
(3) for each f € P, there is a unique
g:=Can(f,)= > ~(f.t,<)t € k[N(I)]
teN(l)

such that f — g € 1.
Moreover:

(a) Can(fy,1) = Can(fo,l) <= fi—facl;
(b) Can(f,1) =0 <= fel.

Definition 1.2. With this notation

e a Grobner basis of | is any set G C | such that T(G) = T{l},
i.e. T{G} generates the monomial ideal T(l) = T{l};

e the reduced Grobner basis of | is the set
G(l) :={r — Can(r,1) : 7 € G(I)};
e the border basis of | is the set

B(l) := {r — Can(r,1) : 7 € B(])}.

Proposition 1.3 (Buchberger). For each f € P, f — Can(f,|) has
a Grobner representation

f= Zpigi»pi €P,g9; € G, T(p;))T(g:) < T(f) for each i,
=1

in terms of any Grébner basis G = {g1,... ,gm}-

Definition 1.4. Let
L:={l,... 0} CP*:=Homg(P,k), a={q,.-.,qs} CP.

L and q are said to be
e triangular if ¢;(g;) = 0, for each 7 < j;
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e biorthogonal if £;(q;) = 6;; = { 1 ifi=j

0 ifi#j.
Let X := {aj,...,as} C k™ be a finite set of points,
a; == (aj,...,a;). We will denote by ¢;, for each i, the linear

functional ¢; € P* defined by
Gi(f) = flan, ... ,am) for each f(X1,...,X,) € P.
Moreover we will denote
L(X) := Span, ({¢;,1 <i < s}) C P*,
I(X):={feP: f(a;) =0, for each i},

so that L(X) and [(X) are dual.
In particular

Lemma 1.5 (Lagrange Interpolation Formula). [1]
There exists (and it is possible to compute) a setq = {q1, ... ,qs} C
P such that
(1) ¢ = Can(g;, 1(X)) € Span, (N(I(X)));
(2) L(X) and q(X) are triangular;
(3) P/I(X) = Spany(q(X)).
This allows to compute a set ' (X) ={qy,...,q.} C P such that
(1) g; = Can(g;, 1(X)) € Span, (N(I(X)));
(2) L(X) and d'(X) are biorthogonal;
(3) P/I(X) = Spany(q'(X)).
Let ¢y,...,cs €k and let ¢ :==Y;c;q; € P. Then, if {g1,... ,9:}
denotes a Grébner basis of 1(X), one has
(1) ¢ is the wunique polynomial in Span,(N(l)) such that
q(a;) = ¢;, for each i;
(2) for each p € P the following are equivalent
(a) p(a;) = ¢, for each i,
(b) ¢ = Can(p, (X)),
(c) exist hj € P such that

p=q+ Y hyg, T(h)T(g) < Tp— q).

j=1
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2. Moller Algorithm

Duality for 0O-dimension ideals was introduced in Computer
Algebra by Méller in [1] and [11] (cf. also [4]) where he introduced
Lemma 1.5 and solved the related computational problem:

Problem 2.1. Given a finite set of points X := {ay,... ,as} C k"
compute q(X) and B(I(X)).

As it is usual with elementary linear algebra algorithms, there are
many ways to perform Moller Algorithm; the version we describe
here is a restatement of Alg. 2 (variant) presented in [11] pp. 127-
128.

Algorithm 2.2 (Moller). After having remarked that, if
s = #(X) = 1, the problem has the obvious solution

q(X) ={1} and B(I(X)) = {X, —ap1 : 1 <h <n},
the algorithm can be described by induction on #(X) = s.

Let us therefore denote X' := {ay,... ,as_1} and let us assume,
by induction, to already know q(X') = {q1,... ,qs—1} and B(I(X'));
to simplify the notation, for each 7 € B(I(X’)) we will denote
b, := 1 — Can(7,1(X’)) so that

B((X") ={b,: 7 € B(I(X))}.

The algorithm then performs the computations sketched in Figure 1
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FIGURE 1. Mdller Algorithm for point evaluation
r=1B:=10
t1 =1, N:={t:1},q1 . =t1, qa:={q1},
For h =1..n do
t:= Xh, bt = Xh - ahl,B =BuU {t}
While » < s do
Let ¢t := min_{t € B : b;(a,41) # 0}
B :=B\{t},
ri=r+1
t, :=t,N:=NU{t}, ¢ :=b(a,) b, q :=qU{q},
%% li(qj) = 0i5,Vi < j <r
For each 7 € B do
b, :=b; — b-(a,)qy,
%% £,(b;) =0,b; € 1(X)
%% B(I(X)) = BAX)) \ {t:} U {Xpt,, 1 < h < n}
For h=1..n do
If X,t, ¢ B then

t .= Xhtr,
f=Xpb, — > by, T)bx, -
X:LGT];B

b= [ — f(a))a
%% by € 1(X),b; — t € Span,(N(I(X))),b; =
t — Can(t, (X))
B :=BU{Xut,,h=1.n}
%% B = B((X), BI(X)) = {b, : 7 € BUX))}
q,{b; : 7 € B}
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Example 2.3. Let us consider the set Y := {a;,1 < i < 6} where

a1 = (0,0) dg = (0, 1) dz = (2,0)
ag = (0,2) a5 = (1,0) ag = (1,1)
If we denote, for 7 <6,
Yj = {ai, 1< < j}, Bj = B(l(Yj>, gj = B(l(YJ>
Moller Algorithm returns in each iteration:
(0,0) t; :=1, ¢, :=1, and
Bl = {Xl,XQ};
(0,1) ty = Xo, by, = X, q2 := X,
let2 - XlXQ — 07X2bt2 - X22 — 07
l(X1) = 0,05(X1X5) = 0,05(X3) =1,
By = {X1,X:X0, X2 — X}
(2,0) t3:= X3, by, = X1, g3 := 5X1,
letg - )(12 = 07
63(X12) =4, 63(bX1X2) =0, 63(bX22) =0,
Bg = {X12 - 2X1,X1X2,X22 - XQ},
(072) ly = X227 by, = X22 — X, 4= %X22 - %X%
let4—X1X22 =-X1 Xy = O,X2bt4—X§’ = —X22 = — X, mod
I(Ys)
€4(bX12) = O, £4<bX1X2) = O, 84(X1X22) = 0, 64(X§’ —XQ) - 67
By = {X? —2X1, X1 Xy, X;X2, X3 — 3X2 +2X,};
(170) t5 = X12, bt5 = X12 — 2X1, q5 = —X12 + 2X1,
let5 — X‘f’ = —2X12 = —4X1,X2bt5 — X12X2 = —2X1X2 =
0 mod 1(Yy)
65(X? - 4X1) = —3, £5<bX1X2) = 0, 65(X12X2) = 0,
55(5)(1)(3) =0, 55(5)(3) =0,
Bs = {X} - 3X2+2X1, X1 X5, X2X,, X1 X2, X3 - 3X2 +2X,};
(1,1) t6 = X1X27 bt6 = XlXQ, de ‘= XlXQ,
EG(ine) =0, ﬂﬁ(bxfxz) =1, Eﬁ(bxlxg) =1, ﬁﬁ(bxg) =0,
Be = {Xf’ — 3X12 +2X1, X12X2 — X1 Xo, X1X22 — X1 Xo, XS —
3X22 +2X5}

where the typewriter polynomials are members of B; \ G;.
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3. Macaulay’s Trick

As it was recalled in [12], Macaulay ([10]) solved the following
problem:

Problem 3.1. Given a finite order ideal', N C T of the semigroup
T, to produce an ideal | C P which has as many separate roots as
there are elements in N and which satisfies N(I) = N.

We can state Macaulay’s Trick, to solve this problem in the
following way.

Let G := {my,... ,m,} be the minimal basis of the monomial
ideal 7 \ N, where

my = Xi" e X for each L.
Since N is finite,
for each i, exists d; : Xf" € G and ¢;; < d;, for each l.
Let us then take, for each i, 5, k, j # k, elements
a;; €k, 1<i<n,0<j<d;:ay # a,
and let us define, for each 1,1 <[ <r,

g1 = H
i=1

which is such that T(g;) = my.
Moreover, to each term ¢t = X' --- X € N let us associate the
affine point

eil—l
(Xi — agy),
=0

J

a(t) := (a1eyy - - - Ane, ) € k",
and let X := {a(t) : t € N}. Then:

Theorem 3.2 (Macaulay). [10] Under this notation, for any
degree-compatible term-ordering, it holds

(1) N =N(I(X)),

TA subset N C 7 of a semigroup 7 is called an order ideal if it satisfies
st e N=teN, foreach s,t € T.
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(2) GUX) =491, 9r}-

O
Since
e; < d;, foreacht=X7"--- X" e {X;7:1<j<n,7e€N}
and each 1,
it is natural to consider also the polynomials
n e;—1
g =[] [[ Xi—ay), t=X7" - X" e {X;7:1<j<n,7 €N}
i=1 j7=0
and investigate their relation with the notions already introduced.
Let us order N := {t,...,t;} in such a way that
L < ty < -+ < tg, where < is the lexicographical ordering
induced by X; < .-+ < X, and let us write a; := a(t;) in

order to fix a suitable enumeration of X and L(X). Moreover let
us define ¢; := ¢4,, for each 7,1 <17 < s. Then

Lemma 3.3. It holds

(1) B(I(X)) = {g: - t € B(I(X))},
(2) G(I(X)) = {g: : t € G(I(X))},
(3) a(X) ={g: 1 <i < s}

O

Example 3.4. Let us give an example considering P = k[X;, Xo, X3],
T ordered by the lexicographical ordering < induced by X; < X, <
X5 and

{17X17X127X27X1X27X12X2aX225X1X227X§)7X1X:237X37
X1X37X12X37X2X37X22X37XSX?MXg}'
Choosing a;; = j, for each 4,7, here is the ordered list of the
elements
te ({1}U{X;7:1<j<n,7eN}):
1: t;=1€ N,a; =(0,0,0), 1 = g1 = qi;
Xli t2 = X1 € N, do = (1,0,0),X1 =gx; = q2;
X12: t3 - *Xrl2 € N7 az = (27070)7X1(X1 - 1) - gX12 = (3;
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X3
X
X1 X5:
X12X2:
X%XQ:
Xz
X1X221
X%XQZ:
X3
Xng’Z

X2X3:
Xy
X1X§Z
X3Z
X1X3Z
X12X3Z

X?Xg:
X2X3Z
X1 X9 X3:
X2X, X5
X22X3I

X1X22X3Z
Xngi

X1 X3 X5
X3 Xs:
Xz

X X2
X2X2:
X2X§:
X2X32:

X7 € G, X (X = 1)(Xy = 2) = gxs € G(I);

ty =Xy € Nya; =(0,1,0), Xo = gx, = q4;

ts = X1 Xy € Nyas = (1,1,0), X4 X5 = gx,x, = @5;

te = X2X, € Nyag = (2,1,0), X1 (X — 1) X, = Ix2x, = 46;
Xf’Xg eB, Xj(X; —1)(X; —2)X, = gx3x, € B(l);

tr = X3 € Nyar = (0,2,0), X5(Xo — 1) = gxz = qr;

ts = X1X3 € N ag = (1,2,0), X1 Xp(X; — 1) = 9x,x2 = (s
XiX35 € G X1 (Xy — 1) Xo(Xy — 1) = gxaxz € G(1);

ty = X23 € N,ag = (0,3,0), Xo(Xo —1)(X2 —2) = gx3 = 49;
t19g = Xng € N,am = (1,3,0>,X1X2(X2 — 1)(X2 — 2) =
9x,x3 = d10;

X%XS S B,Xl(Xl - 1)X2(X2 — ].)(XQ — 2) = gX%XS c B(l),
X3 € G, Xo(Xy — 1)(Xa2 = 2)(Xy — 3) = gxz € G(I);

X, X4 € B, X1 Xp(Xs — 1)(X5 — 2)(X5 — 3) = gx, x4 € B();
tn = X3 € N,ai1 =(0,0,1), X3 = gx, = qu1;

tip = X1 X3 € Nyapp = (1,0,1), X4 X3 = gx, x5 = Q12;

tiy = X7X3 € Nyaiz = (2,0,1), X1(Xy — 1)X3 = gx2x, =
13;

Xig’Xg € B,Xl(Xl — 1)(X1 — 2)X3 = gXi’)X?) € B(l),

tiy = XoXz € Nyayy = (0,1,1), XoX3 = gx,x; = qu4;
X1X5X5 € G, X1 XoX3 = gx,x,x5x2 € G(1);

XX X3 € B, X1 (X1 — )Xo X3 = gxzx,x, € B(1);

tis = X22X3 c N,a15 = <0,2,1),X2(X2 — 1)X3 = gx2x; =
q15;

X1 X3X3 € B, X1 Xo(Xo — 1) X3 = gx,x2x, € B(I);

ti1g = XSXS € N,a16 = (0,3, 1),X2(X2 — 1)(X2 — 2)X3 =
Ix3x; = 16,

X, X3X5 € B, X1 Xa(Xs — 1)(Xs — 2) X5 = gy, xx, € B);
Xéng S B,XQ(XQ — 1)(X2 — 2)<X2 — 3)X3 = 9X§X3 c B(l),
tir = X§ € N,aiz = (0,0,2), X3(X3 — 1) = gxz = q7;
X1X32 c G,X1X3(X3 — 1) = gX1X§ c Q(|)7

XiX3 € B, X1(X1 — 1)X3(X5 — 1) = gxaxz € B(l);

XoX2 € Gy XoXa(Xs — 1) = gy, x2 € G(1);

X3X3 € B, Xo(Xy — 1) X3(X3 — 1) = gxzxz € B(l);
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X3X3 X5X3 € B, Xo(Xo — 1)(X2 — 2)X3(X3 — 1) = gxzxz € B(l);
O

4. Lazard Structural Theorem

In the case n = 2, the structure of the Grobner basis constructed
by Macaulay for the ideal I(X) gives an easy example of the struc-
tural result proved by Lazard [9]:

Theorem 4.1 (Lazard). Let P := k[X1, Xo| and let < be the
lexicographical ordering induced by X; < Xo.

Let | C P be an ideal and let { fo, f1,..., fx} be a Gréobner basis
of | ordered so that

T(fo) < T(f1) <--- <T(f)

Then

[ fOIPGl"'Gk+17
) fj:PHjGj+1“'Gk+171§j<k’
o fi. = PHGpya,

where
P is the primitive part of fo € k[X1][X2];
G, € k[Xi],1<i<k+1;

H; € k[X1][X2] is @ monic polynomial of degree d(i), for each

d(l) <d(2) < --- < d(k);

Hiyi € (G- Gy, HiGy--- Gy, ...  HiGjy -Gy, oo Hi Gy
, H;) for each i.
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Example 4.2. Let us consider in Example 3.4 the ideal INk[ X7, X,]
whose Grobner basis is {gxs, gx2x2, gxa} and for which we have

fo = Xi(Xh —1)(Xy —2) = GGy,
i = Xi(Xh —1D)Xp(Xo - 1) = H Gy,
fo = Xo(Xo—1)(Xo—2)(Xe—3) = Ho,,
where
Gl - (Xl - 2), GQ - X (Xl - 1),
H1 - XQ(XQ - 1), HQ - <X2 - 1)(X2 - 2)<X2 - 3)
and G3 =P=1.

5. Cerlienco—-Mureddu Correspondence

Cerlienco and Mureddu [2] gave a partial converse of Macaulay’s
result:

Problem 5.1. Given a finite set of points,

X:= {al,... ,as}Ck:”, a; - — (ail,... ,Cbm),
compute N(I(X)) w.r.t. the lezicographical ordering < induced by
X << X,

More precisely the algorithm proposed by them, to each ordered
finite set of points

X = {31,... ,as}Ck”, a; ‘= (ail,... ,am),

associates

e an order ideal N := N(X) and
e a bijection ¢ := ®(X) : X — N;
which, as we will prove later, satisfies
Fact 5.2. N(I(X)) = N(X) holds for each finite set of points

X C k™.
O
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Since they do so by induction on s = #(X) let us consider
the subset X' := {ay,... ,as_1}, and the corresponding order ideal
N’ := N(X) and bijection ® := ®(X').

We need also to consider, for each m < n, the set

T[L,m] :=TNk[Xq,...,Xp ={X" - X2 (a,...,a,) EN"}
and the projection
T s K= K™ (xy,xn) = (21, T,

which we freely use to denote also the projection
Tm: 7T EN'—N"=ZT[1,m|, m,(XH"--Xim) =X X5,
With this notation, let us set

'=max (j: exists i < s:m(a;) =7y
#{a;,i < s:mp(a;) = mm(as), P'(a
{a;: ¥'(a;) =, X%, €T[l,m
Wm(W);
7= O(Z)(mm(as));
ls == TXfle;
where N(Z) and ®(Z) are the result of the application of the present
algorithm to Z, which can be inductively applied since #(Z) < s—1.
We then define

o N := N U},
o O(a;) = { P'(a;) L<s

ts 1=3S5

(as));
T, m+ 1]}

i) €
I} U{ask;

m
d:
W .=
Z:

Example 5.3. Let us consider the same set X := {a;,1 < i < 6}
as in Example 2.3; Cerlienco-Mureddu Algorithms returns:
(070) a; = (070)7 (I)(al) =t = 1;
(071) dg = (07 1)7m =1l,d= #{(070)} =1 W= {(07 1)}7
T = 1,<I>(a2) = t2 = XQ,
(270) (2 0) =0,d= #{(0’0)} =1 W= {(270)}7
T—l (ID(ag) —t3 —Xl,
(0,2) a4 := (0, 2),m=1,d =+#{(0,0),(0,1)} =2,W = {(0,2)},

2If s = 1 the only possible solution is N = {1}, ®(a;) = 1.



Enhancing Lazard Structural Theorem 15

T = 1, (13(34) = t4 = X22,
(1,0) a5 := (1,0),m = 0,d = #{(0,0),(2,0)} = 2,W = {(1,0)},
T = 1, <I)(a5) = t5 = X12,
(L1) ag:=(1,1),m =1,d=+#{(1,0)} = L, W = {(0,1), (1, 1)},
T = Xl, @(36) = tG = XlXQ.
The fact, that Moller and Cerlienco-Mureddu algorithms give the
same solution is not an accident and it suggests a proof strategy.
(]

Remark 5.4. In the case n = 2, Cerlienco-Mureddu result can be
simplified and described as follows. Let

{a(” S 7ar—1} = 7T1(X);
d(i) = #{(x1,72) € X1 21 = a;};

after renumbering the a;s, we can assume d(0) > d(1) > --- >
d(r — 1). Then there are values b;,0 < ¢ < r,0 < [ < d(i), such
that

X={(a;by):0<i<r,0<Il<d(i)}.
Then:

(1) N(I(X)) ={XiX,:0<i<r0<l<d(i)},
(2) ®(a;,by) = XiXL.

6. Configuration of points in a plane

If we restrict ourselves to a radical 0O-dimensional ideal in
2 variables, one can merge the corresponding restrictions of Lazard
Theorem (which considers only ideals in 2 variables) and
Cerlienco-Mureddu Correspondence (which is available for a radical
O-dimensional ideal), obtaining in this way a complete description
of the structure of the ideal I(X) of any finite set of points X C k.

Let, therefore, X C k? be a finite set of points. Following Re-
mark 5.4, we can assume® that there are

3This assumption, which simplifies both the description and the proof of the
structural results, cannot be performed in the general case n > 2 requiring a
more involved argument.
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r different values ag,... ,a,_1 € k,
r ordered integer values d(0) > d(1) > --- >d(r —1) > 0 =: d(r),
for each i < r,d(7) different values b;;,0 <1 < d(i),

so that X = {(a;, by) : 0 <i<r,0<1<d(i)}

Then we define
N:={XiX,:0<i<nr0<I<di)}Ck[X,X;

® : X; — N the bijection such that ®(a;, by) = X:XI;

W=7 >0 > ...>1; >ijp1 > ...> 1,1 > 0=:1, all the
indices in which there is a jump d(i; — 1) > d(i;);

to = X1, = Xy X5, for each j,0 < j < Iy
G:={t;,0<j<h}
Gj(Xl) = H (Xl - aa);

1, <a<ij_i

B:= ({1} U{Xi7,Xor: 7€ N})\ N;

< any ordering on 7 such that, foreach 7 € 7, {w € T 1w <7}
is an order ideal;

we enumerate N = {7y,... 75} and X; = {ay,... ,a,} so that
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for each o, 3,7, < 73 &= a < ;
for each o, 7, = ®(a,),
and we define
B(1) :={X{X,eN:a>ib<l}, foreach T := XiX}, € BUN
N(T) :={w € B(1) : w < 7}, for each 7 := XiX, e N.

Theorem 6.1. With these notations, it holds:

N(I(X))

B( (X))
G(I(X)

) pu—
4 for each T :

B,
G;
= XiX} € N, there is

I W, w

;= X} +we§) gT,Xl X

such that
g-(a) =0, for each a € X: ®(a) € N(7);
5: for each T := XiX} € B, there is
I W, w
;= X} +w§) gT,Xl X
such that

g-(a) =0, for each a € X: ®(a) € B(7).

Denoting
fr =g [[(X1 — aa), for each 7:= X;X, € BUN,

a<i

it moreover holds
6: G(I(X)) ={fy,; : 0<j < h};

7: for each j, fi; = g;Gjy1 - Gy
8: H; := g, € k[X1][X3] is a monic polynomial of degree d(i;),

for each j;
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9: Hj+1 - (Gl e Gj, H1G2 s Gj, Ce ,Hj_lGj, Hj), fO’f’ €CLCh
j:

10: B = {XiX§9 0 <i < r}U{X7XL0<j < hdi;) <
< d(i;))

11: B(I(X)) ={f. : 7 € B};

12: for each 7, € N,ag € X,a > 3 = f,.(ag) = 0;

13: for each «, f., (as) # 0.

7. An algorithmic proof

What is fascinating us is that all one needs in order to prove these
structural results® is just a direct application of Moller
Algorithm.

Let us begin the proof with few remarks.

Lemma 7.1. The theorem holds if conditions 1-5, 9, 13 hold.

Proof.

6: For each 7 = X X! € G and for each a := (a,,b) € X we
have that either ®(a) € B(7) and so g,(a) = 0, or a < 4.
Also, for each v € T such that ¢(f-,v) # 0 thereis w € B(7)
and j < i such that ¢(f,,v) = ¢(g-, Xil) and

w w
i T yid
X X

v=XJ |w e N =N((X)),
implying f, — 7 € Span,(N(I(X)) and f, is reduced.

7: Follows immediately by the definition of f;.

8: Follows immediately by the definition of g,.

10: Obvious.

11: Follows by the same considerations of the proof of 6.

12: Setting 7, 1= X{* X 15 := X XY it holds a > 8 =>
To = Tg; this either implies 75 € M(7,) or,

“Which include (the restrictions of) Lazard Structural Theorem and
Cerlienco-Mureddu Correspondence.
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T3 ¢ B(7,) since ag < aq;

in both cases fr, (ag) = 0. O

Lemma 7.2. If X satisfies the conditions of Theorem 6.1, let
7= XIX{D e B =B(I(X)), and
Z:={a;: P(a;) € B(7)} = {1 (XeXE) :a>1,b<d(l)}.
Then Z satisfies the conditions of Theorem 6.1.
Proof. Denoting
N = {XiX}:0<i<r—I10<l<d(i+1I)}
@' : Z — N’ the bijection defined by ®'(a;, by) = X7 ' X},
J the value such that d(i;) = d(I),
G = {%,0<j < Jyu{xs"y,

B = ({1} u{Xir, Xor: 7 e N'})\ NV,

for each 0 := Xi{X, € BUN' 98/(0) == {X{X, e N :a>ib<
I},

for each o := XiX! € N/, %(0) := {w € B'(0) : X{w < X0},
for each 0 := XiX, e BUN', ¢, :=g,x1 I (Xi—aa),

' I<a<it!
Ji=(¢,:0€B),

we have obviously:

J is an ideal,

B(J)={¢,: 0 € B},
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N’ = N(J),
B = B(J),
G' = G(J),

for each a € Z, and each o € B/, ¢,(a) = 0,
JCl(2),
mult(J) = #N’' = #Z = mult(I(Z)), so that
J=1(2),
for each 0 € N’, 7 := X{o € N, and
B(7) = {X{w:w e B'(0)},

N(r) = {X{w:w e N (o)},

from which we can deduce that

4: for each o := Xi X! € N/, setting 7 := X{o, it holds

w . w

_Xl Ty ~r0 ) <7

we%’(a)

=X+ > clgs,

weB(T)

Xi*#[ X1+I

and ¢/ (a) = g-(a) = 0, for each a € X such that ®(a) € 0(7),
i.e. for each a € Z such that ®'(a) € 9(0);
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5: as in the proof of 4, for each o € B’ it is sufficient to take
g, = g, where 7 := X{o;

9: follows directly from the same result for X;

13: for each a € Z and each o € N’ such that ®'(a) = o, i.e.
d(a) = 7 := X!, we have

fT - ng H(Xl _aa)

a<l

so that f-(a) # 0 = ¢,(a) # 0.

The proof being by induction, we begin with

Lemma 7.3. If #X =1 conditions 1-5, 9, 13 hold.
Proof. When we have a single point (a, ) € k%, we have

N={1},B=G ={X;, Xo}, 51 =1,

G(I(X)) = B(I(X)) = {X1 —a, X5 — b},
and the properties are obviously satisfied. O

This giving a starting point for induction, let us assume we have
a set
X:={ay,...,a,} Ck* s>0,
and let us denote X' := {ay, ... ,as_1} for which we use the notation
of Section 6 and for which Theorem 6.1 holds. With a slight abuse of
notation, the notions of Section 6 for X’ and X will be distinguished
by accenting the former with ’.

Since X is ordered so that ®(X) is an order ideal, necessarily
®(a;) € G’ and

exists J,0 < J < h,b € k,b#b;,; for each | : as = (a;,,b),
<I>(as) =ty.

Lemma 7.4. f{ (a;) =0, for each j < J, and f{ (a;) # 0.
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Proof. Let Z := {a; : ®'(a;) € B(t;)}; by Lemma 7.2 we know
that 1(Z) is generated by

[I X —aq) forj<J

iJSCX<ij

9t

J

thus implying that f{ (a;) = 0, for each j < J.
Therefore either g; (as) # 0 (and f{ (as) # 0 too) or

I(2) = 1(ZU{as}),

which is impossible by a multiplicity argument. O
As a consequence, to apply Moller Algorithm to X = X" U {a,}
produces

gs := ¢ f, with ¢ = f{ (a,);

N = N'U{X}{" X3}

B = (B'\ {X{" X"} u X X X gy

fr = f. — f(as)gs for each 7 := X{ X, € B’ such that i < i; and

fr == f1, for each 7 := X{ X} € B’ such that i > i, since

fr(as) =

i d(i
fr = Xoqs — by, —ngeBc 1c(gt‘,, Xz])wa for 7 := X7 X, @)+

where
w

Xw ol

g, =X S (gl

UJE% tJ

fr=Xofo— X clys, #)f.g(gw for 7 := Xi'J—i_lX;l(iJ)’ if 7 ¢

weB (o)
XoweB

B, where 0 := X""HXd(i")_1 € B and

L 'LJ) 1 w
gU' T + Z g07 X’L]+1)X7,]+1'

wEB(o
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Proposition 7.5. If X' satisfies the conditions of Theorem 6.1,
then X satisfies them too.
Proof.

1: Trivial.

2: Trivial.
3: Trivial.

4: The thesis follows defining g, := g;, and, for each 7 € N/,
gr = g., since ®(a;) & B(T).

5: Defining g, := ﬁ the property holds.

a<i

9: The only g.s modified are those such that T = XX} with
1 <1y and they are modified by elements which are in

(Gl e Gi7H1G2 e Gi—la s 7HlGl+1 e Gi—lv s 7Hi—2Gi—17Hi—1)-

13: Since f{ (as) # 0.

8. What happens in dimension 37

Example 8.1. Let us consider the set X := {b;,1 <7 < 6} where

bl = (07071) b2 = (0717_2) b3 = (27072)
by = (0,2,-2) bs = (1,0,3) bs = (1,1,3)

and let us set a; := my(b;), for each i, so that m(X) =Y, where Y
is the set of points discussed in Example 2.3.
Clearly Cerlienco-Mureddu Correspondence returns ®(b;) = ®(a;)

for each i and the Grobner basis G(I(X)) of [(X) is

3 9 3 7
G(I(X)) = Gs U { X3 — §X§ —3X1Xo + 5 X0+ 5Xl2 — 35X - 1}
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where

Ge = {X? —3X? +2X1, Xi Xy — X1 Xo, X1 X7 — X1 X, X5 —3X2 +
2X5} is the result returned by Moller Algorithm in our computation
performed in Example 2.3. O

Example 8.2. If we now add a new point b; := (1,1, 1) both Cer-
lienco-Mureddu and Moller return ¢; := Xj3. The Grobner basis
is

Ge U{f1, f2, f3}

where
3 o 9 1, 1
fl - X3X1 —X3+§X2 +3X1X2_ §X2—§X1 - §X1+17
3 ) 3 7
f2 - X3X2 — X3 + §X22 - 2X2X1 - §X2 - §X12 + §X1 + 1,
1 4 1 1
fs = X2 —4X3+ 25)(22 + 15X, X, — 25)(2 + 5)(12 —5X+3
and (modulo I(Y))
3 9 1
fi = (Xi=1)(X5 - §X22 + §X2 - §X1 —1),
3 3 7
fo = (Xo—1)(X3+ 5X2 + §Xf — 5X1 —1).

The interesting aspect is that

® {b € X (Xl - 1)(b) 7£ 0} = {b17b2,b3,b4} to
which  Cerlienco-Mureddu Correspondence associates
{17X17X27X22}

[ {b e X (XQ — 1)(b) 7é 0} = {bl,b37b4,b5} to
which  Cerlienco-Mureddu Correspondence associates
{1, X1, X2, X5}

O

Example 8.3. The same pattern appears if we add a new point
bs := (2,0,1) to which both Cerlienco-Mureddu and Méller return
ts := X1 X3. The corresponding Grobner basis is

Gs U {f1, f2, f5}
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where

fi = X3X7—3X3X, +2X35—3X] —6XoX; +9X, — X7
+3X; — 2,

fo = X3Xo+ X3X; —2X3 +3X5 + XoX; — 7Xy — 2X7
+3X, + 2,

fs = X2+ X3X; —5X3+9X7 4+ 18XoX; — 27X, — X + 4,

and (modulo I(Y))

3 9

fo = (Xo+X;—2)(X3+3X, —2X; — 1)

where (X? —3X; +2, X5+ X; —2) is the Grobner basis of the ideal
whose roots are {m(b7), mo(bg)} and

L4 {b € X : (X12 - 3X1 + 2)(b) 7é O} = {bl,bz,b4} to which
Cerlienco-Mureddu Correspondence associates {1, X, X3}
° {b e X: (X2 + X1 — 2)(b) 7é O} = {bl,bg,bg,} to which
Cerlienco-Mureddu Correspondence associates {1, X7, Xo}

i.e. exactly the terms which appear in the corresponding cofactor
of fz
O

Example 8.4. If we add the further point by := (2,0, 0) to which
both Cerlienco-Mureddu and Mdller associate tg := X3, the corre-
sponding Grébner basis is

G(I(X)) U{f1, fa, f3, fa}
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where

fi = X3X7—3X3X, +2X3 —3X5 — 6XoX; +9X, — X7
+3X, — 2,

fo = X3Xo+ X3X; —2X3+3X] + XoX; — 7X, — 2X7
+3X; +2,

fa = XiX|—2X2—4X3X; +8X3 — 15X5 — 30X,X, + 45X,
+3X, — 6,

fi = X5 —3X5+3X3X; —4X3 —3X7 — 6XoX; + 9X,
—3X, +6,

and (modulo I(Y))
9

3

f2 = <X2 + X1 - 2>(X3 + 3X2 - 2X1 - 1)
fs = (X; —2)(X2 —4X3+15/2X2 4+ 15X, X, — 45/2X, + 3)

where

° {b e X: (Xl — 2)<b) 7é O} = {bl, bs, by, bs, bg, b7} to which
Cerlienco-Mureddu Correspondence associates
{17 Xl; X27 X1X2a X227 X3} .

9. Cerlienco-Mureddu Correspondence (2)

The aim of this section is to remark some easy-to-prove properties
satisfied by Cerlienco-Mureddu Correspondence (for which see [2]):
Let therefore
X = {al,... ,aS}Ckn, a; = (aﬂ,... ,CLin),

be an ordered set of points and let us denote N := N(X) and
® := P(X) the result of Cerlienco-Mureddu Correspondence.
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Lemma 9.1. If Y = {ay,... ,a,} C X is an initial segment of X
then

e N(Y) C N(X),
o for each j <r < s5,®(Y)(a;) = ®(X)(ay).
g

Let 7:= X{* ... X% ¢ T\ N(X) be any term such that NU {r}
is an order ideal and, let us define, for each m,1 <m < n:

Ny (7) := N, (X, 7) i ={weT[l,m]: 7> ngffll < Xdn € N},

A (7) i= A (X, 7) i= {® N (wXImit ... X&) w e Ny (1)} € X C
kK

B (7) := B (X, 7) := mp(An(7)) C K™,

Con(7) = Cu(X, 1) :={mmm(a) € Bpu(7) : mo1(a) € Bpoa(7)}
cC k™,

Din(7) :=Dp(X,7) :={a e X:myu(a) € Cu(1)} CX;
My (1) := My (X, 7) i= {w € T[1,m] : w < X wXImit ... Xdn

€ N},
where, with slight abuse of notation, we have

N.(T):={weT :w<7}A(r):=B,(r) :={a: P(a) < 7},

Example 9.2. With respect to the previous examples, if we choose
7 := X9 X3 we have

N1:A1281:C1:D1:M1:®,
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and
N2 = {LXl}a N5 = N\{X§}>
Ay = {bz,bs}, As = {b;,1<i<8},
82 = {(171)7(270)}7 BB = {bzyl <1 §8}7
C2 = {<171)7(270)}7 C3 = {b17b27b47b5}7
D2 = {b37b67b77b87b9}7 D3 - {b17b27b47b5}7
M2 = {]-7X1}7 M3 = {17X17X127X27X1X27X22}'

Example 9.3. If we instead choose 7 := X; X7 we have

N, = {1}, Ny = {1}, N3 = N,

Ar = {bg}, Ay = {bg}, Az = {b;,1<i<9},

B = {2}, B, = {(2,00}, Bz = {b;,1<i<9},

G = {2}, Co = 0, C3 = {b1,bg, by, bs},

D, = {bs,bg, by}, Dy = 0, D3 = {bi,ba, by, bs,bs,br},
My = {1}, My = 0, Ms = N\{X3}.

Lemma 9.4. With the notation above it holds
(1) #(Bm(7)) = #(An(7)) = #(Nin(7));

(2) Cerlienco-Mureddu Correspondence associates to B,,(T) the
order ideal

N(By(7)) = N (7)
and the bijection ®(B,,(7)) defined by

B(B,, (7)) (T (a)) Xt - X0 = &(a), for each a € Ay;
(3) #(Cn(7)) < #(Mp(1));

(4) Under Cerlienco-Mureddu Correspondence one has
N(Cn(7)) C{w e T[l,m] : w < X%},
(5) X =Up,Dp(7).
Proof.
(1) is trivial;
(2) Cerlienco-Mureddu Algorithm when applied to the ordered
set X associates each element a € A,,,(7) to the term

(a) = (M (A (7)) (i () X' - X
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(3) in order to obtain M,,(7) one has to remove from N,,(7) the
subset

{wXdm e N (1) :weTl,m—1]} = {wX™™ 1w e N,_1(7)}

while for each w € N,,_1(7) there are d,, + 1 points a €
B,.(7) such that

O(Byn1(7))(Tm-1(a)) = w.

(4) In order that there is w € N(C,,(7)) such that w > X%m
Cerlienco-Mureddu Algorithm requires the existence of at
least d,, + 1 points by, ..., by, such that

Tm(bo) =+ = mp(b;) = - - = mp(ba,,),

so that m,,—1(bg) € Bp—1(7).

(5) If a € X is such that ®(a) < 7, then there is a minimal value
m < n for which a € A,,(7), mn(a) € B (7), mm(a) € Cp(7),
a € Dp(r).
If a € Xis such that ®(a) = X' --- X2 > 7, thereism <n
such that e,, > d,,, while e¢; = d;, for each i > m; this
implies that there is b € A,,(7) such that 7,,(b) = m,,(a) so
that a € D,, (7).

g

Remark 9.5. Let us denote, for each v,1 < v < n, and each
b € m,(X),

pb) :=#((@eX:b=m,(a))},
and for each v,1 < v < n, and each § € N,
Y5 = {m,(a): existsw € T[1,v]: ®(a) = wX’ }.

Then

o Vs ={bem(X):d<ub)}

° WV(X) :Yl,oDYl,l Do DYI,J DYV(;_H D IR

o I(m, (X)) =1(Yy0) CI(Yp1) C--- Cl(Yus) CH(Yps1) C -+

The result is, essentially a specialization of Kalkbrener’s Theorem

3] O
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10. Enhancing Lazard Structural Theorem

Let us now consider an ordered set of points
X = {al,... ,as}Ck”, d; = ((12'1,... 7ain)7
and let us denote N := N(X) and ® := &(X) the result of

Cerlienco-Mureddu Correspondence which satisfies

Fact 10.1. It holds
(A): N := N(I(X)).

O
Since N(X) is an order ideal,
T(X) :=7 \ N(X)
is a monomial ideal whose minimal basis
G:={ty,... ,t.}
will be ordered so that t; <ty < ... <t,.
Denoting further
B:={1}u{X;7:7eN})\N
we obviously obtain
Corollary 10.2. It holds
B) G(IX)=G={t1,...,t,},t1 <t <... <t
(C) B(l(X)) = B.
g
Let us extend the ordering of X to N = {7y, ..., 7} enumerating

it so that
for each 0,7, = ®(a,),

and let us denote the ordering of X and N by < so that

for each o, 3,74 < Tg,aq < ag = a < .
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Denote for each 7 € N
2(r)={acX:a<d )} ={acX:®d) <7},
and, for each 7 € N U B:
o N(7):={weN:w=<rT},
e M, (7) :={weM, :w<T},
so that

Corollary 10.3. It holds
(D): For each T € N there is a unique polynomial
fri=7— Z c(fT,w)w
weN ()

such that f.(a) =0, for each a € X(7).
(E): For each T € G there is a unique polynomial

fri=7=Y c(fr,w)w

weN

such that f.(a) =0, for each a € X.

Proof.  Since #x(7) = #9(7) and #X = #N, f, can be com-
puted by interpolation. O

In the same mood, but interpolation is not sufficient to prove it,
we can state

Fact 10.4. It holds
(F): For each T € B there is a polynomial

fri=7— > cfr,w)w

weN(T)

such that f.(a) =0, for each a € X.

Corollary 10.5. It holds:
(G): The reduced Grébner basis of 1(X) is

G((X)) :={fr: 7€ G}

moreover, for each T € N, T(f,) =T.



32 Marinari and Mora

(H): The border basis of 1(X) is

B((X)) :={f, : 7 € B}.

Proof. For each 7 € G U B, 7 is the only term in f. which is
not a member of N so that T(f,) = 7.
For any 7 € N, T(f;) = 7 because Cerlienco-Mureddu Corre-
spondence grants 7 € G(I(x(7))) and N(I(x(7))) = %n(7). O
Linear interpolation, again, is all one needs to prove

Proposition 10.6. With the same notation as in Lemma 9.4 it
holds

(L): for each 7 := X{*--- X% € G, and each m,1 < m < n,
there are polynomials

Jmr = Xim + Z (Gmr, w)w

WEM, (1)

such that gm-(a) = 0, for each a € D,,(7);
(I): for each 7 := X" ... X% € N and each m,1 < m < n,
there are polynomaials

mr ‘= Xg@m + Z C(.gmﬂ (U)(.d
WEMy, (T)

such that gn,.(a) = 0, for each a € D,,(7),a < ®~(7);

Proof.

(L): Since #(Cp(7)) < M,,(7) interpolation allows to eval-
uate each ¢(gy,,w) so that g,.(b) = 0,¥b € C,,(7) and
Gmr(@) = gmr(mm(a)), Va € Dy, (7).

(I): One has just to apply (L) to the set X(7).

O
For each 7 := X{" ... X% ¢ N, let us denote v := v(1) < n
the value such that d, # 0 while d, = 0 for each ;1 > v so that
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T € T, V], gmr = 1 for m > v, and, denoting

h‘r = H Imr € k[Xla s 7XV*1HXV]’
m=1
v(r)-1

lT = H Imr € k[Xh ’XV_1]7
m=1

Pr ‘= Gur € k[Xl’ to ’XV_lHXV],

it holds
h’T = lTpT = lTX,ilV + .-
so that [ € k[X7, ..., X, 1] is the leading polynomial and the con-

tent of h, while the monic polynomial p, is the primitive component
of h,.

Therefore we have

Corollary 10.7. With the notation above, it holds
(M): for each 7 = X{" ... X% € N, there are
I € k[Xq,..., X, 1]
and a monic polynomial
pr=X"+ 3 clprww e kX, .., X, 1][X)]
wem, (1)

so that h, := l.p; are such that
e T(h,) =T,
o [, (m,_1(a)) =0, for all a € X(71),
e p,(a) =0, for each a € D,(7),
e h.(a) =0, for each a € X such that a < ®71(7).
(N): for eachi,1 <i <r there are

L € k[ Xy, ..., X1
and a monic polynomial
pi=Xr+ Y clphww € k[Xq,. .., Xo1][X,)]
UJEMu(ti)

so that h; :== l;p; are such that
® T(hz) =1t = Xiil . X;l” S GﬂT[l,u],
o [(m,_1(a)) =0, for each a € UL, 1D, (t:),
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e p;(a) =0, for each a € D,(t;),

e h;(a) =0, for each a € X.
O

While #(C,,,(7)) < M,,,(7), in general equality does not hold and
the polynomials g,,, are not unique. However, uniqueness can be
forced via Cerlienco-Mureddu Correspondence as follows: let us
denote, for each 7 € NU G and each m,1 < m < n:

) ) N (R,

Sin(T) :=Sn(X, 1) :={mn(a) € R,(7) :a < D7 (7)},
Fou(7) :== Fu(X, 7) := N(S,(7))

Then

Corollary 10.8. With this notation it holds
(P): for each 7 := X{" ... X% € G, and each m,1 < m < n
there are unique polynomials

=Xgr 4+ Y (Y, w

WEE, (1)

such that Y. (a) = 0, for each a € D,,(7);
(0): for each 7 := X" ... X% € N, and each m,1 < m < n
there are unique polynomials
Ymr = de + Z 7mT7

wWEF (1)
such that v, (a) = 0, for each a € D,,(7),a < ®71(7);
(Q): for each 7 = X{" --- X% € N, there are
A € k[Xq, ..., X ]

and a unique monic polynomial
=X¥+ > clprww € k[ Xi,..., X, 1][X,]
w€eF, (1)

so that k; :== A\.p, are such that
o T(k,)=r,
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o )\ (m,_1(a)) =0, for each a € X(7),

e p.(a) =0, for each a € D, (1),

o k.(a)=0, for eacha e X:a < d7 (7).
(R): for each i,1 <1i <r there are

Ni € k[Xq, ..., X ]
and a unique monic polynomz’al
=X+ Y cwwekXy, ..., X, 1][X,)]

w€eE, (t;)
so that k; := \;p; are such that

e T(k)=t;=X"-.. X% c GNTIL,v],
e \i(m,_1(a)) =0, for each a € U4 4D, (t;),
e pi(a) = O foreachaED( i),

e ki(a) =0, for each a € X;

Corollary 10.9. It holds
(S): {h1,...,h} and {ki,... ,k;} are minimal Grébner
bases of 1(X);
(U): For each v,1 < v < n, and each 6 € N let j(vd) be the
value such that t;qs) < XgH < tiwsy+1s then {l, ... Liws)}
and {1, ..., Njws)} are a Grobner basis of 1(Y,s);
(T): For each v,1 < v < n let j, the value such that t;, <
Xog1 < tj 415 then {hy,...  h;, } and {k1,...  k;, } are min-
imal Grébner bases of |(X) Nk[Xy, ..., X,] and of I(m,(X)).
d
Proof.
(S): is obvious;
(U): is a direct application of (S) to the set of points Y,s via
Remark 9.5
(T): is a particular instance of (U); minimality is trivial.
O

Remark 10.10. The only difference between the three bases
{fl L. ,fr},{hl,... ,hr} and {]{51,... ,]{fr}
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is that the first is reduced unlike the others. On the other side, for
each i, we have
T(f;) = T(hi) = T(ki) = ti.
Therefore we have
o fi=hy =k and
o fi—hi € (hi,... hiq),fi — ki € (k1,... ,ki_1) for each
il<i<r,

whence

o fic€(hy,... hy), fi € (ki,... ki) for eachi,1 <i<r.

Fact 10.11. It holds
(W): For each i,2 < i < r, p; € (hj,j<1i):1 and p; €
(k,’j,j < Z) YR
O

Fact 10.12. It holds
(X): for each 7 € N, f(®7(1)) # 0, h,(®7(7)) #£ 0,
E(B1(7)) £0.

Corollary 10.13. It holds
(Z): L(X) is triangular to {7 (7)) fr, T € X},
{hY (DY (7)hr, 7 € X} and {k;1(P(T))kr, T € X}

11. Another algorithmic proof

In order to complete the proof all we need is to directly apply
Moller Algorithm.
The proof being by induction, we begin with

Lemma 11.1. If #X =1 conditions (A), (F), (W), (X) hold.

Proof. When we have a single point (aq,... ,a,) € k", we have
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.N:{l}v
eB=G={X,... X},
.f1:17

o fx. =X;— a;, for each 7,

and the properties are obviously satisfied. O
This giving a starting point for induction, let us assume we have
a set

X:={ay,...,as} Ck", s>1,
and let us denote X' := {aj,...,as_1} for which we assume
conditions (A-Z) hold.
In particular:
¢’ := N’ +— X' is Cerlienco-Mureddu Correspondence,
G =GIX)) =A{wi, ... ,w},w <ws < ...<w,,

B = B(I(X)),

' w € B, are the polynomials whose existence is implied by

(F)7

F; := f/ are the polynomials whose existence is implied by (E),
so that

{F; : 1 <i<r} is the reduced Grébner basis of 1(X);
IL, i, b, are the polynomials whose existence is implied by (IN),
M., q., pi are the polynomials whose existence is implied by (R).
Setting

I:= m<in{j, 1<j<r:Fja,) #0}

then it holds
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Lemma 11.2. If X' satisfies conditions (A-Z) then
U(X)(as) = wy.

Proof. Let w; = X" ... X% and let m + 1 := max(i : d; # 0),
so that
Frek(Xy,..., Xpql]
Since, by (T), for each v,
(XY N E[Xy,. .., X,] = I(m, (X)),

and
F;eklXy,..., X,/ v<m=j<I
we deduce that

F;(m,(as)) = Fj(as) = 0, for each F; € k[Xy,...,X,],v < m,
while

Fi(mmni1(as)) = Fi(as) # 0.
This allows to deduce that
m =max (j : exists ¢ < s:m;(a;) = 7m;(as)).
Therefore m,,41(as) € {mm+1(a),a € X'}; also
dp = #{a;,1 < s :mp(a;) = mm(as) b
in fact, for each 6 < d,,, since
T(F) =w; < X5, < X = j < I,

and Fj(m,(as)) =0, (U) allows to deduce that
Tm(as) € Yos i= {b emmX):d<#{aeX b= Wm(a)}}

and m,,(as) € Yo, -
As a consequence we consider the sets of points

W= {a;: ®(a;) = . X%, € T[1,m]} U{a,} and Z := m,,(W);

in this setting Cerlienco-Mureddu Correspondence gives a relation
between each point 7,,(a;) and the corresponding term 7;; also, by
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(U), the ideal I(m,,+1(W)) has the Grobner basis {l},... ) }

? " Imdm
where
li(mm(as)) = 0,Vj < I while l}(m,(as)) # 0.
So the same argument grants that Cerlienco-Mureddu Corre-
spondence returns ®(m, ((a)) = X& ... X0 O

cAm—1
As a consequence, the application of Moller Algorithm to X =
X U {as} produces

qs 1= C_1F1'7 with ¢ = FI<as>;

N =N U{w;};

B:= (B'\ {w;}) U{Xw;, 1 <i<n};

fr = fl — f-(as)gs for each 7 € B'\ {w;},7 > wy and
fr = f;, for each 7 € B"\ {w;}, 7 < wy since f](ay) = 0;
for each 7 := X;w; € B’

fT = (Xz — ais)FI — Z C(Flaw)inW
X,weB/’
where
Fr=wr+ Y c(F,ww.

weN/

Proposition 11.3. If X’ satisfies conditions (A-Z) then X satisfies
conditions (A), (F), (W), (X).
Proof.

(A): is obvious;

(F): is obvious;

(W): on the basis of Remark 10.10 we know that F; € (hf, ..., h));

also all we need to prove is that, for each i,

hi € (ha,...  his) = {h;, T(h;) < T(h;)}.

Therefore

o if T(h;) =t;, € G',i < I, we have
hi =nh, e (hi,...  h;_y) = (h1,...  hi_1);

o if T(h;) =t; € G',i > I, we have

hi =h,—aF; € (hy,... b)) = (h1,... ,hi_1)
so that, also (h),... ,hl) = (hy,... , h;).
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e Finally, for 7 = X;t; we have [, =}, and
Lepr = hy = fr = (Xi — i) F1 = (X — a)l;p; =0
modulo (hy,...,h}) = (h1,... ,hy)

The same argument proofs the claim for {kq,... k. }.
(X): f.,(as) # 0 for construction; h,,, (as) # 0 and k,,(as) # 0
because both h,,, — f,, and k,, — f., have a representation
in terms of {F;,i < I} and Fj(as) =0, foreachi < I. O

In conclusion we have:

Theorem 11.4.

(A) N :=N(I(X)).

(B) G(I(X)) =G ={t,... ,t,}/,ti<ta < ... <ty
(C) B(I(X)) = B.

(D) For each T € N there is a unique polynomial

fri=7— Y cfr,w)w

weN(T)
such that f.(a) =0, for each a € X(7).
(E) For each T € G there is a unique polynomial
fri=7— Z c(fr,w)w
weN
such that f.(a) =0, for each a € X.
(F) For each 7 € B there is a polynomial
fri=1— Y cfr,ww
weN(r)
such that f.(a) =0, for each a € X.
(G) The reduced Grébner basis of 1(X) is
G((X)) :=={fr : 7€ G}

moreover, for each T € N, T(f,) =T.
(H) The border basis of 1(X) is

B((X)) :={f, : 7 € B}.
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(1) for each 7 := X{" ... X% € N and each m,1 < m < n, there
are polynomials

=X+ > (g w)w

WEMp, (T)

SU/Ch that ng(a) = 07 fofr each a e Dm<7—)’a < q)fl(,r);
(L) for each 7 := X" ... X% € G, and each m,1 < m < n, there
are polynomials

Gy = X 4 > g w)w
WEMp, (1)

such that gp,-(a) =0, for each a € D,,(7);
(M) for each 7 = X" ... X% € N, there are

l; € k[Xq,..., X, 4]
and a monic polynomaial
Xdu + Z pT’ (.U e ]{[X]_, N ,ny]_][Xy]
UJEEUIL/( )

so that h, := l.p; are such that
e T(h,)=r,
o [ (m,_1(a)) =0, for all a € x(7),
e p.(a) =0, for each a € D,(7),
e h.(a) =0, for each a € X such that a < ®~(7).

(N) for each i,1 <1i <r there are
L € k[ Xy, ..., X1
and a monic polynomial
=XF+ Y elppww € kX, ... Xu][ X))
weM, (t;)
so that h; :== l;p; are such that
T(h)=t=X{"--- X% c GNT[L,v],
i(my—1(a)) =0, for cach a € U 4D, (t),

l
pi(a) =0, for each a € D,(t;),
hi(a) =0, for each a € X.



49 Marinari and Mora

(O) for each T := X{" ... X% € N, and each m,1 < m < n there
are unique polynomaials

’)/ —Xd + Z ’YmTa
WEFm (7)

such that vy, (a) = 0, for each a € D,,,(7),a < ®71(7);
(P) for each 7 := X{" --- X% € G, and each m,1 < m < n there
are unique polynomials

- de + Z ’YmTu
wEEm( )
such that v, (a) = 0, for each a € Dy, (7);
(Q) for each 7 = X{* ... X% € N, there are
Ar € K[Xy, .o, X ]
and a unique monic polynomial
=X¥+ > clpr,ww € k[ X1,..., X, 1][X,]
w€eF, (1)
so that k; := A\.p; are such that
T(k,) =,
Ar(m,—1(a)) =0, for each a € X(7),
p-(a) =0, for each a € D, (1),
k.(a) =0, for eacha € X:a < ®7(7).
(R) for eachi,1 <i <r there are
N € k[ Xy, .., X ]
and a unique monic polynomz’al
=XF+ > cwwekXy,. .., Xoa][X)]
w€eE, (t;)
so that k; := \;p; are such that

e T(h)=t;=X{"-- - X» c GNTIL,v],
e \i(m,_1(a)) =0, for each a € U, 4D, (t;),
e p;(a) =0, for each a € D,(t;),

e k;(a) =0, for each a € X;

(S) {h1,... ,h} and {ky,... k. } are minimal Grébner bases of
1(X);
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(T) For eachv,1 < v <n letj, be the value such that t;, < X,4; <
tj,+1; then {hy,... h;,} and {ki,... ,k;,} are minimal Grébner
bases of 1(X) N k[X1, ..., X,] and of I(7,(X)).

(U) Foreachv,1 <v <n,andeachd € N let j(vd) be the value such
that tj(l,g) < XSJrl < tj(V§)+1; then {ll, e lj(l,g)} and {)\1, cee )\jua)}
are Grobner bases of 1(Yys);

(W) For each i,2 <i<r, p; € (hj,j<i):l; and p; € (k;j,j <1):
A

(X) for cach 7 € N, £(71(r)) £ 0, he(® () £0, by (B(7)) £
0.

(Z) L(X) is triangular to

{f7H (@7 () fr. 7 € X},
{h 1 (@ (), 7 € X} and {kZY (D7) ks, T € X} O

12. Congedo

The reader can easily realize that (under the present assump-
tions, i.e. simple points forcing the ideal to be radical) Gianni-
Kalkbrenner Theorem [5, 7] is a direct corollary of (M).

However, the following trivial example

= {Xo X3 — X7, X3, XoX?, X2, X7 X3, X3} C k[X1, X, X3

shows that a primary ideal does not necessarily satisfy conditions
(I-W) and the relevant part of (Z); and the example

| = (X7, Xo+ X1, X3) N (X7, Xo — X1, X3 — 1)
1 1 1 1
= {XF X000, X5, X0 X — DX = 0 Xp, Xo X — DX — 0 Xo,
X5 — X3}

shows that Thereom 11.4 does not hold at all for zero-dimensional
ideals, at least trivially.

On the other side we recently discovered that in 1995 Cerlienco
and Mureddu [3] generalized their Correspondence to
zero-dimensional ideals

| = U Eaz<Mz)

=1n
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where, for each ¢

a; = (i1, ... ,a,) € k"
l,, : P — P is the traslation

()= f(X1 —ai,..., X1 — ay) for each f(Xq,...,X,)€P

M, C 7 is a monimal ideal.

We have the impression that in this setting Thereom 11.4 still
holds, up to the elementary adaptations needed in order to properly
define, in conditions (I-R), the monomial sets and the linear func-
tionals on which to perform linear interpolation, and that the proof
presented here requires just Leibnitz Formula to grant correcteness
of conditions (M-N) and (Q-R).

Moreover Gianni-Kalkbrener Theorem is satisfied by configura-
tions of multiple points but apparently is not provable by our ap-
proach and the example presented above gives us the feeling that a
deeper analysis could suggest how to properly adapt Thereom 11.4.

So the description of the Grobnerian Structure of configurations
of multiple points still requires proper investigation.
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