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COMPACTIFICATION OF x-FRAMES

M. MEHDI EBRAHIMI AND M. VOJDANI TABATABAEE

ABSTRACT. In this paper we show that the category KRxFrm,
of all compact regular s-frames and k-frame homomorphisms,
is a coreflective subcategory of the category xFrm, of all x-
frames and k-frame homomorphisms. Then, a compactifica-
tion for any completely regular x-frame and any proximal k-
frame is given. The theory of k-frames was introduced by
Madden [3].

1. Background

Here we recall some notions and notations from [2], [4].

1.1 Let k be any regular cardinal. A k-set is a set of cardinality
strictly less than k. A k-frame is a bounded lattice L which has
joins of k-subsets and satisfies the distributive law:

A\ S=\{zAns:seS}

for x € L and S a k-subset of L. A k-frame homomorphism h :
L — M is a lattice homomorphism preserving joins of k-subsets.
The resulting category is denoted by kFrm. The theory of x-frames
was introduced by Madden [3].
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If Kk = wy, the smallest uncountable cardinal, a k-frame is called
a o-frame. An example of a o-frame is the lattice of cozero-sets of
a topological space X.

1.2 An element a of a bounded lattice L is said to be rather below
b, written a < b, if there exists s € L, called the separating element,
such that aAs=0and bV s =ce.

An element a of a bounded lattice L is said to be completely
below b, written a << b, if there exists an interpolating sequence
(cnk), K =0,1,--- 2" and n = 0,1,---, between a and b, where
Coo = @, Co1 = b, Cpk = Cpy12k: Cnk < Cpjti-

A frame L is called regular (completely regular) if each a € L is
a join of elements rather below (completely below) it.

1.3 A k-frame L is called compact if whenever e = \/ S, for S C L,
then e = \/ F' for some finite subset F' of S. The category KRxFrm,
of all compact regular k-frames, is a full subcategory of kFrm. A
k-frame homomorphism h : M — L is called a compactification of
L if M is compact regular and h is surjective and dense, that is
h(z) = 0 implies z = 0.

1.4 Let L be a k-frame. We call an ideal J C L regular (completely
regular) if for each a € J there exists b € J such that a < b
(@ <=<D).

2. Compact regular x-frames

Our main aim in this section is to show that the category
KRkFrm is a coreflective subcategory of the category xFrm. To
prove this, we need to find a right adjoint to the inclusion functor
7 : KRkFrm — sFrm.

Let L be a x-frame and ICL be the set of all completely regular
ideals generated by k-subsets of L. In the following we show that
KCL is a compact regular x-frame.
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Lemma 2.1. The set KL is a k-frame.

Proof. Since 0 << 0 and e << e, {0} and L belong to L. Let
I,J € KL be generated by k-subsets X, Y of L, respectively. Then
INJ = 1INJisregular, since a << b, ¢ << dimply aAc << DA,
and it is generated by X AY = {z Ay : 2 € X,y € Y}. Thus
INJeKL. Let {I, : A € A} be a k-subset of L and for each
A, I\ be generated by the r-subset X,. Take J to be the ideal
generated by the set |JX). We show that J € KL and \V I, = J.
For each a € J there exists a finite set {z1,...,z,} C UX, such
that a < 21V ...V x,. Let x; € X, for each i. By complete
regularity of I, there exists y; € I, such that z; << y;. Hence
a<x1V..Vr, <<y V..Vy, € J. Therefore J € KL, since it
is a completely regular ideal and it is generated by a k-set. Clearly
I, C J for each A € A. Let I, C I € KL for each A\ € A. Take
a € J. Thena <z V..V ux,, where z; € X, for each 7. Since
X, C1I, C1Iforeach A € A, we have a € I. Thus J C I. Hence
V I\ = J. Also we have IAV Iy = \V/{INI\: X € A} foreach I € KL
and r-set {I,} of ILL. Therefore KL is a k-frame. O

Note 2.2. Let x <y < z be in a k-frame L and s,t be the sepa-
rating elements of v <y and y < z, respectively. Then y Nt =0
and yV s = e imply that t < s.

Lemma 2.3. Let ©1 << x9 << x3 be in a k-frame L. Then, there
exist t,u in L such that uV x3 =e,t Ax;y =0 and u << t.

Proof. By the definition of << there exists x4 such that z; <<
ry << x93 << x3. Let t,a,u be the separating elements, re-
spectively. By the above note u < a < t, also u V x3 = e and
t ANxy = 0. It is enough to show that u << t. Take x5,z
such that x4 < x5 < xg < z2 . Let b,c,d be the separating
elements, respectively. By the above note d < ¢ < b. Since
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1 < x4 < w5 and rg < x9 < w3 and t,b and d,u are sepa-
rating elements, respectively, we have v < d and b < t. Thus
u < c <t. Take x7, xg, r9, T19 such that x4 < 7 < 3 < x5 and
Tg < Tg < 19 < x2. Similar to the above discussion we can easily
show that if f, g, h, i, j, k are the separating elements, respectively,
thenu <k <j<i<c<h<g<f<t Thusu<j<c<g=<t
Continuing this procces, it shows that we can find an element be-
tween each two elements of this series. Hence u << t.

Proposition 2.4. The k-frame KL is compact reqular.

Proof. Trivially L is compact, since the frame of all ideals of L
is compact. To prove the regularity let I € KL be generated by
a r-subset X of L. For each x € X there exists y, € [ such that
r << y,. Since << interpolates, there exists a sequence {x; : i €
N} C L such that x = g << 1 << ... << y,. Let J, be the ideal
generated by {z; : i € N}. Then J, € KL for each x € X. We show
that I = V{J, : x € X}, and J, < [ for each x € X. Given a € [
there exists a finite subset {ay, ..., a, } of X such that a < a;V...Va,.
Trivially a € J,, V...V J,,. Hence I C \V{J, : € X}. Also, for
eachrz e X, J, CI. Thus [ =V{J,:xz € X}.

It is enough to show that J, < I for each z € X. Take z,w € [
such that y, << 2z << w. By the above lemma, there exist ¢, u such
that wVu =e,y, At =0, and u << t. Let u = ug << 11 << <<t
and K, be the ideal generated by {u; : ¢ € N}. Then K, € KL and
e=uVwée K, VI Thus K, VI = L. Also, if a € K, N J, then
a < u, and a < z, for some m,n € N. Thus a <t Ay, = 0. Hence
K, N J, = {0}. Therefore K, is a separating element of J, < I.
Hence KL is a regular x-frame. O

Proposition 2.5. The assignment K : kFrm — KRxFrm given
by

K(f:L—-M)=K(f): KL—-KM
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where IC(f)(I) = <f[X]> and I is generated by the k-subset X of
L, is a functor.

Proof. By the above proposition K is well-defined on objects.
Since x << y implies f(x) << f(y) it is easy to see that I is
well-defined on morphisms. Also, K(f o g) = K(f) o K(g) and
K(idy) = idxr. Hence K is a functor. O

Now we show that Z 4 K. First we introduce the counit of this
adjunction.

Lemma 2.6. The map kp : KL — L given by k(1) =V X, where
I is generated by the k-set X, is a k-frame homomorphism. More-

over, € = (KL) peprm 5 @ natural transformation.

Proof. The map k is well-defined, since <X> = <Y > implies
that VX = VY. Trivially x.(0) = 0, k(L) = V{e} = e, and if
I =<X>J=<Y>¢e KL, then

k(IANT) =X NY)=\/XA\Y =k(I) Arr(J).
Furthermore kj, preserves joins of k-sets, since

kL(\ In) = \/(LAJ Xy) = Y(V X)) = \A/(HL(IA))-

Thus Ky, is a xk-frame homomorphism.
Also for any k-frame map h : L — M, hoky = kyoK(h). Since,
if I is generated by the x-set X of L then

ho () = h(\ X) = V/(h[X]) = rar(<h[X]>) = kas o K(B)(T).
Thus ¢ is a natural transformation. O

To show that kp is couniversal we need the following lemma.
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Lemma 2.7. Let h : M — L be a k-frame homomorphism with
compact reqular domain M. Then, there exists a k-frame homo-
morphism h : M — IKCL such that ko h = h.

Proof. Let a € M. By regularity of M there exists a r-set {a, :
ay < a, A\ € A} such that a =\ ay. It is easy to show that, similar
to compact regular frames, the rather below relation interpolates in
any compact regular x-frame, and so <<== in M. Hence for each
A there exists a set {ay; : ¢ € N} such that a) = ay, << ay, <<
.o ==<a.

Let J, be the ideal generated by {h(ay;) : A € A,i € N}. Then
J, € KL. We define h : M — KL by h(a) = J, for each a € M.
We show that h is well-defined. Let

a= \/{x,\l Py << e << a, N €A}

= \VA{ysj : ys, << ... <<a, B €A}

Take J; = <{h(zy)}> and Jo = <{h(yg;)} > . Let sy; be the
separating element of x); < x)41. Then sy; A zy, = 0 and sy; V
i1 = e. Thus e = sy, Va = V{suVuys : 0 € A j e NL
Compactness of M implies that s\;Vyg,;, V...Vys,;, = e. This shows
that z); < yg,j, V... Vyg,j, and so h(xy) < h(ys ) V ... V (Ys..)-
Hence J; C J,. Similarly J, C .J;. This gives that h is well-defined.
Clearly

k1o h(a) = \/{h(ay): A € A,i € N}
= h(\/{ar : A € A,i € N}) = h(a).
It is enough to show that h is a k-frame homomorphism. Trivially
h(0) = {0}, and h(e) = <{h(e)}> = <{e}> = L. Let a = V/{zy; :
Ty, << ...=<<a, e A} and b= \V{yg; 1 yg, << ... <<b, f € A}.
Then a ANb = V{zy ANyg; : A € A, B € Ai,j € N}. Hence Jyp, =
<{h(xxi Nygj)}> = Jo A\ Jp, since h preserves meets.
Now let {a; : t € K} be a k-subset of M and
ay = \/{at,\i : CLt)\() << ... =<<La, N E A}

Then J,, = <{h(a'y;)} > . Thus V(J,,) = <{h(a'y),t € K}> =
J\/at, since V a; = VV{a'y; : X € A, t € K}. Therefore h is a r-frame
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homomorphism. O

Proposition 2.8. The map Ky, is an Z-couniversal arrow for the
k-frame L.

Proof. We have that ICL is a compact regular x-frame and xj, is
a r-frame homomorphism. Let h: M — L be a s-frame homomor-
phism with compact regular domain M. Then h: M — KL, given
by h(a) = Ja, is a k-frame homomorphism such that ry 0 h = h. It
is enough to show that h is unique. Let g : M — KL be a x-frame
homomorphism such that x; o g = h. Let
a:\/{a,\i tay << ... <<a,AEAN}eM
since in compact regular x-frames <=<~<. For each A € A,i € N
ko glay) = \/g(a)\i) = h(ay;) € J, = h(a).

Thus g(ay;) C h(a) for each A € A,i € N, and so g(a) C h(a).
Now let s); be the separating element of ay; < ay;1. Then g(ay;) A
g(sxi) = 0 and g(ayi+1) V g(sai) = L. Take z € g(arit1), t € g(sxi)
such that 2Vt = e. Then for each y € g(ay), y = (yAz)V(yAt) =
y Az <z and so g(ay) C| z. Thus h(ay) = Vglan) < z. Also
we have that z € g(axi+1) € g(a). Therefore h(ay;) € g(a) for each

A€ Ai €N, and so h(a) C g(a). This shows that h is unique. O

Corollary 2.9. (a) The category KRKFrm is a coreflective sub-
category of the category KFrm.

(b) The category KRkFrm has all products and all equalizers
and hence it is a complete category.
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3. Compactification of k-frames

In this section a compactification for regular and proximal x-
frames are given.

Proposition 3.1. For any completely reqular k-frame L, the map
kr : KL — L is a compactification of L.

Proof. By Proposition 2.4, KL is a compact regular x-frame. Triv-
ially kp, is a dense map. It is enough to show that it is surjective.
Let a € L. By complete regularity of L there exists a x-subset
{ay : ay << a, A € A} such that a = \/{a, : A € A}. For each A
there exists a sequence {ay; : i € N} such that a) = ay, << a), <<
... << a. Take I, to be the ideal generated by {ay; : A € A,7 € N}.
Then I, € KL and k(I,) = a. Hence ky, is surjective. O

Here we recall the definition of proximal s-frames from [6] and
show that any proximal x-frame has a compactification.

Definition 3.2. A strong inclusion on a k-frame L is a binary
relation <1 on L such that

i) fx<a<b<ythen x<y.

ii) <« C L x L is a sublattice. That is, 0<10,e <e,z,y <a,b
imply z <<aANb,zVy<<a.

iii) If x < @ then z < y.

iv) If <y then there exists z with x <1z < y.

v) If z <y then there exist a,b € L with b <a,bVy = e and

aNz=0.
vi) Each a € L is a join of a k-set of elements strongly included
in a.

The pair (L, <) is called a prozimal k-frame.
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Definition 3.3. For a strong inclusion <1 on a s-frame L, an ideal
I of L is said to be strongly regqular if for each element x in I there
exists an element y in / with = < y.

Proposition 3.4. Any proximal k-frame has a compactification.

Proof. For a proximal s-frame L consider Cy L, the set of all k-set
generated strongly regular ideals of L. Taking strongly below rela-
tion instead of completely rather below relation one can show that
CyL is a compact regular x-frame. Also the join map py, : CxL — L
given by pr(I) = \V X whenever [ is generated by the x-set X of
L, is a compactification of L. O

Remark 3.5. In the case of zero-dimensoinal k-frames, that is,
r-frames L which are generated by their Boolean part BL of the
complemented elements of L, the relation x <y iff x < b < y for
some b € BL is a strong inclusion. Thus k-subset generated strongly
regular ideals of L are exactly ideals of L which are generated by a
r-subset of BL. Hence KL is the set of ideals of L generated by a
r-subset of BL.
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