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SECOND HOCHSCHILD COHOMOLOGY OF
CONVOLUTION ALGEBRAS

E. FEIZI* AND A. POURABBAS
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ABSTRACT. We show that the second-order Hochschild cohomology
groups of measure algebra M(G) and group algebra L'(G) with
coefficients in C, are Banach spaces where G is a locally compact
group and ¢ is the augmentation character.

1. Introduction

We study the structure of Hochschild cohomology groups of convolu-
tion algebras with coefficients in C. We first recall some basic results
and introduce our notations.

Let A be a Banach algebra and let X be a Banach A-bimodule, so that
X is an A-bimodule and X is a Banach space for a norm ||-|| such that

la-zll <llal{l«]l,  llz-all < flal[{z]] (e €A zeX)

A Banach A-bimodule X is symmetric if a - * = x - a, when a € A and
x € X. The character space on the Banach algebra A is denoted by ® 4.
For all ¢ € ® 4 U {0}, the set of complex numbers C with the following
module actions,

a-z=z-a=gp(a)z (ae A zeC),
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becomes a symmetric Banach .A-bimodule, which is denoted by C,.

Let G be a locally compact group and let X be a Banach G-bimodule,

so that X" is a G-bimodule, X is a Banach space for a norm ||-|| and there
exists K > 0 such that
lg -zl < Kflal[llzll,  [le-gll < Klgllllz]  (a €A xe).

Let A be a Banach algebra and X be a Banach A-bimodule in the usual
way. An m-cochain is a bounded n-linear map T from A to X, which
we denote by T' € C*(A, X). The map 6" : C"(A,X) — C"(A, X) is
defined by

(5"T)(a1, e ,an+1) = a- T(CLQ, e ,an+1)
n
+Z(—1)iT(a1, ey QGG - A1)
=1

+(_1)n+1T(a17 sy an) *Qpy1-

The n-cochain T is an n-cocycle if "1 = 0 and it is an n-coboundary if
T = 6"1S for some S € C" (A, X). The linear space of all n-cocycles
is denoted by Z"(A, X), and the linear space of all n-coboundaries is de-
noted by B"(A, X). We also recall that B"(.A, X) is included in Z™( A, X)
and that the n-th Hochschild cohomology group H"(.A, X) is defined by

the quotient, ( )
n ZMAX
H'(AX) = B (A )
The space Z™(A, X) is a Banach space, but in general B"(A, X) is not
closed. We regard H"(A, X') as a complete seminormed space with re-
spect to the quotient seminorm. This seminorm is a norm if and only if
B"(A, X) is a closed subspace of C"(A, X'), which means that H" (A, X)
is a Banach space.
Before giving our main results, we explain the general idea for show-
ing that a cohomology group is a Banach space. Let 0 : C"(A,X) —
C"t1(A, X) be the boundary map. Then, H"(A, X) is a Banach space
if and only if the range of § is closed, which is the case if and only if
4 is open onto its range, that is, there exist a constant K such that if
1 = 6(¢) is so that ||¢|| < 1, then there exist ¢; € C"(A, X') such that
o1l < K and ¢ = §(¢1) 7, Poroposition 1.1].
There are several reasons why one might wish to show that a coho-
mology group of a Banach algebra is a Banach space. The first reason
is that if one can show that the algebraic cohomology group is trivial,
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then this often leads to the conclusion that the space of coboundaries
is dense in the space of cocycles. If one can additionally prove that the
space of coboundaries is closed, then one has a proof that the cohomol-
ogy is trivial. The second reason for wanting cohomology groups to be
Banach spaces, is that in more advanced calculations [2] one wishes to
take projective tensor products of cohomology groups (this works well
when the groups are Banach spaces). A third reason is that one can
see showing the cohomology is a Banach space as a step to identify the
Banach space and hence the cohomology group.

Johnson in [5], proved that for the free group on two generators,
H2(¢1(F3),C) # 0. Using [8, Theorem 8.3.1] we have that H?(¢!(Fs),
(Y(F3)) # 0, and so H2(¢1(Fy),¢*°(F2)) # 0. Ivanov in [4], and Mat-
sumoto and Morita in [6] showed that H2(¢!(G),C) was a Banach space
for every discrete group G with trivial action on C. Pourabbas in [7]
proved that the second-order cohomology groups of H2(£1(G),(>(S))
was a Banach space where G is a discrete group and let S be a G-
set. Here, we will show that the second-order Hochschild cohomology
groups H?(M(G),C,) and H*(L'(G),C,) are Banach spaces where G
is a locally compact group and ¢ is the augmentation character.

2. The structure of H*(M(G),C,)

Let G be a locally compact group, and denote by M (G) all complex-
valued regular Borel measures p on G such that ||u|| = |u| (G). M(G)
with convolution multiplication is a unital Banach algebra and is the
dual of Cy(G). By the Jordan decomposition for every real valued mea-
sure 1 € M(Q), there exist positive measures p and p~ in M(G) such
that

p=pttu el = (e [

Let X be a Banach G-bimodule. Then, X becomes an M (G)-bimodule
[5, p. 24], by defining

(2.1) Mz/www :wz/ww@,

where p € M(G) and x € X. Consequently, X becomes a Banach L(G)-
bimodule by restriction of these operations to the absolutely continuous
measures. It is obvious that C is a Banach G-bimodule with trivial
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action
gu=a=aqag (ge G,aeC),
and hence C is a Banach M (G)-bimodule and from (2.1), we have

po = ap = a/du(g) = ap(p),

where p(u) = p(G) is a character on M(G). Thus, C is a symmetric
Banach M (G)-bimodule which is denoted by C,.

For every ¢ € C1(M(G),C,) and for every pu1, ua € M(G), the boundary
map gives

(2.2) 09 (pr, p2) = @(pa)¥(p2) — Y(prp2) + o(p2)(p)-
Since 41 is a bounded linear map, we have

(23)  le(p)e(p2) — ¥(ppz) + @(p2)¥ ()] < 16D lpall llpell -

Now we show that for every locally compact group G, the second-order
Hochschild cohomology group of measure algebra M (G) with coefficients
in C,, is a Banach space.

Theorem 2.1. Let G be a locally compact group. Then, H*(M(G),C,)
is a Banach space.

Proof. It is enough to show that there exists a constant K such that
||| < K [|63]], for every o € CH(M(G),C,). Let ¢ € C1(M(G),C,) and
let 41 be a positive measure of M (G) such that ||u]| = u(G) = ¢(n). Let
v = ﬁ and replace 1 = po = v in inequality (2.3). Then, p(v) =1
and we have
[eW)p(v) = o(1?) + (W)Y )] = [20(v) = v(*)] < [l6¥],
and again for p; = 12 and o = v, we have
() o) = ¥(*) + o) ()] = [b() = (*) + 0 ()| < 59
These inequalities and triangular inequality imply that
3v(v) —v(®)| < 2|6 .
By induction for every n € Z*, we have

(ny(v) = (@) < (n = 1) [|6¢],

or

<

|09
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Since 9 is a bounded operator, then [(v™)] < ||¢]|, for all n € ZT.
Thus, [(v)] < [|09[]; that is,

) < 01 el -

For all 4 € M(G), there are two signed measures p; and pg in M(G)
such that pu = p1 +ipe and [|p;|| < ||ul|, for i = 1,2. Now, by the Jordan
decomposition, we have

()| < (D) + ()| + (3| + ()
< N6l (le || + g ]+ s || + (2 1))

(2.4)

= (681l (e ll + (1211

< 2|69| ||l -
Therefore, [i:(1)] < 2166 ] 4], for every s € M(G); that is, [[9] <
2|64 and this complete the proof. O

3. The structure of H?(LY(G),C,)

Let G be a locally compact group. The same result is true for group
algebra L'(G). As mentioned before, C is a Banach L'(G)-bimodule
with the restriction of module action (2.1) on L'(G); that is,

fa=af = / af(g)dg = ap(f)  (f € L{G),a €C),

where o(f) = [ f(g9)dg, which is the augmentation character on L*(G).
So, C with above module action is symmetric Banach L(G)—bimodule
and it is denoted by C, too.

Theorem 3.1. Let G be a locally compact group. Then, H*(L*(G),C,)
is a Banach space.

Proof. Let S be the set of all simple functions in LY(G). Let ¢ €
CL(LYG),Cy) and let s = Zle a;x1; be an arbitrary simple function
in LY(G). Let g = Hi%” and replace u1 = ps = g in inequality (2.3).

Then, ¢(g) = 1 and we have
|2(9)¥(9) = v(9?) + e(9)¥(9)] = [20(9) = ¥(g®)] < 69

The same induction as in the proof of Theorem (2.1) implies that

YOzl < 1991 Ixz -
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Thus,

k k
[W(s)] < > leal WOl < Y leal 169 el
(31) i=1 i=1

k
<Y (il D) 1681 = lIslly 6wl
i=1

For every f € L'(G), since S is a dense subset of L!(G), there exists a
sequence of simple functions {s,} in S such that s, — f in L'(G) and
for every n,

0 <[llsnlly = I/l < llsn = flly =0

as n — o0o. By inequality (3.1), [¢(sn)| < |snll; [|0¢]], and hence by
continuity of ¢, |¢(f)| < [|6¢]| || f]l; - It follows that ||| < [|6¢]|, and so
H?(LY(G),C,) is a Banach space. O
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