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G-FRAMES AND THEIR DUALS FOR HILBERT
C*-MODULES

A. ALIJANI AND M. A. DEHGHAN~

Communicated by Mehdi Radjabalipour

ABSTRACT. Certain facts about frames and generalized frames (g-
frames) are extended for the g-frames for Hilbert C*-modules. It
is shown that g-frames for Hilbert C*-modules share several use-
ful properties with those for Hilbert spaces. We also characterize
the operators which preserve the class of g-frames for Hilbert C™-
modules. Moreover, a necessary and sufficient condition is obtained
for an operator T' whose corresponding singleton set {T'} is a g-
frame. Finally, some characterizations of dual g-frames for Hilbert
spaces and Hilbert C*-modules are given.

1. Introduction

Frames were first introduced in 1952 by Duffin and Schaeffer [5]. They
abstracted the fundamental notion of Gabor [7] to study signal process-
ing. It seems, however, that Duffin-Schaeffer ideas did not attract much
interest outside the realm of nonharmonic Fourier series until the paper
by Daubechies, et al. [4] was published in 1986.

The theory of frames was rapidly generalized and, until 2005, var-
ious generalizations consisting of vectors in Hilbert spaces or Hilbert
C*-modules were developed. In 2005, Sun [13] introduced the notion of
g-frames as a generalization of frames for bounded operators on Hilbert
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spaces, and Nejati-Rahimi [11] developed methods to generate them.
Casazza-Kutyniok [2] formulated a general method for piecing together
local frames to get global ones. They also introduced the so-called fu-
sion frames as a new type of g-frames. Frank-Larson [6] extended the
theory for the elements of C*-algebras and (finitely or countably gener-
ated) Hilbert C*-modules. It is well known that the theory of Hilbert
C*-modules has applications in the study of locally compact quantum
groups, complete maps between C*-algebras, non-commutative geome-
try, and K K-theory. There are several differences between Hilbert C*-
modules and Hilbert spaces. For example, we know that the Riesz rep-
resentation theorem for continuous linear functionals on Hilbert spaces
dose not extend to Hilbert C*-modules and there exist closed subspaces
in Hilbert C*-modules that have no orthogonal complement. Moreover,
we know that every bounded operator on a Hilbert space has an ad-
joint, while there are bounded operators on Hilbert C*-modules which
do not have any. It is expected that problems about frames and g-frames
for Hilbert C*-modules to be more complicated than those for Hilbert
spaces. This makes the study of the frames for Hilbert C*-modules
important and interesting. The properties of g-frames for Hilbert C*-
modules are further investigated in [8, 14]. The main purpose of the
present work is to study the duals of g-frames for Hilbert C*-modules.

The reminder of our work is organized as follows. We continue this
introductory section with a review of the basic definitions and notations
of Hilbert C*-modules. Section 2 investigates some of the properties
of g-frames for Hilbert C*-modules and presents nontrivial examples of
such g-frames. The main results of the paper are included in Section 3,
where the duals of g-frames for Hilbert C*-modules are studied.

Let us recall the definition and some of the basic properties of Hilbert
C*-modules and their frames. For more details, we refer the interested
reader to the books by Lance [9] and Wegge-Olsen [12]. Let A be a
C*-algebra. A pre-Hilbert C*-module over A or, simply, a pre-Hilbert
A-module, is a pair (H, (-, -)), where H is a complex linear space, which
is an algebraic (left) A-module, and (-, -) : Hx H — A, called an A-inner
product, has the following properties:

) {f;

(1 >0, for any f € H;
@) {f,
(3) (f
(4) (A
(5) (af

f)
f) =0, if and only if f = 0;
.9) = {g,£)", for any f.g € H;
foh) = A/, h) whenever A € C and f,h € H;
af+bg,h) = a(f, h)+b{g, h), whenever a,b € Aand f,g,h € H.
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As is clear from (4)-(5), the action of A on H is C- and A-linear and, in
particular, A(af) = (Aa)f = a(\f), whenever A € C, a € A and f € H.
i

The map f — ||f|| = I{f, f)||} defines a norm on H. If (H,||-|) is
a Banach space, then (H,(-,-)) is called a Hilbert C*-module over A
or, simply, a Hilbert A-module. A net or sequence is usually denoted
by (uj)jeq or {u;}jeq, where the subscript j € € may be dropped if
understood from the context.

Let {(Kj,(,-)j)}jes be a finite or countably infinite family of finitely
or countably generated Hilbert A-modules. Set

Ky ={(f)jes: £ € Kj || > _(F5, )41l < oo}

Jje€J

and define
((Fi)jess (g1)ies) =D _{Firg5)5-

Jj€J
It is known that (K, (-,-)s) is a Hilbert A-module. The mapping 7,
sending (f;)jes € Ky to fj, is called the jth projection operator from
K onto Kj.

Let (H,(-,-)1) and (X, (-, -)2) be Hilbert .A-modules. A (not necessar-
ily linear or bounded) map 7' : H — K is said to be adjointable (with
respect to the A-inner products (H, (-,-)1) and (K, (-, -)2)), if there exists
amap T : K — H satisfying (T'f,g)2 = (f,T*g)1, whenever f € H,
and g € K. The map T* is called the adjoint of T' [12]. The class of all
adjointable maps from H into K is denoted by B.(H, K) and the class
of all bounded .A-module maps from H into K is denoted by By(H, K).
It is known that B.(H,K) C By(H,K). We write B,(H) and By(H)
for B.(H, H) and By(H, H), respectively. We follow the usual notation
L(U,V) for ordinary continuous linear transformations from a normed
linear space U into a normed linear space V' (We avoid the classical
notation B(U, V) which has different usages by operator theorists and
frame theorists).

Throughout the paper, we fix the notations A and J for a given unital
C*-algebra and a finite or countably infinite index set, respectively. Also,
all Hilbert .A-modules are assumed to be finitely or countably generated.

2. g-frames for Hilbert C*-modules

Sun [13] introduced the notion of a g-frame for a given separable
Hilbert space H as a family of ordered pairs {(A;, K;) : j € J} consisting
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of separable Hilbert spaces K; and operators A; € L(H, K;) satisfying
AILFIP < D NIAfIP < BILAIP,

jed
for all f € H and some positive constants A and B independent of f.
Before, the notion of frames for Hilbert spaces had been extended
by Frank-Larson [6] to the notion of frames for Hilbert .A-modules as a
family {f;}es in a Hilbert A-module H satisfying

AU 1Y < DU I 1) < BUE ),
JjeJ
for all f € H and some positive constants A and B independent of f.
Parallel to this, Khosravi-Khosravi [8] extended the concept of g-frames
from Hilbert spaces to Hilbert C*-modules as follows.

Definition 2.1. By a g-frame for a given Hilbert A-module H, we mean
a family of ordered pairs {(Aj,K;) : j € J} consisting of Hilbert A-
modules K; and operators Aj € B,(H, K;) satisfying

(2.1) A(f,f) <D 0 A f) < B(S, ),
JjeJ
for all f € H and some positive constants A and B independent of f.

(Throughout the paper, series like (2.1) are assumed to be convergent
in the norm sense.)

The numbers A and B are called the lower and the upper bounds
of the g-frame, respectively. The frame bounds may be denoted by an
ordered pair A and B. The optimal bounds are maximal for A and
minimal for B. If (A, B) = (A, A), then the g-frame is said to be A-
tight and in the special case A = 1, it is called a Parseval g-frame or a
normalized g-frame.

The family {(A;, K;) : j € J} is said to be a g-Bessel sequence for H
if there exists a positive number B such that

(2:2) > (Af A ) < B f), V€ H.
Jje€J
The number B is called a g-Bessel bound.

Let {(A;,Kj) : j € J} be a g-frame for the Hilbert A-module H. It
is said to be a g-Riesz basis if it satisfies

(1) A; #0, for any j € J; and
(2) if{gj}jes € Kyand ) ;. ; Ajg; =0, then Ajg; =0, forall j € J.
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Remark 2.2. If {(A;, Kj) : j € J} is a g-frame for the Hilbert A-module
H with an upper bound B, then {A;}c is uniformly bounded by v/ B.
The proof is similar to the one given for ordinary frames [3] and can be
obtained by using the properties of positive elements in C*-algebras.

To throw more light on the subject and appreciate the use of the
concepts, we include some examples of nontrivial g-frames for Hilbert

A-modules.

Example 2.3. Let H be the Hilbert C?>-module C? with the C*-inner
product ((x1,x2), (y1,y2)) = (x1y1,x2y2) and let A be the totality of
all diagonal operators diag{a,b} on C2%, sending (21, 22)" to (az1,bz)t.
(Here, diag{a,b} means a 2 x 2 matriz (a;;) such that a1y = a, azx =0
and a1z = a1 = 0.) Also, let J =N and fix nonzero sequences {a;}jcy
and {b;}jes in (2. Define
Aj : C2 — (C2, (21,22) — (ajzl,ijQ).
Clearly, A; € B.(C?), for all j € J. Now, for z = (z1,2) € C?,
D 0z Az = O laiPlzal® o Y bzl
jeJ jeJ jeJ
The sequence {(A;,C?) : j € J} is a g-frame with bounds
(miny " [a; [, Y 107}, max{) " [a;%, > [b;*}).
jeJ jedJ jeJ jeJ
Example 2.4. Let A = £ and let H = Cy, the Hilbert A-module of the
set of all null sequences equipped with the A-inner product

((zi)ien, (Yi)ien) = (2i¥i)ien.
The action of each sequence (a;) € A on a sequence (x;) € H is im-
plemented as (a;)(x;) = (a;x;). Let j € J =N and define A; € B,(H)
by
Aj(ai)ien = (dijaj)ien  V(ai)ien € H.

We observe that

Z(Aja, Aja) = Z(ajaij)jeN = (a,a), Va=(a;)ieN € H.

jEN jEN
Thus, {(Aj,H)}jes is a normalized g-frame for H. Now, we show
that it is a g-Riesz basis. Obuviously, A; # 0, for all j € J. Also,
if a(j) = (ai(j))l- € H, forj e J, and if Z]eJ sa(j) = 0, then

EJGJ 3 a(j) = ZJGJA a(j) = Z]GJ((szjal( /)i, and hence (ZjeJ
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dijai(§))i = 0. In particular, a;(i) = 0, for all i € N, and thus Afa(j) =
Aja(j) = (0i5ai(4))i = 0.

Example 2.5. Let {(Aj, H)} ey be as in Example 2.4 and define I'y =
Fo=A1+ Ao, andI'; = Ay, for j > 3. It is clear that {(I'j, H)} e is a
g-frame with the lower and upper bounds (1,2).

Example 2.6. For separable Hilbert spaces U and V', let A = L(V') and
let H be the Hilbert L(V')-module L(U,V') with the L(V')-valued inner
product (T1,T>) = T1T5 and the action 0T = 60T, for 6 € L(V) and
7,11, Ty € L(U,V). Also, let J =N and fiz (A;); € (*. Define

A;(T) = AT, VT € L(U,V),Vj € N.

Clearly, Aj € B.(L(U,V)), for all j € N and that {(A;, B«(L(U,V))}jes
is a g-frame in L(U, V). To see this, observe that

D ANTAT) =Y NTAT* = AT, T), VT € L(U,V).

jeJ jeJ jeJ
Furthermore, the ezact equalities reveal that the g-frame is 3, |A;]2-
tight.

The following lemma is known for the case T is bijective (See [1]);
we modify the proof to show that the proposition remains valid under
slightly weaker conditions.

Lemma 2.7. Let T € B.(H,K). Then, the following assertions are
true.

(1) If T is injective and has a closed range, then T*T is an invertible
selfadjoint operator satisfying ||(T*T)~||~t < T*T < ||T||.

(2) If T is surjective, then TT* is an invertible selfadjoint map sat-
isfying ||(TT*)~H|7H < TT* < ||T*.

Proof. (1) Since the adjointable map T™ is surjective, it follows that
for any f € H, there exists g € K such that T*g = f. Since K =
kerT* & ImT, it follows from Theorem 15.3.8 of [12] that g = g1 + T'h,
for some gy € kerT* and some h € H. Thus, f =T*(g1 +Th) = T*Th,
and hence T*T is surjective. If T*T'f = 0, then T'f € kerT* N ImT =
{0}, which implies that f = 0; therefore, T*T is an injective positive
map. Hence, T*T is an invertible element of the C*—algebra B.(H),
0 < (7))~ < |(T*T)7Y and 0 < (T*T) < |(T*T)||. Therefore,
(T 7)Y~ < T*T < ||T]%.
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(2) Let T be surjective. Then, T™* is injective and 7™ has a closed
range. By substituting 7% for T in (1), we have TT™ is invertible and
(TT*) =M~ < TT* < |7, 0

Remark 2.8. Let T € B.(H,K). The following examples involve g-
frames consisting of a single term. Similar to this work was done by
Sun [13] in the case of g-frames for Hilbert spaces.

(1) Assume T is an injective map with a closed range. Then, the
family {(T, K)} is a g-frame in H. In fact, by Lemma 2.7,

T T) L f) < (TFTF) = (T*TF, f)

T|1*(f, f)Vf € H.

Then, {(T, K)} is a g-frame in H with bounds (||(T*T)~||~*
AT
Here, the converse is also true; that is, if {(T, K)} is a g-frame

with bounds (A, B), then

(2.3) A(f, 1) <(Tf,Tf) < B(f, f),Vf € H.

It follows that (T*T)~" is bounded, and hence T is injective and
has a closed range.

(2) Assume T € B.(H, K) is a surjective map. Then, T™ is injective
and its range is closed [9, Theorem 3.2]. Therefore, {(T*,H)}
is a g-frame in K.

(3) Let T € B.(H) be a normal adjointable map. Then, it follows
directly from the definition that {(T,H)} is a g-frame in H if
and only if {(T*,H)} is a g-frame in H. For a general T €
B.(H, K), its bijectivity is equivalent with the bijectivity of its
adjoint T*; hence, T € B.(H, K) is bijective if and only if both
{(T,K)} and {(T*,H)} are g-frames.

IN

Frame operator is an important notion in the reconstruction formula
in the theory of ordinary frames. Given a g-frame {(A;, K;)};cs in the
Hilbert C*-module H with bounds (A, B), its corresponding g-frame
operator is defined in [8] as an operator S € B.(H) satisfying Sf =
ZjEJ A;-‘Ajf, for all f € H. The operator S is well defined, positive,
invertible and adjointable; moreover, it satisfies ||S|| < B, A< S < B
and B7! < §7! < A~! In the same paper [8], one can also find the
following result as Theorem 3.2.
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Theorem 2.9. Let {(Aj, K)}jcs be a g-frame in the Hilbert C*-module
H with bounds (A, B), and let S be the corresponding g-frame operator.
Let T € B.(H,K) be invertible. Then, {(A;T*,K)}jcs is a g-frame
in K with bounds (A||(T*T)_1||_1, B||T||?) and the g-frame operator
TST™.

The following modification of the proof of Theorem 3.5 of [8] reveals

that the bijectivity condition on T' can be relaxed to the surjectivity of
T and that the converse of the theorem remains true.

Proof. Assume {(A;T*,K)}jc is a g-frame in K with the g-frame op-
erator S7. Then,

Sig =Y (AT AT g =T () AjA))T g =TST*g, Vg€ K,
jeJ jeJ

and hence S7 = TST*. To show T is surjective, observe that g =
S1S87 g = T(ST*S;'g), for all g € K.

Conversely, if T* is surjective, then set f = T*g in (2.1) to deduce
that

AT g, T*g) < > (AT*g,AT*g) < B(T*g,T%g), VgeK,
JjeJ
and conclude from Lemma 2.7 that
1,1
AT (g9 < D (A T*g,AT*g) < B|T|*(g,9).
jeJ
O

The next example shows that surjectivity is a necessary condition.

Example 2.10. Let {(A;,C?)};es be as in Ezample 2.3 and let T :
C? — C? be the mapping (z1,22)" — (21,0)'. One can easily check
that T is a non-surjective, self-adjoint C?-linear transformation and
AjT* (21, 22)" = (a;21,0), for all (z1,22)" € C* and j € J. Now, if
g; = (0,1), for all j € J, then Zj A;T*g; = 0, defying the essential
property (2.1) of a g-frame.

Also, Theorem 3.5 of [8] can be extended as follows. Recall that if S
is a selfadjoint element of a C*-algebra A, then the functional calculus
can be applied to define f(A) for any continuous function defined on the
spectrum of S; in particular, S” is well-defined if .S is a positive element
[10]. For the proof of the following corollary, we apply the functional



G-frames and their duals for Hilbert C*-modules 575

calculus for the selfadjoint element S of the C*-algebra B,(H) to write
S = §t=1/25B-1/2 and then apply Theorem 2.9 to T = S(¢=1),

Corollary 2.11. Let {A; € B.(H,Kj;) : j € J} be a g-frame for H
with respect to {K;};ey with frame bounds (A, B). If S is the g-frame
operator, then the sequence {AjS% € B.(H,Kj) : j € J} is a g-frame
with g-frame operator St and g-frame bounds (A||S*~!||7 BHS%HQ),
for all t € R. Moreover, A < St < Bt fort € (0,1).

3. The duals of g-frames for Hilbert C*-modules

In this section, we will characterize the dual g-frames for Hilbert C*-
modules in terms of g-Bessel sequences. Similar results can be proved
for g-frames for Hilbert spaces.

For a sequence {A; € B.(H, K;) : j € J}, the pre-frame operator
from H into K is defined by 6f = (A;f);cs [8]. The relation between
the g-Bessel sequences and their pre-frame operators plays an important
role in characterizing the dual g-frames.

If {(Aj,Kj)jes} is a g-Bessel sequence in the C*-module H with
bound B, then the pre-frame operator @ is adjointable and |0 < v/B.
Moreover, 0% (kj)jes = >_ ey Ajkj, for all (k;)jes € K. The adjointable
map 0* is called the synthesis operator of {A;}jc;. In addition, if
{(Aj,Kj)jes} is a g-frame in the C*-module H with the g-frame op-
erator S, then S = 6*4.

The following proposition shows that every adjointable map 6 from

H into K j induces a g-Bessel sequence in H, whose pre-frame operator
is 6.

Proposition 3.1. Let 0 be an adjointable map from H into Kj. Define
Ajf =m;0f, for f € H and j € J. Then, A; is an adjointable map for
all j € J and {(A;, Kj)jes} is a g-Bessel sequence with the upper bound
19117

Proof. Clearly, every A; is adjointable. Then,
SN A = (w0 f. mi0f) = (0f,0f) = (0°0f, f)
jeJ jeJ
< 076111, ) = I61°CF, ). vf € H.
So, {A;}jes is a g-Bessel sequence with the upper bound [|6]]2. O
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Duals and canonical duals of g-frames for Hilbert spaces are defined
by Sun [13]; here, we extend the definitions to Hilbert C*-modules.

Definition 3.2. Let {(A;, Kj)}jcs be a g-frame in H with g-frame op-
erator S and pre-frame operator 0. A g-frame {(Q;, K;)}jes s a dual
g-frame of {(Aj, K;)}jer if ZjeJ AiQ; = 1. In particular, the g-frame
{(Kj,Kj)}jgj = {(A;S7Y, K;)}jes is called the canonical dual g-frame
of {(Aj, Kj)}jes-

We now give a characterization of dual g-frames in terms of right in-
verses of the synthesis operators. The following example reveals that
although it may be easy to find the canonical dual g-frame, the charac-
terization of all dual g-frames does not seem to be an easy task.

Example 3.3. Let H be the Hilbert C*-module C? as in Example 2.3
and define

AJ : (C2 — C27 (ZhZQ)t = (Zl/j, Z2/j)ta ] €J.

ZAzAz Z] z,2) VZG(C2.

jedJ jedJ
For A = Zjer*{ the sequence {(Aj,C*}jcy is an A-tight g-frame.
Set T'; = A7A;, for all j € J. Clearly, {U;}jcs is the canonical dual
g-frame of {(A;,C?)}je,.

Theorem 3.4. Let {(Aj, K;)}jes be a g-frame in H with the pre-frame
operator 8, the g-frame operator S and the canonical dual g-frame {(/NXJ
K;)}ies. Let {(Q;, K;)}jesbe an arbitrary dual g-frame of {(Aj, K;)}ies
with the pre-frame operator n. Then, the following assertions are true.
(1) o*n=1.
(2) Q; =myn, forall j € J.
(3) If ¥ : H — K is any adjointable right inverse of 6*, then
{(mjn',K;)}jes is a dual g-frame of {(A;, K;)}jes with the pre-
frame operator 1.
(4) The g-frame operator Sq of {(Q, K;)}jes is equal to S~ +n*(I—
6S=10*)n.
(5) Every adjointable right inverse o of 0* is of the form
(3.1) n =087+ (I —0S716%)¢,

for some adjointable map £ : H — Ky, and vice versa.

Then,
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(6) There exists a g-Bessel sequence {(Aj, Kj)}jes in H whose pre-
frame operator is n and yields

Q=N+ A= > AjAAy, forall j € J.
keJ

Proof. (1) For f,g € H,
(" nf.g) = (nf.0g9) = (%), (A;g))
= D (,459) = > (A1, 9)

J

= O NQ;f.9)=(f9)-
j

(2) The proof is clear from the definition.

(3)Since 7'is adjointable, it follows from Proposition 3.1 that{(m;n’)}jcs
is a g-Bessel sequence in H. Also, since n/*0 = I, n’* is surjective, by
Lemma 2.7(1), for f € H,

I ) A ) < @' ) =) (mif,mif).
JjeJ

Clearly, 1’ is the pre-frame of {(m;n’, K;)}jcs.

(4) Sqg =n'n=n*0S~ +n*(I —0S710%)n = S~ +n*(I — 0S~16")n.

(5) If )/ is such a right inverse, then

0S™ + (I -0 0" ) =05+ — 0510 =1

The converse is straightforward.

(6) Let {(Aj, Kj)}jes be a g-Bessel sequence in H with the pre-frame
operator 1. For j € J,let Q; = A;j +A; — %", AjA7Ag. Let S and 0
be the g-frame operator and the pre-frame operator of {(A;, K;)}jcs ,

respectively. Define the linear operator £ : H — Ky by {f = (9 f)jes-
Clearly, £ is adjointable. For every j € J, we have

7Tj£ = Qj = AjS_l + Aj — A]’S_l ZAZAK
keJ
=705~ +n—0S"10*n).
Then, ¢ = S~ 4+ — 0S~10*n. By parts (3) and (5) of the theorem,
{(Q4, H)}jes becomes a dual g-frame of {(Aj, H)}jes. O

Example 3.5. Let A be a Hilbert A-module over itself (See [14]). Let
{fitjes C A. For j € J, define the adjointable A-module map Ay; :
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A= Aby Aejf =(f, fj). Clearly, {f;}jers is a frame in A if and only
if {(Afj, A)}jes is a g-frame in A. In the following, we study the duals
of such g-frames.

(a) Let {gj}jes C A. Forall f €A,

ZA;jAfjf = Z<f7 fi)gi = Z (fr95)fi = ZAfg Agjf.
jed jed jed jed
Therefore, {g;}jer is a dual frame of { fj}jes if and only if {(Ag;, A)}jes
is a dual g-frame of {(As;, A)}jer.
(b) Let S and Sy be the frame operators of { f;}jes and {(Ayj, A)}jes,
respectively. Now, for all f € A,

STEINE =D 1= U0 1) =3 AbAgf.

jeJ jeJ jeJ jeJ

It follows that S = Sy.

(c) It is easy to see that a sequence {h;};jc; C A is a Bessel sequence
if and only if {(An;, A)}jes is a g-Bessel sequence.

(d) For a Bessel sequence {h;}jes, define

g;i =S"fj+h;— Z(Silfj, fe)he, (5 € J).
ket

Then, the sequence {g;}jcj is a dual frame of {f;}jes [3. By Theorem
3.4, the sequence {(I';, A)}jes is a dual g-frame of {As;}jcy, where
= Kfj +Anj =D ke KfjA}kAhk, for all j € J. Now, we claim that
I'; = Agyj. In fact, for all f € A,

Dif = ApSTU + Anf = > Mgy STHAG(f, ha)

keJ
= (STUE L) 4 (Fohg) =) (ST R fs £5)
keJ
= (£, 57 ) + (o gy = > (Fhifr, ST F5)
keJ
= (£,57 " f5+ Ry = > (ST, fdha)
keJ

= <f>gj> = Agjf-

Therefore, every dual g-frame of {(Ay;}jes has the form Kfj + Apj —
> ks MiNipAnk, where {hj}jcs is a Bessel sequence in A.



G-frames and their duals for Hilbert C*-modules 579

Acknowledgments

The authors thank the communicating editor, Professor M. Radjabalipour,
for his kind scientific and editorial comments. The second author is sup-
ported by a research grant from Valiasr University Research Office.

REFERENCES

[1] L. Arambasi¢, On frames for countably generated Hilbert C*-modules, Proc.
Amer. Math. Soc. 135 (2007), no. 2, 469-478.

[2] P. G. Casazza and G. Kutyniok, Frames of subspaces, Wavelets, frames and
operator theory, 87-113, Contemp. Math., 345, Amer. Math. Soc., Providence,
RI, 2004.

[3] O. Christensen, An Introduction to Frames and Riesz Bases, Applied and Nu-
merical Harmonic Analysis, Brikhduser Boston Inc., Boston, MA, 2003.

[4] 1. Daubechies, A. Grossmann and Y. Meyer, Painless nonorthogonal expansions,
J. Math. Phys. 27 (1986), no. 5, 1271-1283.

[5] R. J. Duffin and A. C. Schaeffer, A class of nonharmonic Fourier series, Trans.
Amer. Math. Soc. 72 (1952) 341-366.

[6] M. Frank and D. R. Larson, Frames in Hilbert C*-modules and C*-algebras, J.
Operator Theory 48 (2002), no. 2, 273-314.

[7] D. Gabor, Theory of communications, J. Electr. Eng. (London) 93 (1946) 429-
457.

[8] A.Khosravi and B. Khosravi, Fusion frames and g-frames in Hilbert C*-modules,
Int. J. Wevelet Multiresolution Inf. Process. 6 (2008), no. 3, 433-446.

[9] E. C. Lance, Hilbert C*-modules, A Toolkit for Operator Algebraists, London
Mathematical Society Lecture Note Series, 210, Cambridge University Press,
Cambridge, 1995.

[10] G. J. Morphy, C*-Algebras and Operator Theory, Academic Press, San Diego,
California, 1990.

[11] A. Najati and A. Rahimi, A generalized frames in Hilbert spaces, Bull. Iranian
Math. Soc. 35 (2009), no. 1, 97-109.

[12] N. E. Wegge Olsen, K-Theory and C*-Algebras, A Friendly Approch, Oxford
University Press, Oxford, 1993.

[13] W. Sun, G-frames and g-Riesz bases, J. Math. Anal. Appl. 322 (2006), no. 1,
437-452.

[14] X. Xiao and X. Zeng, Some properties of g-frames in Hilbert C*-modules, J.
Math. Anal. Appl. 363 (2010), no. 2, 399-408.

Azadeh Alijani

Faculty of Mathematical sciences, Vali-e-Asr University of Rafsanjan, P.O. Box 518,
Rafsanjan, Iran

Email: alijani@vru.ac.ir



580 Alijani and Dehghan

Mohamad Ali Dehghan

Faculty of Mathematical sciences, Vali-e-Asr University of Rafsanjan, P.O. Box 518,
Rafsanjan, Iran

Email: dehghan@vru.ac.ir



	1. Introduction
	2. g-frames for Hilbert C*-modules
	3. The duals of g-frames for Hilbert C*-modules
	References

