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ON GENERALIZED TOPOLOGIES ARISING FROM
MAPPINGS

V. PAVLOVIC* AND A. S. CVETKOVIC

Communicated by Fariborz Azarpanah

ABSTRACT. Given a mapping f : X — X, we naturally associate
to it a monotonic map vy : exp X — exp X from the power set of
X into itself, and thus inducing a generalized topology on X. Here,
we investigate some properties of generalized topologies as defined
by such a procedure.

1. Introduction

Various weakened forms of open sets and continuity have been consid-
ered in literature and vast research has been devoted to these concepts.
In [1], Csészar gave a common framework to all of these by introduc-
ing the notion of generalized topologies. Since then, the investigation of
generalized topologies and generalized continuity has seen a rapid devel-
opment over the past decade (see [1, 2, 3, 5, 6, 7, 8, 9, 10, 11]) and our
work here is continuation of these efforts.

Let us briefly describe the plan of the paper. Following [1], we use
a method of generating generalized topologies on X via a specific vy :
exp X — exp X (where exp X stands for the power set of X) that most
naturally arises from a given mapping f : X — X, where v;A is defined
to be the image of A C X under f. We then examine the basic structure
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of the generalized topology (GT for short) thus obtained, and show that
it is very unlikely for this GT to actually be a topology, indicating that
it is reasonable to consider it only in the context of GTs, and finally
investigate an aspect of products (as defined in [3]) of such GTs. By
and large, we are concerned with how the properties of the mapping f
reflect those of the induced GT.

2. Preliminaries

We begin with some notational explanations. 7Z is the set of all inte-
gers and N is the set of all positive integers. If f: X — Y is a mapping,
then we shall use the notations f—7 A and f< B to denote, respectively,
the image of A C X and the inverse image of B C Y under the mapping
f. For an equivalence relation ~ on a set X and x € X, we denote by
x/~ the class of equivalence of x with respect to ~, and X/. for the
corresponding quotient set of the classes of equivalence. For a sequence
x = (x, : n €N), we put Set(z) = {z, : n € N}. For all unexplained
topological notions, the reader is referred to [4].

Let us recall the basics of generalized topologies. A family o of subsets
of a given set X is said to be a generalized topology on X (see [2]) if ) € o
and if |JA € o, whenever A C 0. It is customary to call o strong (see
8])if X € o (ie., Jo=X).

Following [1], we call v : exp X — exp X monotonic if A C B C X
implies YA C vB (where vA stands for v(A)) and denote by I'(X), the
family of all such mappings v. A set A C X is said to be y-open if
A C yA, and it is shown in [1] that the family g, of all y-open subsets
of X constitutes a GT on X. Actually, all GTs on a given set X can be
obtained in this way (see Lemma 1.1 of [2]) and many papers use this
approach to study GTs (see, e.g., [9, 10, 11]).

One of the most natural ways to produce elements of I'(X) is given by
the following. Suppose M C X and f: X — X. Consider the mapping
vem o exp X — exp X, defined by vr A = f7(A\ M)\ M. Then,
vrm € T'(X). Putting 74 = 749 and denoting by Ay the family of all
vf-open sets (i.e., Ay = g,), it shall be our goal to give some insights
into the structure and basic properties of the generalized topology .
Observe that for A C X, the set v7A is exactly the image f~ A.

3. General considerations

The proposition below gives a simple criterion for vs-openness of sub-
sets, following directly from the definition of ~;.
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Proposition 3.1. A C X is y¢-open if and only if for every a € A we
have that f<{a} N A # 0.

Proof. Suppose that A is ys-open and let @ € A. Then, a € A C v A =
f7A, and so there must be some ay € A with f(ap) = a. Hence,
ap € f“{a} N A.

Now, suppose that f<{b} N A # (), for all b € A and let a € A. There
isanz € fT{a}NA. Then,z € Aanda = f(x),andsoa € f7A = 7A.
Thus, A C v7A, i.e., Ais ys-open. d

Remark 3.2. By the preceding proposition Ay is strong if and only if
f is an onto mapping.

It may seem that for a generalized topology g,, ¢ € I'(X), to be of
the form Ay, for some f : X — X, the mapping ¢ would have to satisfy
some very restrictive conditions. For example, it might seem obvious
that the sets p{x} must be singletons, for all z € X, (since this would
yield a natural candidate for f defined by ¢{z} = {f(x)}). The next
example shows that this is actually not the case.

Example 3.3. Let 1,2 € X and let f : X — X be given by f(1) =1 and
f(@) =2, forie X\ {1}. Define p:expX —expX by o) =0, p{1} =
{1}, and pA = {1,2} otherwise. We have {0,{1},{2},{1,2}} = g, =
As. However, the mapping ¢ obviously does not satisfy the condition of
sending singletons to singletons.

As introduced in [2], a mapping ¢ : X — expexp X is said to be a
generalized neighborhood system if for each x € X and each V' € ¢(x)
we have x € V. Following [2], we denote by g, the family of all such
A C X with the property that for each x € A there exists V € ¥(x)
such that V' C A. Then, gy is a GT on X (see Lemma 1.2 of [2]). All
GTs can be obtained in this way (see Lemma 1.3 of [2]).

Given f : X — X, let us call a sequence x = (z, : n € N) of
elements of X an f-sequence if for each n € N we have f(z,11) = xy.
For such a sequence, we shall agree to say that it starts at x1. Let us
denote by Seqy(a) the set of all f-sequences starting at a € X. Also, put
Str(f) = {a € X : there is an f-sequence starting at a} or equivalently,
Str(f) ={a € X : Seqs(a) # 0}. We define 95 : X — expexp X by
Yr(x) = {Set(s) : s € Seqp(x)}, for x € X. Then, 1)s is a generalized
neighborhood system and we have that the following proposition.

Proposition 3.4. For any f: X — X, the following statements hold:
(1) For each x € X, we have ¥¢(x) C Ay.
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(2) g¢f = )\f.
(3) The family {Set(x) : x is an f-sequence} is a base for Ay.

Proof. (1) We show that Set(z) € Af, for any f-sequence z. Let a €
Set(x). Then, a = z,, for some n € N. As z is an f-sequence, we have
f(xnt1) = zn = a, and so 41 € fT{a}NSet(z). As a € Set(z) was
arbitrary, Set(z) is in Ay, by Proposition 3.1.

(2) Fix A € Ay and a € A. We shall construct recursively an f-
sequence x of elements of A starting at a. This yields a € Set(z) C A,
which is exactly what we need to show.

Put 1 = a. If ; € A have been constructed for 1 < i < n so that
f(xit1) = x; holds, then proceed as follows: since z, € A and A is -
open, by Proposition 3.1, there is a b € f<{z,} N A. Define z,,41 = b.
Then, obviously z,+1 € A and also f(x,41) = Tp.

The sequence (z,, : n € N) is as required.

(3) This is a direct consequence of (1) and (2). O

The following proposition gives a suitable description of the largest
yf-open set.

Proposition 3.5. |JAf = Str(f).

Proof. We first show that Str(f) is vs-open. Let a € Str(f). There
is an f-sequence x = (x; : ¢ € N) with #; = a. Fix any n € N.
' = (tp—1+i : i € N) is an f-sequence starting at z,,, and so z,, € Str(f).
Thus, a = z1 € Set(x) C Str(f). By Proposition 3.4, the set Str(f) is
vf-open, and so clearly Str(f) C (JAy.

Now, fix a € [JAr. UMy is yf-open, and so there is an f-sequence x
starting at a (such that a € Set(xz) C (J Ay, but this is not needed here).
Then, by the very definition of Str(f), we have that a € Str(f). We
have thus verified that (JAf C Str(f). O

The following few auxiliary notions to be introduced in the next para-
graph will play crucial roles in depicting the structure of Ay.

For f: X — X and z € X, let us say that a is a weak fized point of
f if there is an n € N such that f"(a) = a. Let Cycle(f) denote the
set, possibly empty, of all weak fixed points of f. Clearly, Cycle(f) C
Str(f) and a mapping ks : Cycle(f) — N is defined by setting k¢(z) =
min{m € N: f™(z) =z}, for x € Cycle(f). ks(x) shall be referred to
as the f-order of the point x € Cycle(f).
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The next two lemmas will be used in the sequel often without any
explicit mention and are easy exercises, but we shall give proofs for the
sake of completeness.

Lemma 3.6. For any x € Cycle(f) the following statements hold:

(1) if m is a nonnegative integer, then f™*s(@)(z) = x;

(2) if m is a nonnegative integer and f™(x) = x, then we have
m =0 (mod k¢(z));

(3) if m and n are nonnegative integers, then f"(x) = f™(x) if and
only if n =m (mod kf(x)).

Proof. (1) Use induction on m > 0.

To prove (2), let m = nkg(x) + 4, where 0 < @ < kg(x). Then,
x = frRi@+i(g) = fi(x), where we have used (1). But, i < ks(x), and
so ¢ = 0.

We now prove (3). Suppose first that n = m (mod k¢(z)) and let
n < m. Then f™(z) = f*(f™"(x)) = f*(z), by (1). Suppose now
that f"(x) = f*(z), n < m. Choose | € N with lks(x) > n. Then,
frtlks@)=n)(g) = fr+hr@)=1)(z) = 2, and so m —n = 0 (mod ks (z)),
by (2). O

On the set Cycle(f), define the relation ~¢ by a ~¢ b & g, €
N (f"(a) = ).

Lemma 3.7. With f: X — X, we have that the following statements
hold:

(1) if a € Cycle(f), b € X and n is a nonnegative integer such that
f(a) = b, then b € Cycle(f) and b~y a;

(2) ~y is an equivalence relation;

(3) if a € Cycle(f), then a/~, = {f'(a): 0 <i<kg(a)};

(4) if a is an f-sequence with Set(a) C Cycle(f), then a; = a; if and
only if i = j (mod kyf(ay)).

Proof. (1) Write n = mky(a) + i, where 0 < ¢ < kf(a). Then, b =
fM(a) = fi(a), and so fRr(@7i(p) = fRr@7i(fi(a)) = fAr(a) = a.
Thus, we would have b ~¢ a if we could show that b € Cycle(f). But,
for r = ky(a)—i € N, it follows from f"(b) = a that f"+"(b) = f™(a) = b,
and hence b € Cycle(f).

(2) Reflexivity and transitivity of the relation ~ are immediate from
the definition, and by part (1) it follows that it is symmetric.
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(3) {f(a) : 0<i<ks(a)} Ca/~, follows directly from the definition
of ~¢. On the other hand, if a ~ b, then we can find an integer i with
0 <i < kg(a) and f'(a) = b just as we did in the proof of (1).

(4) Let a = (ay, : m € N) be an f-sequence with {a,, : m € N} C
Cycle(f). Fix i,j € N and denote | = kyf(a;). Take any integer n >
max{i,j} + 1. We have f"!(a,) = a1 and a,,a; € Cycle(f), and
so an ~jf ai. Thus, ay ~f a,, and therefore, as in the proof of (1),
there is an integer r such that 0 < r < [ and f"(a,) = a1. Now,
ar = f(ap) = ap—yr and n —r > n — 1 > max{4,j}, and so both
n—r —iand n —r — j are positive integers, and also f"""%(a;) = a;
and f"""(a1) = aj.

We now have a; = a; <= f"""(a1) = f*"I(a1) < i = j (mod
k¢(a1)), by Lemma 3.6. O

Theorem 3.8. If f : X — X and X is a finite set then
(1) the set {a/~, : a € Cycle(f)} is a base for Ag;
(2) card()\f) — gcard(Cycle(f)/~y)

Proof. (1) Let B = {a/~, : a € Cycle(f)} and £ = {Set(z) : z is an
f-sequence}. By Proposition, 3.4 it suffices to prove B = L.

Take an a € Cycle(f) and put | = k¢(a). Define, for n € N, z,, =
f17"(a), where 0 < i <l and n = r (mod ). Then, z € Segs(a) and
Set(z) = {f'(a): 0<i<ks(a)} =a/~,;. Thus, BC L.

Let x = (z; : i € N) be an f-sequence. As X is finite, there is some
n € N such that {z; :i € N} = {z;: 1 <i <n}.

Fix i > n. There is an integer j with 1 < j < n and z; = x; =
fi77(x;), and so z; € Cycle(f).

Fix any integer ¢ such that 1 < i < n. Now, z,41 € Cycle(f) and
frH1=(2,,1) = x;, and so by (1) of Lemma 3.7, we get that x; €
Cycle(f). Hence Set(x) C Cycle(f), and by (4) of Lemma 3.7, Set(x) =
{zi 1 <i <kg(x1)} = {f(x1) : 0 <i < kg(x1)} = x1/~,. This shows
that £ C B.

(2) Fix a transversal T C Cycle(f) of the relation ~¢ and put B =
{a/~, 1 a € T}. Then, B = {a/~, : a € Cycle(f)} and card(B) =
card(T) = card(Cycle(f)/ ~f). Now, B is a base for Ay and elements
of B are nonempty pairwise disjoint. Thus, for any A € Ay, there is
a unique A C B with A = [JA. The assertion of (2) now directly
follows. O
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Theorem 3.9. If f : X — X is a bijection, then Ay is a topology and
there are cardinals £ and p and ny € N, for a < k, such that the space
(X, Af) is homeomorphic to the topological sum

[@0§a<N(Zna7 {(Z), Zna})] D [@0§a<u(Za R)]v

where we have denoted Z,, = {k € N:1 < k < m}, form € N, and
R={{n€Z:n>m}:m e Z} is the right order topology on Z as
called, e.g., in [12].

Proof. Fix x € X. Since f is onto, As is strong, i.e., X = [JAf € Ay,
and by Proposition 3.5, X = Str(f). Thus, Seqs(z) # 0. Now, let a,b €
Seqy¢(x). Since f is injective, an easy induction on n € N establishes
an = by, i.e., a = b. Thus, there must be exactly one f-sequence starting
at z. Denote it by s(z) = (s;(x) : i € N).

To prove that Ay is closed under taking intersections of finite sub-
families, it suffices to show, by virtue of Proposition 3.4, that if a =
(an, : m € N) and b = (b, : n € N) are f-sequences and = € Set(a)N
Set(b), then there is an f-sequence ¢ = (¢, : n € N) with o € Set(c) C
Set(a)N Set(b). Given such z,a and b, we can find positive integers ng
and ng such that x = ap, = by,. Then, @’ = (ap,—14m : m € N) and
b = (bpy—1+m : m € N) are two f-sequences both starting at x, and
therefore they must coincide. But then, x € Set(a’) =Set(b') C Set(a)N
Set(b), as required.

We now turn to describing the structure of the topology A;.

From (1) of Lemma 3.7, it follows that f~Cycle(f) = Cycle(f). But,
f is a bijection, and so f7[X \ Cycle(f)] = X \ Cycle(f).

Next, let & = card(Cycle(f)/ ~y), fix a transversal {ao : @ € Kk} of
the relation ~¢, put no = k¢(aq) and X, = aa/Nf.

Let @« € Kk, b € X, and t € Seqy(b). For m € N, define z,, =
frr®+1=T(3) where 0 < r < kf(b) and m = r (mod ky(b)). Then,
z € Seqs(b). Therefore, as previously noted, it must be that z = ¢.
Thus, Set(t) = Set(z) = {f'(b) : 0 < i < kg(b)} =b/~; = a/~; = Xa,
since a ~f b. This means that X, € Ay and that the relative topology
or on X, inherited from Ay is the trivial topology oo = {0, Xo}. Thus,
the space (X4, 04) is homeomorphic to the space (Z,,,{0, Z,,}).

Put p = card(X \ Cycle(f)) and let x € X \ Cycle(f). Define I(z) =
(Ii(x) : i € Z) as follows: I;(z) = si(x), fori € N, and I;(x) = f17(x), for
integers ¢« < 0. Also, put L(z) = {l;(x) : i € Z}, for x € \Cycle(f). It is
easy to show that for z,y € X \ Cycle(f), the following two assertions
hold:
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e if z € L(x)N L(y), then L(z) = L(y) = L(z) and
o if i, j € Z and i # j, then [;(z) # [;(x).

Thus, {L(z) : x € X\ Cycle(f)} is a partition of the set X \ Cycle(f).
Fix any transversal {bg : f < p} of this partition. Set yo,; = l;(ba), for
i € Z and a < p. Denote Y, = L(by). It can easily be verified that
Y, € Ay, for a < p, and that the relative topology 7, on Y, inherited
from A\fis 7o = {{yai 11 € Z, k < i} : k € Z} U{0,Y,}. Since
Ya,i 7 Ya,j for @ # j, we can conclude that the topological space (Yy, 7o)
is homeomorphic to the space (Z, R).

The discussion above together with X = [J,¢,, XalU[Uge,, Y3, where
)(oé1 ﬁXa2 = @, XOQQYBQ = () and Yﬁ1 ﬂY52 = @, if ;1 € ag € Kk and
B1 € P2 € p, imply that the topological space (X, Af) is homeomorphic
to the topological sum

[@0§a<n(znav {wv Zna })] D [@0§a<u (Za R)]

A partial converse of Theorem 3.9 is given below.

Theorem 3.10. Suppose f : X — X has no fized points and Ay is a
topology on X. Then, f must be a bijection.

Proof. Since Ay is a topology, it is strong generalized topology, and so, by
Remark 3.2, f is an onto, mapping. To prove injectivity, suppose there
are b # c with f(b) = f(c) = a. As f is onto, we have [JAy = X, and
so, by Proposition 3.5, for each z € X we have Segs(x) # (). Thus, we
can find some y = (y; : i € N) € Seq(b) and z = (2 : i € N) € Seqy(c).
Definey’ = (y} :i € N)and 2’ = (2} : : € N) sothat ¢} = 2] =aand y] =
Yi—1, 2, = zi—1, for i > 1. As Ay is a topology, the set Set(y’)NSet(z’)
isin Ay and it contains the point a, and hence by Proposition 3.4, there
is some s € Seqy(a) such that a € Set(s) C Set(y’)N Set(z’). From
a # f(a), it follows that s is not a constant sequence, and so there is
some zg € Set(s) \ {a}. But then, ¢ € Set(y)NSet(z). Thus, there are
ni,n2 € N such that zo = yn, = 2n,.

If ny = ng, then b= yy = [ (yn,) = [ (20,) = [ (20,) =
z1 = ¢, which contradicts our assumption. Therefore, n; # ny and we
may suppose, without loss of generality, that n; > ny. Now, f"271(xq) =
fnz—l(an) =z = cand an_l(xO) = fn2_1(yn1) = Yny—no+1 SO that
Yni—not1 = €. Also, a = f(¢) = f(Yny—ny+1) = Yny—ny- Thus, there is a
least positive integer mg with y,,, = a. Clearly, 2 < mg < n; —na.
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Set yo = a and define ¢,,+i = Yi—1, for any nonnegative integer n and
0 <i < mg and tpmy = Yme—1, for n € N. The sequence t = (t; : i € N)
is an f-sequence starting at a, the set Set(¢)NSet(z’) is in Af, and it
contains the point a and f(a) # a, and so, with the same reasoning as
before, we can find an x; €Set(t)NSet(z’) with 1 # a. Then, z1 = zp,,
for some n3 > 1. z1 € Set(t) \ {a} = {y1,...,Ymo—1}, and so x1 = yn,,
for some 1 < ny < mg — 1. Now, ¢ = f®7(z,,) = f () =
3 Yyn,) € Set(t). Obviously, ¢ # a, for otherwise, f(a) = f(c) = a.
Thus, ¢ = yp,, for some 1 < n5 < mp — 1. We cannot have that
ns = 1, because then, ¢ = y,, = y1 = b. Thus, n5 — 1 € N. Hence,
Yns—1 = f(yns) = f(c) = a, but this is not possible by the choice of my,
since ns — 1 < mg, and n5 — 1 € N. O

The last few results show that essentially Ay is worth investigating
exactly in the case when Ay is not a topology.

4. On products

In [3], the notion of (Tychonoff) product of a family of topologies was
generalized. Given sets X, s € 5, and generalized topologies o5 on X,
for s € S, we define the product of the GTs, o5, as proposed by (see
Cséaszér in [3], and also Shen [8]), and denote it by Pscg 0. In the case
of only two GTs, o1 and o9, we shall write 01 ® o9 for their product.

Recall that the product of mappings fs : Xs — Y, s € S, is the
mapping ®ses fs : HsGS Xs — ngs Y, defined by (®s€5fs)(($s 1S €
S)) = (fs(zs) : s € 5) € [[,cg Ys. In the case of only two mappings fi
and fo, we shall write f; ® fo for their product.

If fs : Xs = X5, s €5, then we can consider two GT's on the same set
[I,cs Xs. The first is the one induced by the product mapping ®ses fs,
and the second is the product of the generalized topologies Ay, s € S.
In the sequel, we shall look more closely into the relationship between
these two.

For s € S, let us write ps, : [[,cg Xs — X, for the projection

pso((T5 18 €5)) = xg,.

Theorem 4.1. Let fs : Xs — X, for s € S, and denote [ = Rscsfs-
Then,

Pycshy, C Ay,
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Proof. Let A € PyesAy, be an element of the standard base for Pycg.
Then, there is a finite ' C S and B, € Ay, for each s € T', such that

A=) pEUrIN () pE Bl

seS\T seT

We shall verify that A € Ay by checking the condition in Proposition
31. Let a € A. Fix s € S\ T. Then, ps(a) € JAs, € Ay, and
so, by Proposition 3.1, there is some x5 € (JAy, with fi(zs) = ps(a).
Now, fix s € T. Then, ps(a) € Bs € Ay,, and so there must be some
xs € Bs N fS{ps(a)}, ie., s € By and fs(zs) = ps(a). Now, consider
r=(2s:5€85) € [[jegXs. By the choice of the points x5, we have that
x € A. Furthermore, f(z) = a. Indeed, denote y = f(z). If sy € S, then

Pso(Y) = Pso (@se5f5)(2)) = fso(¥) = pso(a). Thus, z € AN f{a}. O

The converse of Theorem 4.1 does not hold, in general. Instead of
giving a specific counterexample, we shall describe how to produce (The-
orem 4.3 below) all the counterexamples in the case of products of two
mappings. But, first we prove an auxiliary lemma. As usual, we let
f I A let restriction of function f to the subdomain A. Also, we let id g
to be the identity function of the set A.

Lemma 4.2. f | Cycle(f) is injective.

Proof. Suppose z,y € Cycle(f) and f(x) = f(y) = z. Then, z €
Cycle(f), by (1) of Lemma 3.7, and thus we have  ~¢ z and y ~f z. It
follows now that z ~y x and z ~¢ y, i.e., there are nonnegative integers
ny and ng such that f™(z) = z and f"2(z) = y. Thus, fM+l(z) =
f(z) = 2 = f(y) = f*2(z), and hence n; = ny (mod k¢(z)), and
consequently y = f2(z) = fM(z) = x. O

Theorem 4.3. Af g5, = Ap, @ Ay, if and only if one of the following
three conditions holds:

(1) fu I Str(f1) = idser(s,);

(2) fa | Str(f2) = idg(p);

(3) Cycle(f1) = Str(f1) and Cycle(f2) = Str(f2) and for all (u,v) €
Cycle(f1) x Cycle(f2), we have that ged(ky, (u), kg, (v)) = 1,
where ged(n,m) stands for the greatest common divisor of n and
m.

Proof. Note first that A\t g, = Ay, ® Ay, is actually equivalent, by The-
orem 4.1, to Ar,gp C Ap @ Ag,.
For necessity, suppose At g7, C Af, ® Ay, holds.
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Case 1. There is some u € Str(f1) \ Cycle(f1).

Let a € Seqy, (u) be arbitrary. Take any v € Str(fs) and any b €
Seqy,(v). Define the sequence s by s; = (a;,b;). Then, obviously, s €
Seqf ef,((u,v)),and so (u,v) € Set(s) € A5 € Af ® Af,. Therefore,
there are ¢ € Seqy (u) and d € Seqy,(v) such that (u,v) € Set(c)x
Set(d) C Set(s), i.e.,

(U,U) S {(Ci,dj) : (7,,]) S NQ} C {(ai,bi) 11 € N}

In particular, (ay,d2) = (¢1,d2) = (a4, b;), for some i € N, and hence
a1 = a;. But, u is not a weak fixed point of f;, and so it must be i = 1.
It now follows that b; = da, and consequently fo(v) = fa(b1) = fo(ds) =
dy =v. As v € Str(fy) was arbitrary, we conclude that (2) holds.

Case 2. There is some v € Str(fa) \ Cycle(f2). Reasoning, in total
analogy to the previous case, we get that (1) must be satisfied.

Case 3. Suppose now Cycle(f1) = Str(f1) and Cycle(f2) = Str(f2).
Let (u,v) € Cycle(f1) x Cycle(f2). Put l1 = kg, (u) and Iy = ky,(v) and
suppose that 1 < ged(ly,13) =1'.

Define the sequence a € Seqy, (u) by periodically repeating the fi-
nite sequence (fI*(u), f*7 (u),..., fi(u)), or more formally let a, =

{1+1_i(u), where 0 < i < [} and n = 4 (mod [;). Similarly, let
b € Seqy,(v) be defined by b, = D=y, where 0 < i < Iy and
n =14 (mod lp). Define s € Seqy gy, ((u,v)) by s; = (a;,b;). As before,
we obtain sequences ¢ € Seqy, (u) and d € Segy,(v) such that (u,v) €
{(ci,dj) : (i,j) € N*} C {(a;,b;) : i € N}. Using Lemma 4.2 and the fact
that Cycle(f1) = Str(fi1) and Cycle(fs) = Str(f2), we can conclude
that a = ¢ and b = d. Hence, {(a;,b;) : (i,5) € N°} C {(a;,b;) : i € N}.

Let I; = nql’ and la = nol’. We must have that (az,b1) = (a4, b;) for
some ¢ € N. But then, i = 2 (mod /1) and i = 1 (mod l2), and so, for
some nonnegative integers mq and mo, i = 2 + mil; = 1 + mqlo, i.e.,
1 =1'(mgny — myny), which is a contradiction, since I’ > 1.

For sufficiency, suppose that (1) holds. Let (u,v) € Str(f; ® f2) and
s € Seqp e, ((u,v)) be arbitrary. Then, s = ((a,b;) : ¢ € N), for some
a € Seqy (u) and b € Seqy,(v). As obviously {a; : i € N} C Str(f1),
we have that a; = u, for all ¢ € N. But then, Set(s) = {u}x Set(b) =
Set(a)x Set(b) € Ay, @ Ag,.

If (2) holds, then Ay gf, = Ap, ® Ay, is proved exactly as in the case
(1).

Suppose now that (3) holds. Let (u,v) € Str(fi®f2) and s € Seqf, ¥,
((u,v)) be arbitrary. Then, s = ((a;,b;) : @ € N), for some a € Seqy, (u)



564 Pavlovi¢ and Cvetkovié

and b € Seqy,(v). As Cycle(f;) = Str(f;), for j € {1,2}, we have that
{a; : i € N} C Cycle(f1) and {b; : i € N} C Cycle(fz). Thus, by
Lemma 3.7, a; = a; if and only if i« = j (mod [1) and b; = b; if and
only if i = j (mod [l2), where l; = k¢, (u) and lp = kg, (v). Let us show
that Set(s) = Set(a)x Set(b) (€ Ay, ® Ay,). Take any (a;,b;) € Set(a)x
Set(b). By (3), we have that gcd(li,l2) = 1, and so by the Chinese
Remainder Theorem, there is some n € N such that n =i (mod /1) and
n = j (mod l3). But then, (ay,by) = (as,b;) € Set(s). O

Corollary 4.4. Let fi : X1 — X1 and fo : Xo — Xo be both onto.
Then, Mp,of, = Af, @ g, if and only if

— one of the mappings is the identity mapping, or

— all points of X; are weak fized points of f;, i € {1,2}, and any f1-order
of a point of X1 is coprime with any fo-order of a point of Xo. U
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