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PARA-KAHLER TANGENT BUNDLES OF CONSTANT
PARA-HOLOMORPHIC SECTIONAL CURVATURE

S. L. DRUTA-ROMANIUC

Communicated by Jost-Hinrich Eschenburg

ABSTRACT. We characterize the natural diagonal almost product
(locally product) structures on the tangent bundle of a Riemannian
manifold. We obtain the conditions under which the tangent bundle
endowed with the determined structure and with a metric of natural
diagonal lift type is a Riemannian almost product (locally product)
manifold, or an (almost) para-Hermitian manifold. We find the
natural diagonal (almost) para-Kéahlerian structures on the tangent
bundle, and we study the conditions under which they have constant
para-holomorphic sectional curvature.

1. Introduction

The natural fiber bundles over manifolds, and in particular the tan-
gent and cotangent bundles endowed with various structures of natural
lift type, were studied in papers such as [1, 10, 11] [16]-[18], [23]-[32],
[35].

Roughly speaking, a natural operator is a fibred manifold mapping,
which is invariant with respect to the group of local diffeomorphisms of
the base manifold. The results from [16]-[18] allowed the extension of
the Sasaki metric, which is very rigid in certain senses, to the metrics
of natural lift type, leading to interesting geometric structures and to
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interesting relations with some problems in Lagrangian and Hamiltonian
mechanics (e.g. see [7]).

On the other hand, authors like Bejan, Cruceanu, Heydari, Ianus,
Ishihara, Mihai, Nicolau, Oproiu, Ornea, Papaghiuc, Peyghan, Yano,
considered almost product structures and almost para-Hermitian struc-
tures (called also almost hyperbolic Hermitian structures) on the tangent
and cotangent bundles.

The study of the Riemannian almost product manifolds was initiated
in 1965 by K. Yano (see [36]). A classification of these manifolds with
respect to the covariant derivative of the almost product structure, was
made by Naveira in 1983. In [26] he obtained 36 classes of almost product
manifolds. In 1992 Staikova and Gribachev realized a classification of
the Riemannian almost product manifolds, for which the trace of the
almost product structure vanishes (see [34]). The basic class is that of
the almost product manifolds with nonintegrable structure, studied for
example in the recent paper [19].

Bejan made a classification of the almost para-Hermitian manifolds.
In 1988 she obtained 36 classes, up to duality, and the characterizations
of some of them (see [3]). In 1991 Gadea and Munoz Masqué gave a
classification a la Gray-Hervella (see [13]). They obtained 136 classes,
up to duality. One of the most studied classes of (almost) para-Hermitian
manifolds is the class of (almost) para-Kéhler manifolds (e.g., see [2]),
characterized by the vanishing condition for the exterior differential of
the associated 2-form.

In the present paper we obtain the almost product structures P of
natural diagonal lift type on the tangent bundle T'M of a Riemannian
manifold M. Then we determine the conditions under which the tangent
bundle endowed with a natural diagonal almost product structure, and
with a natural diagonal lifted metric G is a Riemannian almost product
(locally product) manifold, or an (almost) para-Hermitian manifold. We
characterize the natural diagonal (almost) para-Kahler structures on the
tangent bundle.

The analogue notion for the holomorphic sectional curvature of a
Kahler manifold is the para-holomorphic sectional curvature of a para-
Kahler manifold, introduced by M. Prvanovic in the paper [33], in 1971,
and studied by Gadea and Montesinos Amilibia in 1989 ( see [12]).
Prvanovic introduced the para-holomorphic projective curvature tensor,
or H-projectiv curvature tensor, and she obtained the explicit expression
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of the curvature tensor field for spaces with constant para-holomorphic
sectional curvature.

The final purpose of the present paper is to obtain the conditions
under which the determined para-Kahler structures have constant para-
holomorphic sectional curvature.

The manifolds, tensor fields and other geometric objects considered
in this paper are assumed to be differentiable of class C*° (i.e., smooth).
The Einstein summation convention is used throughout this paper, the
range of the indices h, 1, j, k, [, m, r, being always {1,...,n}.

2. Preliminary results

Let (M, g) be a smooth n-dimensional Riemannian manifold and de-
note its tangent bundle by 7 : TM — M. The total space TM has
a structure of a 2n-dimensional smooth manifold, induced from the
smooth manifold structure of M. This structure is obtained by us-
ing local charts on T'M induced from the usual local charts on M. If
(U,p) = (U,z',...,2") is a local chart on M, then the correspond-
ing induced local chart on TM is (r=Y(U),®) = (r—Y(U),zt, ..., 2",
y', ..., y"), where the local coordinates z*,y7, i,7 = 1,..., n, are defined
as follows. The first n local coordinates of a tangent vector y € 771 (U)
are the local coordinates in the local chart (U, ) of its base point, i.e.,
xz' = 2% o7, by an abuse of notation. The last n local coordinates
v/, j=1,...,n, of y € 771(U) are the vector space coordinates of y
with respect to the natural basis in T7(,)M defined by the local chart
(U, ). Due to this special structure of differentiable manifold for T'M,
it is possible to introduce the concept of M-tensor field on it (see [22]),
called by Miron and his collaborators distinguished tensor field or d-
tensor field (e.g., see [7], [21]).

Denote by V the Levi Civita connection of the Riemannian metric g
on M. Then we have the direct sum decomposition

(2.1) TTM =VTM & HTM

of the tangent bundle to T'M into the vertical distribution VIT'M =

Ker 7, and the horizontal distribution HT M defined by V (see [37]). The

set of vector fields {%, e %} on 7-Y(U) defines a local frame field
Y y

for VI'M, and for HT'M we have the local frame field {5‘%, e Min},

where 6‘; = 8‘; - ng%, If = y*I'?. and !, (z) are the Christoffel

symbols of g.
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The set {6‘;., a%j}iyj:lfm denoted also by {0;, aj}z‘,j:ﬁ defines a local
frame on T'M, adapted to the direct sum decomposition (2.1).
Extensive literature for the Finsler geometry, namely the study of
some classes of Finsler connections, may be found in a few recent papers,
such as [6] and [7].
Consider the energy density of the tangent vector y with respect to
the Riemannian metric g

1 1 1 ; _
(2.2) t= §HyH2 = 597(y)(y,y) = §gik(:r)y y*, yer N U).

Obviously, we have t € [0, 00) for all y € TM.
We shall use the following lemma, which may be proved easily.

Lemma 2.1. Ifn > 1 and u,v are smooth functions on TM such that
ugi; + vgoigo; = 0, or ud] + vy’ goi = 0,

on the domain of any induced local chart on TM, then u = 0, v = 0.

We used the notation go; = y"gn.

3. Natural diagonal almost product structures on the tangent
bundle

In the sequel we shall find the almost product structures on the tan-
gent bundle, obtained as natural diagonal lifts of the metric from the
base manifold.

An almost product structure J on a differentiable manifold M is a
(1,1)- tensor field on M such that J? = I. The pair (M, J) is called an
almost product manifold.

An almost paracomplex manifold is an almost product manifold (M, J),
such that the two eigenbundles associated to the two eigenvalues 41 and
—1 of J, respectively, have the same rank. Equivalently, a splitting of
the tangent bundle TM into the Whitney sum of two subbundles 7% M
of the same fiber dimension is called almost paracomplexr structure on
M.

Considering a linear connection V on the base manifold M, the ver-
tical lift XV and the horizontal lift X of a vector field X € T,'(M)
to the tangent bundle T'M, one can define the simplest almost product
structures on T'M by the relations

(3.1) P(xH)y=_xH pxV)=x",

(3:2) QX" =xV, Q(xV)=x".
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P is a paracomplex structure if and only if V has vanishing curvature,
while @ is paracomplex if and only if V has both vanishing torsion
and curvature. These structures have been extended to the case of a
nonlinear connection, and to the specific case of a nonlinear connection
defined by a Finsler, Lagrange or Hamilton structure.

Using the adapted frame {51,@-}@]»:17 to TM, we define a natural
diagonal lift of the metric g on the base manifold to the tangent bundle
by the relations:

(3.3) P6; = P119;, P9; = P2!6;,
where the M-tensor fields involved as coefficients have the forms
(3.4) Pad = an(t)6) + ba(t)y’ goi, Va = 1,2,

aq, ba, being smooth functions of the energy density ¢, for o = 1,2.
The invariant expression of the defined structure is

{PX;{ = al(t)X;/ + bl(t)g.,—(y) (X, y)yl‘l/’

3.5
(35) PX) = ax(t) X[ + ba(t) g4 (X, 9),

VX € THTM), Vy € TM.

Example 3.1. When ai(t) = a2(t) = 1, and bi(t), ba(t) vanish, we have
the structure given by (3.2).

Next we shall find the conditions under which the above (1, 1)-tensor
field P is an almost product structure on the tangent bundle. Using the
relation (3.3), the condition P? = I, from the definition of the almost
product structure, becomes

PUP2; =6, P2/P1) =],
which due to (3.4) may be written in the form
(a1a2 — 1)5{ + [bl (CLQ + 2tb2) + albz]nggl =0.

Taking Lemma 2.1 into account, we have that the coefficients from
the above expression must vanish simultanously. The first coefficient
vanishes if and only if a; = ai

Multiplying the second coefficient by 2¢ and then adding the first
coefficient we obtain (a; + 2tby)(ag + 2tby) — 1, which is equal to zero if
and only if a; + 2tby = T,

Now we may state the following result.
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Theorem 3.2. The natural tensor field P of type (1,1) on T M, defined
by the relations (3.3) or (3.5), is an almost product structure on T M, if
and only if the coefficients are related by

1 1
3.6 = — 2th) = ——.
( ) “ a9 ’ “ * ! a9 + 2tb2
Remark 3.3. When we consider by = by = 0 and some particular values
of a1 and ag such that ajas = 1, we obtain the almost product structures

studied in [14], [31] and [32].

In the following theorem we characterize the locally product structures
of natural diagonal lift type on the tangent bundle.

Theorem 3.4. The almost product structure P of natural diagonal lift
type on the tangent bundle of an n(> 2)-dimensional connected Rie-
mannian manifold (M, g) is integrable (i.e., P is a locally product struc-
ture on TM ) if and only if (M,g) has constant sectional curvature c,
and the coefficients by, bs have the forms:

a1al +c ajal, — a3c
(3.7) b= BOtC 01— e
a1 — 2tay a1 + 2ctag

Proof. The integrability of an almost product structure P on T'M is
characterized by the vanishing condition for its Nijenhuis tensor field
Np defined by

Np(X,Y) = [PX, PY] - P[PX,Y] — P[X,PY] + P?[X,Y],

for all vector fields X and Y on T M.
When both arguments are vertical generators, the Nijenhuis tensor
field has the form

Np(0;,0;) = [P1},(0;P2" — 9;P2") — Rim(},,; P2 P2]0,

which after replacing the values of the M-tensor fields Plg and P2g from

(3.4) becomes
(3.8) ax(ah — by) (67 go; — 6 goi) — a3 Rimyy;;
—I—agbg (Rimgjo go; — Rim&o g()j) = 0.

Since the curvature of the base manifold does not depend on y, we dif-
ferentiate with respect to y* in (3.8). Taking the value of this derivative
in y =0, we get

(3.9) RZ@']’ = 6(5?91@3' - 5?91@1’))
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where 0)
aj ’
= 20) (a5(0) — b2(0)),
which is a function depending only on z*,...,z™. According to Schur’s
theorem, ¢ must be a constant when n > 2 and M is connected.
Replacing the expression (3.9) of the curvature, the relation (3.8)
becomes

(3.10) (arah — a1by — adc — 2ta2bgc)(5lhgkj — 5§lgki) =0.

By solving the above equation with respect to by, we obtain the second
relation in (3.7).

Now, from the vanishing conditions of the Nijenhuis tensor field com-
puted for horizontal arguments,

Np(3;,6;) = (P1io,P1! — P19, P1} — Rim{;;)0y,,

1

we obtain

(ara) —arby + c+ 2a/151t)(5?90i — 80'go;) = 0,
which is true if and only if b; has the expression from (3.7) presented in
the theorem.

The components Np(d;,0;) = —Np(0;,d;) of the Nijenhuis tensor
field have the expression

(P1]"0,, P2 + P20; P1} + P2. P2} Rimg})op,
which after the computations becomes
(a}ag + a1by + a%c + 2agbzct)(5§-lg()i + (aray + agsby — a%c + 2ta’2b1)5f-‘goj

+(agb} + aba + 3b1ba + arbly — asbac + 2t by + 2tb1bh) goigo;y"-
+(a2b1 + arby + 2b1b2t)gijyh7
and it is easy to prove that it vanishes if and only if b; and bs have the
expressions (3.7).

Since all the components of the Nijenhuis tensor field vanish under
the same conditions, it follows that the almost product structure P on
TM is integrable. O
Example 3.5. If by = by = 0, and ay = é = a(L?), where L* = 2t,
the relation (3.10) takes the form 2a’ = —ca®. Using the notations of
A. Heydary and E. Peyghan, and denoting by k the quantity —c, the
characterization of the first locally product structure constructed in [14,
Theorem 3.3] is proved. In an analogous way, we can obtain the other
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locally product structures in the mentioned paper, and some structures
in [31] and [32].

Remark 3.6. Taking a1 = é = V/2t, by = by = 0, the relation (3.8)
becomes
Looch h ho1k
—27[(51‘ Irkj — 057 9ki) + Rii;ly” =0,
which is satisfied if and only if the base manifold has constant sectional
curvature —1, and since all the other components of the Nijenhuis tensor
vanish, [31, Theorem 12] is proved.

4. Riemannian almost product and almost para-Hermitian
structures of natural diagonal lift type on T'M

A lot of papers were dedicated to the almost product and almost
para-Hermitian structures on the tangent and cotangent bundles (see
4, 5, 8,9, 14, 15, 20, 31, 32, 36]).

A Riemannian manifold (M,g), endowed with an almost product
structure J, satisfying the relation

(4.1) 9(JX,JY) =eg(X,Y), VX,Y € Tg" (M),

is called Riemannian almost product manifold if € = 1, or almost para-
Hermitian manifold(called also almost hyperbolic Hermitian structures)
ife=-1.

In this section we shall find the conditions under which the tangent
bundle T'M, endowed with an almost product structure P and with a
metric G, both of them being natural diagonal lifts of the metric from
the base manifold, is a Riemannian almost product manifold, or a para-
Hermitian manifold.

In [27] V. Oproiu defined the semi-Riemannian metric G of natural
diagonal lift type on T'M by the relations:

G(Xf’ YyH) =a (t)g"'(y) (X’ Y) + d1 (t)g"'(y) (X, y)g‘r(y) (Y7 y)7
G(xY, Y1) =0,
VX,Y € THTM), Vy € TM, where c,, do, o = 1,2 are four smooth

functions of the energy density on T'M.
The conditions for G to be nondegenerate are assured if

crea # 0, (c1 + 2td1)(62 + 2tdy) # 0.



Para-Kéhler tangent bundles of constant para-holomorphic sectional curvature 963

The metric G is positively defined if
c1 +2td; >0, co+ 2tdy > 0.

The symmetric matrix of type 2n x 2n

(4.3) Gg;) 0= (Cl(t)gij + d1(t)goigo; 0 >
0 Gz('JQ') 0 ca(t)gij + da(t)goigos )’

associated to the metric G in the adapted frame {d;,0;}, has the

inverse

HE) 0 :(pl(t)g’“l+ql(t)y’“yl 0 )
0 Hf, 0 p2(t)g" + a2(t)y"y' )

where g* are the entries of the inverse matrix of (9i5)i j=Tm» and p1, q1,
P2, @2, are some real smooth functions of the energy density. More
precisely, they may be expressed as rational functions of ¢1, dy, ¢, do:

1 1 dx da

4.4 = = —, =, = — =
( ) h C1 P2 C2 N Cl(Cl +2td1) 92 CQ(CQ +2td2)

J=Tm

Now we may prove the characterization theorem for the Riemannian
almost product (locally product), or (almost) para-Hermitian tangent
bundles of natural diagonal lift type.

Theorem 4.1. The tangent bundle of a Riemannian manifold M, en-
dowed with the natural diagonal metric G and with the almost product
structure P characterized in Theorem 3.2, is a Riemannian almost prod-
uct manifold, or an almost para-Hermitian manifold if and only if the
coefficients of G and P satisfy the following proportionality relations

c1 Cco c1 + 2td; RS + 2tds

4.5 — = =\ =
( ) a1 5(12 ’ a1 + 2tby ECLQ + 2tbo

= A+ 2tpu,

where € takes the corresponding values from definition (4.1), and the
proportionality coefficients A > 0 and A + 2tp > 0 are some functions
depending on the energy density t.

If moreover, the conditions in the statements of Theorem 3.4 hold,
then (T'M, G, P) is a Riemannian locally product manifold for e =1, or
a para-Hermitian manifold for e = —1.

Proof. The relation (4.1) has the following forms in the adapted frame
{6,0i}; j—tm:
(4.6) G(P3;, P5;) = £G(6:,0;), G(Pd;, Pd;) = eG(d;,0;), G(Pd;, Po;) = 0.
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Taking (3.3) and (4.3) into account, the relations (4.6) become
(—ec1+afes)gij+[—edi+aTda+2bica(ar+tbr)+4tbrda (a1 +tb1)]goigo; = 0,

(agcl *862)91‘]' + [75d2+a%d1 +2l)261 (CLQ +tb2) +4tb2d1 (CLQ +tb2)]90ig(]j =0.

Using Lemma 2.1, we have that the coefficients of g;; and go;go; from
the above expressions are equal to zero. Since the first relation in (3.6)
must be satisfied, we get, by imposing the vanishing conditions for the
coefficients of g;;, the first relation in (4.5).

Then, multiplying by 2¢ the coefficients of go;go; and adding the cor-
responding coefficients of g;; we obtain the relations

—e(e1 4 2tdy) + (a1 + 2tby)?(co + 2tds) = 0,

(4.7) (a2 + 2tbg)2(61 + 2tby) — e(co + 2td2) = 0,

which due to the second relation in (3.6) lead to the second relation in
(4.5) presented in the theorem. O

Example 4.2. Whene = -1, A =1, and a1 = as = 1, it follows from
(4.5) that ¢y = —co = 1. If the other parameters from the definitions of
P and G are zero, we get the almost para-Hermitian structure studied
in [8].

Remark 4.3. In the case whene = —1, A =1, a; = = = /2t, ¢ =

az

-2, cg = %, and the other coefficients involved in the definitions (3.5)
and (4.2) vanish, Theorem 4.1 reduces to [31, Theorem 16]. Next, by

using Remark (3.6), the results in [31, Theorem 18] are proved.

5. Natural diagonal almost para-Kahler structures on the
tangent bundle

In this section we shall study a special class of almost para-Hermitian
structures on the tangent bundles, characterized by the vanishing con-
dition of the exterior differential of the associated 2-form 2. This struc-
tures are called almost para-Kéhler structures.

The 2-form (2 associated to the almost para-Hermitian structure (G, P)
on the tangent bundle is given by the relation

QX,Y) =G(X,PY),VX,Y € T;H(TM).

Computing the exterior differential of €2, we may prove the following
characterization theorem:
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Theorem 5.1. The natural diagonal almost para-Hermitian structure
(G, P) on TM is almost para-Kdihlerian if and only if

w=N.
Proof. Expressing () with respect to the local adapted frame on T'M, we
have
Q0;,8)) = 8, 8;) =0, Q8;,9;) = G P2, Q(8;,6) = Gﬁ}Plﬁ‘.

Moreover, replacing the involved M-tensor fields by their values given
in (3.4) and (4.3), and taking into account that all the conditions for
(T'M, G, P) to be an almost para-Hermitian structure (see Theorem 4.1),
we obtain

Q(6:,05) = =05, 6:) = Agij + 1goigojs
so the associated 2-form 2 has the expression
(5.1) Q = (Agij + 1goigoj)dz' A Dy,
where Dy’ = dy* + Féhd:nh is the absolute differential of y°.
Now, let us compute the differential of §2:
dQ = (dAgi; + Adgij + dpgoigo; + pdgoigos + f1goidgo) A d* A Dy?
—(Agij + pgoigoj)da’ A dDy’.

We first calculate the expressions of d\, du, dgo; and dDy':

d\ = NgonDy", dp = p'gonDy", dgoi = gniDy" + gonl'fydz”,
1 ) )
dDy" = §Rgikd:cz A da® + T2 Dy A da®.

Replacing these relations in the expression of df2, using the proper-
ties of the external product, the symmetry of g;;, I‘?k and the Bianchi
identities, we get

1 . .
dQ = 5(# — X)(gijgor — 90igsx) Dy" A Dy’ A da?.

Now we can conclude that dQ2 = 0 if and only if © = X, hence the
theorem is proved. O

Remark 5.2. The almost para-Kdahlerian structures of natural diagonal
lift type on TM depend on three essential coefficients ay, by, \, which
must satisfy the supplementary conditions a1 > 0, a1 + 2tby > 0, A >
0, A+ 2ty > 0.

Taking theorems 3.2, 3.4 and 5.1 into account, the following result is
proved.
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Theorem 5.3. A natural diagonal almost para-Hermitian structure (G, P)
on TM s para-Kdhlerian if and only if the almost product structure P
is integrable (see Theorem 3.4) and = N.

Remark 5.4. The natural diagonal para-Kdhlerian structures on T M
depend on two essential coefficients a1, A, which must satisfy the supple-
mentary conditions a1 > 0,a1 + 2tby > 0,\ > 0, X + 2t\ > 0, with by
given by (3.7).

6. Natural diagonal para-Kahler tangent bundles of constant
para-holomorphic sectional curvature

The aim of this section is to obtain the conditions under which the
para-Kahler structures determined in the previous section have constant
para-holomorphic sectional curvature.

Let us recall some results from [27], using the notations from the
present paper.

Theorem 6.1. ([27]) The Levi-Civita connection V of the natural diag-
onal lifted metric G on the tangent bundle of the Riemannian manifold
(M, g) has the following expression with respect to the local adapted frame

{6i,0;}ij=1,...n

Vo, 0j = Q,]ah, Vsi0; = T750h + Phop,
Vo, 0j = Plon, V5,0, =T} 5h+5hah,

where F?j are the Christoffel symbols of the Levi-Civita connection V on
the base manifold, and the M -tensor fields appearing as coefficients in
the above expressions are given as

(0:G) +0,G) — G HE,
(6.1) Ph — 1o Gg,j + RojkG( N,

Szhj = _5(5 Gz(j) + ROile(k))H(kQ}S?

-1
— 2
1
2

RZij being the components of the curvature tensor field of V.
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The components of the curvature tensor field K of the connection V
with respect to the adapted frame {d;,0;}i j=1,..n are

K (6;,0;)0r = (PrSky, — P[iSiy + Rity; + Roy Pik)on,
K(68;,6;)05 = (ijs — PLSt + RhQf + Rm)ah,

K (0;,05)8c = (0; Py, — 0; P}t + P} Pl — P} Pl})6p,
K(8;,0)0), = (2:Q%, — 0; Q% + Q51,Q — Qi Q1) 0n,

K (9;,0;)8, = (85T + Sle PLSly — VR G Hy Yo,
K(0i,6)0k = (9; Pk] + ij Qlkplg)

Notice that, in the case of the obtained para-Kéhler manifold (7'M, G,
P), due to the integrability condition of P, the base manifold (M, g) has

constant sectional curvature, so VRZU = 0, and the above formulas
become simpler.
Replacing the M-tensor fields P%, Q% Sk % by their values given in The-

z]’ i)
orem 6.1, and taking into account that all the conditions for (T'M, G, P)
to be a para-Kahler manifold (see Theorem 5.3), the components of the
corresponding curvature tensor field will have some expressions of the
form

(6.2) a10]'gjk + 20} gir + 303 gi; + ady goigo; + 50! goigor + 60} go; Gor
+ a?ijQOiyh + a8gik90jyh + a9gij90kyh + 041090i90j90kyh =0,

where the coefficients a4, ..., a9 are some quite complicated smooth
functions on T'M, depending on the parameters a1, A, their derivatives
of orders 1,2 and 3, the energy density, and the constant sectional cur-
vature c of the base manifold. We mention that in a few components of
K some of this ten coefficients vanish.

The curvature tensor field corresponding to a para-Kilerian mani-
fold of constant para-holomorphic sectional curvature, k, was indepen-
dently defined in [12] and [33]. In the case of the para-Kéler manifold
(TM,G, P) it is given by the formula:

Ko(X,Y)Z = %[G(Y, 72)X — G(X,Z)Y + G(Y,PZ)PX

— G(X,PZ)PY — 2G(X,PY)PZ], VX.,Y,Z € T} (TM).
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The curvature of the natural diagonal para-Kéhler manifold (TM, G, P)
of constant para-holomorphic sectional curvature has the following com-
ponents with respect to the adapted frame {0;,0;}i j=1,..n :

k
Ko(6,6;)0), = Z(Gg}j@h —GYsMen,
Ko(i, ;)0 = %(Gﬁ)Pl? — Gy P11 P20y,
Ko(0;,0;)d1, = %(Gﬁ)PQ? ~ G P2 Py,
k
Ko(9;,0;)0k = Z(Gﬁ)@h — GP31)0n,
k(1) n (2) I p1h I p1h
k
Ko(9;,0,)0 = 5 (=G5} + G P22t — 26 P1;P2})G).

Next we have to study the vanishing conditions for the components of
the difference K — Kj. In this study the following generic result similar
to Lemma 2.1 is useful.

Lemma 6.2. If ay,...,a19 are smooth functions on TM such that
16! gk + a25?gik + 301 gij + ad) goigo; + 0156?901'901@ + 607 go; Gok
+ 047gjk90¢yh + asgikQijh + Oéggijgowh + 041090i90j90kyh =0,
then ooy = -+ = 19 = 0.
Now we may prove the characterization theorem for the para-Kahler

tangent bundles of natural diagonal lift type, which have constant para-
holomorphic sectional curvature.

Theorem 6.3. The natural diagonal para-Kdahlerian manifold (TM,G,
P) is of constant para-holomorphic sectional curvature k, if and only if
the base manifold M is flat, the coefficient c¢1 involved in the definition
of G is a constant C, the coefficient a1 of P satisfies the differential
equation

4d;*(ay — dlt
(6.3) o = Al — ar) 1 ),

ai(ay — 2alt)
and the proportionality factor X is expressed by

C

(6.4) A=
ai
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Moreover, the para-Kdhlerian manifold (T M, G, P) cannot have nonzero
constant para-holomorphic sectional curvature.

Proof. Computing the difference K — Ky with respect to the adapted
frame {0;,0;}i j=1,..n, we remark that all its components are combina-
tions of the form (6.2).

Analyzing the vanishing problem of the mentioned difference, we
choose the component (K — K)(0;,0;)0k. Since in its final expression
there appear two terms with shorter expressions, using Lemma (6.2), we
have that all the coefficients, which are some quite complicated functions
depending on a1, A, their first three order derivatives, the energy den-
sity, and the constant sectional curvature ¢ of the base manifold, must
vanish. The coefficient of the term containing gikéé? is zero if and only
if the derivative of the proportionality factor A has the expression

(6.5) N = )\alk(al — 2taj) ) - aial — 2c(ay — ta’1>.
a1 (af + 2ct)

Taking (6.5) into account and imposing the vanishing conditions for
the coefficients of gjk(Szh and gikéél, we obtain the equations

—dajc+ a?kA — 2ckAt =0,

4ajc — 3atk\ + 6ck At — 4a k* A%t = 0.
Replacing the value k =

daic
A(a3—2ct)’
above, into the second one, we have that

8ajc(a? + 2ct)?
— =0.

(a3 — 2ct)?

There are three cases under which this relation is true.

If a1 = 0 the structure is no more an almost product one, so this
case is not valid. Moreover, the case a? = —2ct may be discussed only
when the base manifold is of negative constant sectional curvature. This
situation reduces to a;c = 0. Hence, the equality (6.6) is true only in the
case when the base manifold is flat, i.e., ¢ = 0, and the constant para-
holomorphic sectional curvature of the para-Kéhler manifold (7'M, G, P)
also becomes zero.

Replacing the values ¢ = k = 0 into the expression (6.5), we obtain
the differential equation

obtained from the first equation

(6.6)

N_ g
A ap’
which has the solution given by (6.4).
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Substituting the value (6.4) of A into the condition (4.5) for the man-
ifold (TM, G, P) to be para-Hermitian, we obtain that (% = a%, so the
coefficient ¢; involved in the definition of the metric G is a constant.

Next, replacing the expression (6.4) of A\, and taking into account that
¢ =k =0, by using the RICCI package from Mathematica, we get that
all the components of K — K¢ become zero, except (K — Ko)(0;, 0;)0k,

which has the final form

ara’l (ay — 2aht) + 4a!* (it — ay)
a; — 2alt

1
2 [?(@hgw — 0" g0s) gow
1

1
o —2a,0)?

The above expression vanishes if and only if the relation (6.3) pre-
sented in the theorem is satisfied. O

(9jk90i — gikQOj)yh] Oh.
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