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THE QUASI-MORPHIC PROPERTY OF GROUP

Q. WANG*, K. LONG AND L. FENG

Communicated by Ali Reza Ashrafi

ABSTRACT. A group is called morphic, if for each normal endomor-
phism «a € end(G), there exists 5 € end(G) such that ker(a) = GS
and Ga = ker(B8). Here, we consider the case that there ex-
ist normal endomorphisms 8 and v such that ker(a) = GB and
Ga = ker(y). We call G quasi-morphic, if this happens for any
normal endomorphism « € end(G). We get the following results:
G is quasi-morphic if and only if, for any normal subgroup K such
that G/K = N a4 @, there exist T, H < G such that G/T = K and
G/N = H. Furthermore, we investigate the quasi-morphic property
of finitely generated abelian group and get that a finitely generated
abelian group is quasi-morphic if and only if it is finite.

1. Introduction

Nicholson and Sénchez first introduced morphic ring in [5], and in-
vestigated the morphic property of ring and module in [3-5] and [1]. In
2010, Li, et al. investigated the morphic property of group in [2]. A
group G is called morphic, if every normal endomorphism « of G sat-
isfies G/Ga = ker(a), or equivalently, for any normal endomorphism «
there exists 8 € end(G) such that ker(a) = GB and Ga = ker(f).

MSC(2010): Primary: 20K01; Secondary: 20k27, 20D35.
Keywords: Quasi-morphic group, finitely generated abelian group, normal endomorphism.
Received: 28 May 2011, Accepted: 4 September 2011.
*Corresponding author
(© 2013 Iranian Mathematical Society.
175



176 Wang, Long and Feng

Here, we investigate the quasi-morphic property of a group. Normal
endomorphism « is called quasi-morphic, if there exist normal endo-
morphisms  and « such that ker(a) = Gf and Ga = ker(y). G
is called quasi-morphic, if every normal endomorphism « € end(G) is
quasi-morphic.

We get the following results: G is quasi-morphic if and only if, for any
normal subgroup K such that G/K = N <G, there exist T, H < G such
that G/T = K and G/N = H. Furthermore, if G is a quasi-morphic
abelian group, then I(G) = {Ga : o € end(G)} is a lattice. Finally, we
turn our attention to the finitely generated abelian group. We get that
a finitely generated abelian group is quasi-morphic if and only if it is
finite.

If G is a group, then we write end(G) for the group endomorphism of
G and write aut(G) for the group automorphism. Endomorphisms are
written on the right side of their arguments. We use H < G to indicate
that H is a normal subgroup of G. We simply write C,, as a cyclic group
of order n, and Cy as an infinite cyclic group.

2. Quasi-morphic endomorphism

We say that a € end(G) is normal if Ga <G. A normal endo-
morphism « € end(G) is called quasi-morphic, if there exist normal
endomorphisms 3 and v such that ker(a) = Gy and Ga = ker(f). It is
clear that every morphic endomorphism is quasi-morphic.

Lemma 2.1. Let G be a group. The followings are equivalent for a
normal endomorphism a.

(1) « is quasi-morphic.
(2) ker(«) is an image of G and G/Ga = K, where K is a normal
subgroup of G.

Proof. (1)=(2) If a is quasi-morphic, then there exist normal endomor-
phisms # and « such that ker(a) = G and Ga = ker(y). Hence,
G/Ga = G/ker(y) =2 Gy <G, and ker(a) = Gf is an image of G.
(2)=(1) Given « € end(G), ker(«a) is an image of G and G/Ga = K,
for some K <G, by (2). We have isomorphism 7: G/Ga — K and epic
¢ : G — ker(a). Defined normal endomorphism f: G — G and v: G —
G, by g8 = (9Ga)n and gy = g&, respectively. Then, ker(f) = Ga and
G~ = ker(a). Thus, « is quasi-morphic. ]
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By Lemma 2.1, every automorphism of group G is quasi-morphic,
because G/Ga = 1 and ker(a) = 1.

Theorem 2.2. If « is quasi-morphic and p € aut(G), then ap and pa
are quasi-morphic.

Proof. If a € end(G) is a quasi-morphic endomorphism, then there
exist normal endomorphisms 8 and v such that ker(a) = G7v and
Ga = ker(B). Since p is automorphism, we have G/Gap = G/Ga =
G/ker(B) = GB <G and ker(ap) = ker(a) = Gv is an image of G.
Hence, ap is quasi-morphic, by Lemma 2.1. Similarly, we have that p«
is quasi-morphic. ]

In particular, every unit regular endomorphism is quasi-morphic. For
more general endomorphisms, we have the following result.

Theorem 2.3. If a and 5 are quasi-morphic endomorphisms, o is epic,
and B is monic, then af is quasi-morphic.

Proof. Since «, 8 € end(G) are quasi-morphic endomorphisms, we have
normal endomorphisms v and p such that ker(a) = Gy and Gf =
ker(p). Then, ker(aB) = ker(a) = Gy and Gafg = GB = ker(p),
because « is epic and S is monic. Thus, af is quasi-morphic. 0

3. Quasi-morphic group

A group is called quasi-morphic, if every normal endomorphism
a € end(G) is quasi-morphic. By Lemma 2.1, a simple group and C),
are quasi-morpic, but C, is not quasi-morphic.

Theorem 3.1. The following are equivalent for a group G.
(1) G is quasi-morphic.
(2) For any normal subgroup K such that G/K = N <G, there ezists
T,H <G such that G/T = K and G/N = H.

Proof. (1) = (2) If G/K = N, then we have an isomorphism p : G/K —
N. Define normal endomorphism « : G — G by ga = (gK)p. Then,
ker(a) = K and Ga = N. By (1), we have normal endomorphism
and v such that ker(a) = Gf and Ga = ker(y). Then, G/ker(5) =
Gp = ker(a) = K and G/N = G/Ga = G/ker(y) = Gy.
(2) = (1) For any normal endomorphism « € end(G), we have

G/ker(a) =2 Ga<G. Hence, there exist T, H<G such that G/T = ker(«)
and G/Ga = H by (2). Then, we have isomorphisms p; : G/T" — ker(«)
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and pg : G/Ga — H. Define 8 and v by g8 = (¢T)p1, 97 = (9Ga)po.
Then, G = ker(a) and Ga = ker(y). Hence, « is quasi-morphic. Since
« is arbitrary, we get that G is quasi-morphic. O

Theorem 3.2. If G is quasi-morphic, then the followings are equivalent.

(1) Ewvery normal subgroup of G is an image of G.
(2) Every image of G is isomorphism to a normal subgroup of G.

Proof. (1) = (2) For any normal subgroup N of G, we have G/K = N,
for some K <« G, by (1). Then, G/N = T, where T < G, because G is
quasi-morphic.

(2) = (1) For any normal subgroup K of G, there exists N < G such
that G/K = N, by (2). Hence, G/T = K, for some T, because G is
quasi-morphic. ]

Let G be a group. If G satisfies (1) and (2), then G is quasi-morphic,
by Theorem 3.1. Cy satisfies(1), but it is not quasi-morphic.

Recall that a group G is said to be uniserial, if the normal subgroup
forms a finite chain, that is, it has the form: G = Gy > G1 D ---G,, =
1. We define the uniserial length of the normal subgroup Gj < G by
la(Gr) = n — k for each k = 0,1,--- ,n. We have the following lemma
given in [2].

Lemma 3.3. Let G be uniserial with normal subgroup lattice G = Gg D
GiD--G,=1.

(1) If H< G is also uniserial, then lg(H) = lg(H).

(2) In particular, if G; = G /Gy, then i =n — k.

Theorem 3.4. If G is a uniserial group, then the followings are equiv-
alent.

(1) G is quasi-morphic.

(2) If G/Gx =2 Gp_i, k=1,2,...,n, then G/Gp_ = G.

(3) G is morphic.

Proof. (1) = (2) If G/Gi = G,—k, then we have N = G, such that
G/Gp_r =2 N = G;, by Theorem 3.1. By Lemma 3.3, we have i = k.
Hence, G/Gy— = G

(2) = (3) Let o € end(G) be a normal endomorphism, and write
ker(a) = Gy and Ga = G;. Then, G/Gy = Gj, i = n — k, by Lemma
3.3. Hence, we have G/G,,_; = G, by (2). G is morphic, by [2, Lemma
5].
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(3) = (1) is clear. O
Next, we investigate the group which have a composition series.

Theorem 3.5. Let G be a group which has a composition series. G
is quasi-morphic, if G satisfies the following conditions: (a) every sub-
group of G is isomorphic to an image of G; and (b) G/K = G/K, for
arbitrary K, K1 <G with the same length.

Proof. Let K and N be normal subgroups of G, write n = length(G)
and t = length(K). Assume G/K = N, and there exists 7' < G such
that G/T = K, by (a). Then, length(T) = length(N) = n —t, and so
G/N =2 G/T = K, by (b). Then, G is quasi-morphic. O

Example 3.6. If G has a composition series, and the length of the
composition series is 2, then G is quasi-morphic.

Proof. If G/N = K < @G, then we show that G/K = T, and G/H = N,
for some T H<G. f N=Gor1l,or K =1, G/K ¥ N is clear. If
K = @G, then we show that N must be 1. In fact, when 1 # N C G, G/N
is simple, but G is not simple, we have a contradiction. Next, suppose
N and K are nontrivial subgroups. Since N, K are normal subgroups,
then we have that composition series G O K 2O 1 is isomorphic to
composition series G O N D 1, by the hypothesis. Then, G/K = N,
because G/N = K. O

Cy x (5 is quasi-morphic, because the length of its composition series
is 2.

4. Abelian group

If G is an abelian group, then every a € end(G) is a normal endo-
morphism. Let I(G) = {Ga : a € end(G)} be the set of images and
K(G) = {ker(a) : a« € end(G)} be the set of kernels.

Theorem 4.1. Let G be an abelian group. Then, G is quasi-morphic if
and only if I(G) = K(QG).

Proof. =) Suppose G is quasi-morphic. For any Ga € I(G), there
exists  such that Ga = ker(f). Hence Ga € K(G), I(G) C K(G).
If ker(a) € K(G), then there exists v such that ker(a) = Gv. Hence,
K(G) C I(G). We have I(G) = K(G).

<) For any a € end(G), we have Ga € I(G) = K(G). Hence, there
exists f such that Ga = ker(8). We also have ker(«a) € K(G) = I(G).
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Then, there exists 7 such that ker(a) = Gv. Thus, « is quasi-morphic.
Since « is arbitrary, GG is quasi-morphic. O

Theorem 4.2. If G is a quasi-morphic abelian group, and N = Ga,
H = Gp(a, p € end(G) ), then there exists v € end(G) such that NH =
Gr.

Proof. Since G is quasi-morphic, we have endomorphism ¢ € end(G)
such that Ga = ker(p), and we also have p € end(G) such that GBp =
ker(p). It suffices to show that NH = GaG = ker(pp). Let z = zy €
GaGp,where v € Ga,y € GB. Then, (2)pp = (zy)pp = (vpp)(ypp) =
0, and hence GaGS C ker(pp).

For the other inclusion, let s € ker(ypp). Then, sp € ker(p) = Gy,
say s¢ = yp, where y € Gf3, which shows sy~! € ker(y) = Ga. Hence,
s € GaGp and ker(pp) € GaGB. Now, we have GaGp = ker(pp).
Since @p is a normal endomorphism, we have v € end(G) such that
ker(op) = Gv, and hence NH = G. O

Corollary 4.3. If G is quasi-morphic and abelian, a1, ..., ap € end(G)
and N1 = Gay, Ny = Gag, -+ , N, = Gay,, then N1No ... N, = G~, for
some 7y € end(Q).

Similarly, it is easy to see that if G is a quasi-morphic abelian group,
and N1 = ker(ay), No = ker(ag), -+ , Ny = ker(ay)(aq, ..., a, € end(Q)),
then we also have

NiNg -+ Ny = ker(v),
where v € end(G).

Theorem 4.4. If G is a quasi-morphic abelian group, and N = Ga, H =
Gp, for some a, € end(G), then there exists v € end(G) such that
NNH=Gn.

Proof. Since G is quasi-morphic, we have an endomorphism ¢ € end(G)
such that Ga = ker(y¢), and we also have p such that ker(8yp) = Gp.
It suffices to show that N N H = GpB. For any x € GaN G, say x =
(91)a = (g2)B. Then, giop = gafip = 0, and hence go € ker(By) = Gp,
x € GpB. We have NN H C GppB. On the other hand, let y € Gpg, say
y = (g)pB. Since yp = (g9)pBy = 0, we have y € ker(¢) = Ga. Hence,
GpB C GanGpB. Then, NN H = GpB. O

Corollary 4.5. If G is abelian and quasi-morphic, and N1 = Gay, No =
Gag, -+, N, = Gay, (aq,...,ap € end(G)), then NN NaN--- NNy, =
G~y, where v is an endomorphism of end(G).
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Similarly, suppose G is a quasi-morphic abelian group, and N; =
ker(ay), No = ker(az), -+ , Ny = ker(ay) (aq, ..., an € end(G)). Then,
NiNNyN---N N, = ker(y) holds for some v € end(G).

Theorem 4.6. Let G be an abelian group. If G is quasi-morphic group,
then I(G) and K(G) are lattices.

Proof. We can get it by Theorem 4.1, Theorem 4.2 and Theorem 4.4. [J

The converse fails. For example, I(Cy) and K(Cy) are lattices, but
Cs is not quasi-morphic.

Lemma 4.7. Suppose G = @}, < u; > 1is an abelian p-group, and
ord(u;) = p%, a; < aj+1, 1 =1,2,---,n—1. Let H = DIy < wvj > be

a subgroup of G, and ord(v;) = p%, b; < bj11,j =1,--- ,m — 1. Then,
m < n.

Proof. Let G, = {g € G : pg = 0} be a set of G. If z,y € G, then
pr =py =0, p(z —y) = 0. Hence, G, is a subgroup of G.

Next, we show that the order of Gy, is p". For any z € G, we have
x = biuy + boug + - - - + bpuy, where 0 < b; < p%. If z is an element of
Gp, then pr = pbiuy +- - -+ pbyu, = 0. Hence, pbju; = --- = pbyu, =0,
because G = @7, < u; >. Then, p% | pb;, and b; = p%~l¢;. Since
0 < b; < p%, we have 0 < ¢; < p. Moreover, G, can be represented by
Gp = {> 0 eip® ;|0 < ¢; < p,i =1,...,n}. Hence, the order of G,
is p™.

Similarly, we can define H,. H,, is a subgroup of G), and ord(H,) =
p™. Then, we have m < n. O

Proposition 4.8. Suppose G = ©}_; < u; > is an abelian p-group, and

ord(u;) = p%, a; < aj+1,1=1,2,---,n—1. Let H = ®iLy < v > be
a subgroup of G, and ord(v;) = p%, b; < bj11,j =1,--- ,m — 1. Then,
pbm—i < pn—i where i =0,1,2,--- ,m — 1.

Proof. We prove it by induction. If m = 1, then H =< wv; >, where
vy € G. For any element o € G, we have ord(a) < ord(uy). Hence,
ord(vy) < ord(uy).

Now, let Hy = 69}221 < v >(t < m) be a subgroup of Go = &Y <
As > and assume that Hy satisfies ord(vi—;) < ord(A\y—;i), where i =
0,1,2,--- ,t — 1.

First, for the H given in this proposition, we show that ord(v;) <
ord(tup—m+1). Suppose ord(tup—m+1) < ord(vy), and define p*=—m+1G =
{9 € G:g = p*n—mtih, where h € G}. We assert that p’»—m+1G =
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@, < p*-mtlu; >, tis the least value such that por-m+1 < p(if
we cannot find ¢, then p%»—m+1G = (). In fact, if g € p?»—m+1G, then
we have g = p*»—m+1h where h = aju; + - - + apu,. Hence, g =
arp® it lug + - app™ Ty, = agptrt Tt ug + -+ app®t Tt lug, €
Yo < pinmmitly, > pinemil G C YT < pinemtly; > and clearly
pin-mtlG = @, < pn-mtiu; >, Similarly, we can define p®n—m+1 H.
Then, p*r—mH = @, < p»~mHv; > and p*n-mH < pin—miiG.
This is a contradiction to Lemma 4.7, and thus ord(vi) < ord(up—m+1)-
If k is the largest value such that pP = p%, then we have ord(v;) =
ord(vi) < ord(up—m+i), i =1,2,--- k.

If k < m, then we can define p”* H and p"' G as above. Then, p"' H =
Bl < po; >, phG = D, < p"u; > (h is the least value such
that p” < p®), and p” H is the subgroup of p”*G. We have m — k <
n—h+1,h<n—(m—k—1), by Lemma 4.7. Hence, ord(p" v, _;) <
ord(pblun_i), where ¢ =0,1,--- ,m—k—1, by assumption, and it follows
that ord(vm,—;) < ord(uy,—;)(i =0,1,--- ;m—k—1). O

Lemma 4.9. Suppose G = @i, < u; > 1is an abelian p-group, and
ord(u;) = p*%, a; < aj+1, 1 =1,2,--- ,n—1. Let H = B < v > be
an image of G, and ord(v;) = pY, bj <bjt1,5=1,---,m—1. Then,
m < n.

Proof. We have an epic 0 : G — H by the hypothesis. Since G = @} <
u; >, we have Z" /T = G, where T'<Z" and rank(T) = n. There exists
an isomorphism « : Z"/T — G. Define g : Z"/T — H by (z +T)8 =
(x + T)a#. Then, ker(f) = K/T, T < K < Z". Hence, Z"/K =
(z"/T)/(K/T) = H. Since rank(T) < rank(K), by [6, Theorem 10.17],
we have rank(K) = n. There exist bases {y1,y2, -+ ,yn} of Z" such
that
K =<diy1, - ,dnyp >,di | dit1(i=1,--- ,n—1).

Then, Z"/K = &} | < y; >= H,y; = y; + K. If t is the least value
such that 1 < d;, then we have Z"/K = &}, < y; >= H, and m =
n—t+1<n. O

Proposition 4.10. Suppose G = @} ; < u; > is an abelian p-group,
and ord(u;) = p*, a; < aj+1, 1 =1,2,--- ,n—1. Let H = By <wvj >
be an image of G, and ord(v;) = p, bj < bj11,j=1,--- ,m—1. Then,
pbm—i < pn—i where i =0,1,2,--- ,m — 1.

Proof. We use induction on m. It is clearly true for m = 1. Now,
let Hi = @2:1 < v >(t < m) be an image of G; = &, < A\s > and
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assume that Hy satisfies ord(vi—;) < ord(Ay—;), where it =0,1,2,--- [ t—
1.
For the H given in this proposition, there exists an epic a: G — H.

First, for the H given in this proposition, we show that ord(v;) <
ord(Up—m+1). Suppose ord(ty—m+1) < ord(vy). We can define p®n—m+1G
and p**~m+1 H as in Proposition 4.8.Then, p®—m+1G' = @], <p*—m+lu; >
, where t is the least value such that pon-m+1 < p (pin—m+1G = (), if
we cannot find ¢) and p—m+'H = @7, < p-m+iy; >. Then, « in-
duces a homomorphism «; : p*»~m+1G — H. For any y € (p?»"+1G)ayq,
we have y € p?—m+1(G)ay = p?»~m+1H. Then, o induces a homomor-
phism ag : pin-m+1G — pPn-m+1H. Since « is epic, then «s is epic.
Since n —t + 1 < m, we have a contradiction to Lemma 4.9. Hence,
ord(vy) < ord(un_mi1). If k is the largest value such that p® = pP*,
then ord(v;) = ord(vy) < ord(up—m+i) (i =1, , k).

If £ < m, then we can define p?*G and p?* H as in Proposition 4.8.
Then, p"" H = By <PMvj >, PG = @, < p"u; > (wis the least
value such that p® < p®) and « induces an epic ag: p"'G — p’* H. We
have m —k <n—w+1,w<n—(m—k—1), by Lemma 4.9. Hence,
ord(pP vy, _;) < ord(pPu,_;) (i = 0,1,...,m — k — 1), by assumption,
and it follows that ord(v,—;) < ord(u,—;) (i =0,1,--- ,m —k —1).

]

Theorem 4.11. If G is an abelian p-group, then G is quasi-morphic.

Proof. Let G = @' ; < u; >, where ord(u;) = p* and let a; < a;y1
(1=1,2,--- ,n—1) be an abelian p-group. For any H, K <G, if G/H =
K, then we show that G/K = L and G/T = H, for some T,L < G.
By Proposition 4.10, we have G/K = &7, < v; >, where m < n and
ord(vm—;) < ord(up—;), i = 0,1,--- ,;m — 1. Write ord(vj) = p%,j =
L2~ m Let L=®], .1 < p%~Piy; > be a subgroup of G. Then,
G/K = L.

By Proposition 4.8, we have H = &} _; < wy, >, t < nand ord(w;—;) <
ord(up—;) (i=0,1,--- ,t —1). Write ord(wy) = p*, k=1,2,--- ,t. Let
T = @U‘f < uj > ®!_; < pYun—_ty; > be a subgroup of G. Then,

]:
G/T = H. Hence, G is a quasi-morphic group, by Theorem 3.1. g

Theorem 4.12. Let G = G X Gy X --- X G, where the G; are the
groups such that Hom(G;,G;) = {0}, whenever i # j. Then, G is
quasi-morphic if and only if G; is quasi-morphic.
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Proof. =) If a € end(G), then there exist «; € end(G;) such that

(91,92, s gn) = (g1011, G202, * + + , GnCin),

for all (91,92, -+ ,9n) € G, since Hom(G;,G;) = {0}, if ¢ # j. Thus,
ker(co) = [[;-, ker(a;) and im(a) =[]}, im(c;). For any normal en-
domorphism «; € end(G;), define o : G — G by

(91, 5 Gi-1,Gi> i1, s Gn) = (91, 5 Gi-1, (9:) i, Git15 - - - 5 Gn), for
all (g1, ,9n) € G. There exist normal endomorphisms § and v such
that ker(a) = GP and Ga = ker(7), because G is quasi-morphic. Hence,
ker(c;) = GB; and Ga; = ker(v;). Then, G; is quasi-morphic.

<) Suppose a = [[;~; @; is any normal endomorphism of G. Since
G; is quasi-morphic, we have normal endomorphisms 5; and ~v; (i =
1,2,...,n), such that ker(o;) = GB; and Gay; = ker(v;). Let g =
[T, Bi and v = [} 7. Then, ker(a) = GB and G = ker(7y). Hence,

G is quasi-morphic.
O

Theorem 4.13. If G is a finite abelian group, then G is quasi-morphic.

Proof. If G is a finite abelian group, then G = Py X -+ Py X -++ X P,
where P; is p;-group. Since Hom(P;, P;) =0, i # j, G is quasi-morphic,
by Theorem 4.11 and Theorem 4.12. ]

Theorem 4.14. A finitely generated abelian group is quasi-morphic if
and only if it is finite.
Proof. =) If G is a finitely generated abelian group, then

G=Gp ®Gp, ® - ®Gp, &G & --G™,

where Gy, is the p;-primary component and G’ is the infinite cyclic
group. If 1 < m, then let G =< u,, > be an infinite cyclic group. Let
p be a prime, and p1, -+ ,pn < p. We have

GIO=ZG2Gp ®Gp, @ ©G,, @G @G '@ < puy, >= K.
But, G/K is not isomorphic to a subgroup of G. Hence, G is not quasi-

morphic, by Theorem 3.1.
<) This is clear by Theorem 4.13. O
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