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ON SEMI-ARTINIAN WEAKLY CO-SEMISIMPLE

MODULES

E. MOMTAHAN

Communicated by Omid Ali Shehni Karamzadeh

Abstract. We show that every semi-artinian module which is con-
tained in a direct sum of finitely presented modules in σ[M ], is
weakly co-semisimple if and only if it is regular in σ[M ]. As a
consequence, we observe that every semi-artinian ring is regular in
the sense of von Neumann if and only if its simple modules are
FP -injective.

1. Introduction

Throughout, R is always an associative ring with identity, M is a uni-
tary R-module, and by σ[M ], we mean the category of M -subgenerated
modules or the Wisbauer category. Here, we follow a recent suggestion
made by Patrik. F. Smith. The construction of σ[M ] is quite sim-

ple: for any module M , take direct sums M (Λ), for any index set Λ,
factor modules of these (M -generated modules), and then submodules
(M -subgenerated modules). Hence, the Wisbauer category is the small-
est Grothendieck category subgenerated by M . The reader is referred
to [24], for a systematic study of module theory in term of σ[M ]. The
category of all right R-modules will be denoted by R-Mod. A module
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U in σ[M ] is called weakly M -injective, if every diagram (in σ[M ],)

0 −→ K −→ M (N)

↓
U

with exact row and K finitely generated, can be extended commutatively
by a morphism M (N) −→ U , i.e., Hom(−, U) is exact with respect to the
given row. If M = R, then weakly R-injective modules are also called
FP -injective, where,“FP” abbreviates “finitely presented”. A module
P in σ[M ] is called finitely presented in σ[M ] if (i) P is finitely generated
and (ii) in every short exact sequence, 0 −→ K −→ L −→ P −→ 0, in
σ[M ], with L finitely generated, K is also finitely generated. A finitely
generated module which is projective in σ[M ] is finitely presented in
σ[M ]. A short exact sequence (∗) 0 −→ A −→ B −→ C −→ 0 in σ[M ]
is called pure in σ[M ], if every finitely presented module P in σ[M ] is
projective with respect to this sequence, i.e., if every diagram

P
↓

0 −→ A
f−→ B

g−→ C −→ 0

can be extended commutatively by a morphism P −→ B. Equivalently,
we may demand the sequence

0→ Hom(P,A) −→ Hom(P,B) −→ Hom(P,C) −→ 0

to be exact. In this case, Imf = f(A) is called a pure submodule of B.
A module A in σ[M ] is called absolutely pure, if every exact sequence of
the type (∗) is pure in σ[M ]. A module B in σ[M ] is called regular in
σ[M ], if every short exact sequence of the type (∗) is pure in σ[M ]. A
module is called co-semisimple (or V -module), if every simple module is
M -injective. A ring is called a right (left) V -ring, if it is co-semisimple
as a right (left) R-module.

The socle series of a module is defined inductively. The second so-
cle is the submodule Soc2(M) ⊇ Soc(M) such that Soc(M/Soc(M)) =
Soc2(M)/Soc(M). By transfinite induction, one may define Socβ(M) for
a limit ordinal as the union

⋃
α<β Socα(M), and Socα+1(M)/Socα(M) =

Soc(M/Socα(M)), for every non-limit ordinal α. The least ordinal α
such that Socα+1(M) = Socα(M) is called the socle length of M . If
M has a socle length α, and if M = Socα(M), then M is said to be a
Loewy module of Loewy length α. A module M is semi-artinian if for
every submodule N 6= M , we have Soc(M/N) 6= 0. A ring R is right
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semi-artinian, if R is a semi-artinian right R-module. A module M is
semi-artinian if and only if M is a Loewy module.

A well-known theorem of Kaplansky states that a commutative ring
is regular in the sense of von Neumann if and only if it is a V -ring.
However, in a non-commutative setting, V -rings are very far from being
regular. Cozzen’s examples [10] provide simple noetherian V -rings that
are not artinian. Consequently, a natural question arises: when does the
class of V -rings and the class of regular rings coincide ? Hence, several
authors have worked on the question at different times. In [21], Sarath
and Varadarajan have shown that if maximal right ideals of the ring R
are two sided, then R is regular if and only if the R is a right V -ring.
In [2], Armendariz and Fisher have shown that over a PI-ring (a ring
with polynomial identity), these two classes of rings are the same. In
[5], Baccella has proved that if R is a ring, whose right primitive factor
rings are artinian, then R is a right V -ring if and only if R is regular
(the if part was well-known). To see when a regular right self-injective
ring is a V -ring, deep considerations have been made by Tyukavkin [23]
and Herbera [14]. Semi-artinian rings, semi-artinian V -rings, and semi-
artinian regular rings have also been extensively studied by algebraists
(see for example [1, 3, 4, 6, 7, 8, 11, 17, 18, 19, 20]. For example,
Trlifaj [22] has shown that for a regular ring R, the Cantor-Bendixon
dimension of ZgR (the Ziegler spectrum) is defined if and only if R is
semi-artinian. Moreover, he proved that for a semi-artinian regular ring
R, the Cantor-Bendixon dimension of ZgR is equal to the Loewy length
of R. Năstăsescu [17] and Baccella [3] have observed that semi-artinian
V -rings are regular. In [24, 37.10 and 37.11], it has been observed that
the celebrated theorem of Kaplansky is true for modules over commu-
tative rings, that is, if R is a commutative ring and M is an R-module
which is a direct sum of finitely presented modules in σ[M ], then M is
regular in σ[M ] if and only if it is co-semisimple. Dung and Smith [12]
considered semi-artinian V -modules (in our terminology co-semisimple
modules) and proved the non-trivial equivalence. Here, we prove that
every semi-artinian weakly co-semisimple module M is regular in σ[M ].
This generalizes the results of Alin and Armendariz [1], Năstăsescu [17]
and Baccella [3], and shows that some of the modules considered by
Dung and Smith [12] are indeed regular modules.
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2. Semi-Aartinian Weakly Co-Semisimple Modules

We begin with a definition that generalizes the concept of
co-semisimple module.

Definition 2.1. A module M is called weakly co-semisimple in σ[M ], if
every simple module (in σ[M ] or R-Mod) is weakly M -injective. A ring
is called a right (left) FP -V -ring, if its simple right (left) R-modules are
FP -injective.

In the sequel, we use the following three results from [24]. The reader
is reminded that the second part of the following lemma is true for every
(not necessarily countable) chain.

Lemma 2.2. ([24], 16.10) For every R-module M , we have

(a) the direct sum of any family of weakly M -injective R-modules
{Uλ}Λ is weakly M -injective.

(b) If U1 ⊆ U2 ⊆ · · · is an ascending chain of weakly M -injective
submodules of a module N , then

⋃
N Ui is also weakly M -injective.

Lemma 2.3. ([24], 35.2) If 0 −→ N ′ −→ N −→ N ′′ −→ 0 is an
exact sequence in σ[M ], with N ′ and N ′′ absolutely pure, then N is also
absolutely pure.

Lemma 2.4. ([24], 35.4) If the R-module M is a submodule of a direct
sum of finitely presented modules in σ[M ], then for K ∈ σ[M ], the
followings are equivalent:

(a) K is weakly M -injective.
(b) K is absolutely pure in σ[M ].

Based on these three results, we prove our first lemma.

Lemma 2.5. Let M be a semiartinian weakly co-semisimple module
and a submodule of a direct sum of finitely presented modules in σ[M ].
Furthermore, suppose that N is a submodule of M , with a non-limit
Loewy length. If

(∗) 0 ⊆ L1 ⊆ L2 ⊆ · · · ⊆ Lλ+1 = Lξ = N

is the Loewy chain of N , then for every ordinal 1 ≤ α ≤ ξ, Lα is
absolutely pure.

Proof. We proceed by transfinite induction on α. Suppose that α =
1. Then, L1 = Soc(N), since each simple module (in σ[M ]) is weakly
M -injective and direct sums of weakly M -injective modules are weakly



On semi-artinian weakly co-semisimple modules 153

M -injective (Lemma 2.2 (a)), L1 is weakly M -injective, and hence by
Lemma 2.4 is absolutely pure. Now, suppose that our claim holds for
every β < α. We know that α is either a non-limit ordinal or a limit
ordinal. Suppose that α = β + 1. In this case, Soc(N/Lβ) = Lα/Lβ.
Consider the following short exact sequence:

0 −→ Lβ −→ Lα −→ Lα/Lβ −→ 0.

Since Lα/Lβ is semisimple, it is weakly M -injective (by Lemma 2.2 (a)
and M being weakly co-semisimple) and Lβ is weakly M -injective by the
induction hypothesis. By Lemma 2.4, we conclude that Lβ and Lα/Lβ
are absolutely pure in σ[M ]. By Lemma 2.3, Lα is absolutely pure.
Now, suppose that α is a non-limit ordinal. Then, by definition, Lα =⋃
γ<α Lγ , and since by induction, each Lγ is weakly M -injective, by

Lemma 2.2 (b), Lα is weakly M -injective, and hence, by Lemma 2.4, is
absolutely pure. �

Lemma 2.6. Suppose that M , N and (∗) are as in Lemma 2.5. Then,
every short exact sequence of the form

(∗∗) 0 −→ Lα −→ Lα+1 −→ Lα+1/Lα −→ 0

is pure in σ[M ].

Proof. By Lemma 2.5, each Lα is absolutely pure. Hence, by the defini-
tion of absolute purity, the short exact sequence (∗∗) is pure in σ[M ]. �

We need the next result.

Lemma 2.7. ([24], 37.1)

(a) Let 0 −→ L′ −→ L −→ L′′ −→ 0 be an exact sequence in σ[M ].
If the sequence is pure and L′ and L′′ are regular, then L is
regular.

(b) Direct sums and direct limits of regular modules are again regu-
lar.

Lemma 2.8. Let M , N , (∗) and (∗∗) be as in Lemma 2.5 and Lemma
2.6. If Lα and Lα+1/Lα are regular in σ[M ], then Lα+1 is regular.

Proof. By Lemma 2.6, (∗∗) is pure. Now, by Lemma 2.7 (a), the proof
is complete. �
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The following result will be used in our main theorem. It also reveals
the connection between the regularity in σ[M ] based on the concept of
purity and the usual definition of regularity in the literature.

Lemma 2.9. ([24], 37.4) Assume that the R-module M to be a sub-
module of a direct sum of finitely presented modules in σ[M ]. Then, the
following assertions are equivalent:

(a) M is regular in σ[M ].

(b) Every finitely generated submodule of M (or M (N)) is a direct
summand.

(c) Every finitely generated submodule of a finitely presented module
in σ[M ] is a direct summand.

(d) Every R-module (in σ[M ]) is weakly M -injective.

Based on these series of lemmas and results, we are ready to prove
our main theorem.

Theorem 2.10. Let M be a semi-artinian module which is contained in
a direct sum of finitely presented modules in σ[M ]. Then, the followings
are equivalent:

(a) M is weakly co-semisimple.
(b) M is regular in σ[M ].

Proof. (a)⇒ (b). The proof will be divided in two steps.
Step 1. Suppose that N ⊆M , with a non-limit Loewy length. We show
that N is regular in σ[M ]. As in the proof of Lemma 2.5, we proceed
by transfinite induction on α. Let

0 ⊆ L1 ⊆ L2 ⊆ · · · ⊆ Lλ+1 = Lξ = N

be the Loewy chain of N , where λ is an ordinal and N/Lλ is semisim-
ple, by definition. We claim that, for every 1 ≤ α ≤ ξ, Lα is a regu-
lar module. Since L1 is semisimple, it is a regular module. Now, let
α ≤ ξ and β < α. If α = β + 1, for some β, then we observe that
Lα/Lβ = Soc(N/Lβ) is semisimple, and hence regular and Lβ is regular
by the induction hypothesis. Now, by Lemma 2.8, Lα is regular too. If
α is a limit ordinal, then Lα is the union of a chain of regular modules in
σ[M ], and hence, by Lemma 2.9 (b), or by Lemma 2.7 (b), it is regular
in σ[M ]. Since N = Lξ, we conclude that N is regular.
Step 2. It is well-known that every module is a direct limit of its finitely
generated submodules and any finitely generated module has a non-limit
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Loewy length. Therefore, by the Step 1, each finitely generated submod-
ule of M is regular in σ[M ]. On the other hand, by Lemma 2.7 (b), the
direct limit of regular modules is regular. Hence, M is regular in σ[M ].

(b)⇒ (a). Since M is regular in σ[M ], by Lemma 2.9(d), every module
in σ[M ] is weakly M -injective, and hence simple modules are also weakly
M -injective, i.e., M is weakly co-semisimple.

�

In [1], [16, Corollary 4.3], and [3, Proposition 2.3], it has been observed
that every right semi-artinian right (or left) V -ring is a regular ring.
Furthermore, Baccella [3] has observed that, for a ring R such that
every right primitive factor ring of R is artinian, the following assertions
are equivalent: (i) R is a right semi-artinian right V -ring; (ii) R is a left
semi-artinian left V -ring; (iii) R is a regular right and left semi-artinian
ring. The following corollary is a generalization of these results.

Corollary 2.11. Let R be a right and left semi-artinian ring. Then,
the followings are equivalent:

(a) R is a right FP -V -ring.
(b) R is a left FP -V -ring.
(c) R is a von Neumann regular ring.

Clark [9] has given an example of a right hereditary ring for which
the left socle is not projective. Since every semi-artinian module has a
nontrivial socle, the following result may be of some value and shows
that sometimes the maximality of socle implies being hereditary. This
has been first proved for Boolean rings by Kutami and Oshiro (see [15,
Lemma 5]).

Proposition 2.12. Let M be a regular projective module in σ[M ] which
is contained in a direct sum of finitely presented modules in σ[M ]. If
Soc(M) is a maximal submodule, then M is hereditary in σ[M ].

Proof. Let N ⊆M If N ⊆ Soc(M), then N is projective. If N * Soc(M),
then N + Soc(M) = M. Hence, we may write N ⊕K = M , where K is a
submodule of Soc(M) (for N ∩ Soc(M) is a summand of Soc(M)). But,
M is projective, and hence N is projective in σ[M ]. This implies that
M is hereditary in σ[M ]. �

Corollary 2.13. Let M be semi-artinian weakly co-semisimple projec-
tive (in σ[M ]) which is contained in a direct sum of finitely presented
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modules in σ[M ]. If Soc(M) is a maximal submodule, then M is hered-
itary in σ[M ].

Proof. By Theorem 2.10, M is regular in σ[M ], and by the above propo-
sition, M is hereditary in σ[M ]. �

Example 2.14. Let ξ be an ordinal. Baccella [3] has constructed semi-
artinian right V -rings (and hence regular), with the Loewy length ξ+ 1,
which are not left V -rings. By our main result, all of these examples
are also examples of semi-artinian weakly co-semisimple modules (semi-
artinian FP -V -rings) which are not co-semisimple (V -rings).

Example 2.15. In [13], an R-module M is called generalized
co-semisimple or GCO-module, if every singular simple R-module is
M -injective or M -projective. The reader is reminded that semi-artinian
weakly co-semisimple modules, defined in this article, are different from
the GCO-modules, for every GCO-module is a Max module (see [13,
Proposition 16.3]), while there exists a right and left semi-artinian reg-
ular ring (and hence an FP -V-ring), which is not a right Max ring (see
[7]).
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