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TUTTE POLYNOMIALS OF FLOWER GRAPHS

E. MPHAKO-BANDA

Communicated by Jamshid Moori

ABSTRACT. We give explicit expressions of the Tutte polynomial
of a complete flower graph and a flower graph with some petals
missing.

1. Introduction

There are several polynomials associated with a graph G. Polyno-
mials play an important role in the study of graphs as they encode a
variety of information about a graph. Chromatic polynomials of graphs
are sometimes easy to compute. However, Tutte polynomials of graphs
seem harder to find, and if known are complicated. For example, the
chromatic polynomial of K, is A H?:_ll()\ —1), but the Tutte polynomial
of the same structure as described by Tutte [7] and Welsh [9] has a more
complicated form.

Finding explicit expressions of the Tutte polynomial for different class-
es of matroids and graphs is an active area of research; for example, see
[1, 4]. Determining the Tutte polynomial of a graph has important impli-
cations beyond graph theory, including knot theory, theoretical physics
and biology.

Flower graphs form a class of highly symmetric graphs. Like complete
graphs, flower graphs have an attractive simple formula for the chromatic
polynomial; see [5].
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In Section 4, we give an explicit expression of the Tutte polynomial
of an incomplete flower graph. In addition, we give a class of non-
isomorphic graphs with the property that all the graphs in the class
have the same Tutte polynomial. Finally, in Section 5, we give an explicit
expression of the Tutte polynomial of a complete flower graph.

2. Flower graphs

Here, we define the tensor product of two graphs and use it to define
a complete flower graph and an incomplete flower graph. Finally, we
define a deformed flower graph.

Let G1 and G2 be two graphs where Gy has a distinguished edge
labelled d. The tensor product G; ® Go of two graphs G and Gs is
defined to be the graph obtained by taking a 2-sum of G; with G2 at
each edge of G; and the distinguished edge d of G2. A 2-sum between
two graphs identifies an edge in one with an edge in the other, and then
deletes the identified edge. A graph G is called an (n x m)-complete
flower graph if it is the tensor product C),, ® Cy, for m > 2 and n > 2.
An (n x m)-complete flower graph is denoted by F,,,, . It is clear that
F,, has n(m — 1) vertices and nm edges. The m-cycles are called
the petals and the n-cycle is called the center of F}, . A graph G is
called an (n x m)-incomplete flower graph with i petals if it is a graph
obtained by the incomplete operation of forming the tensor product
C, ® C,, such that only 7 edges of C,, are replaced by copies of C,.
An (n x m)-incomplete flower graph with ¢ petals is denoted by F. .
We remark that the positions of petals are irrelevant. Furthermore,
F,,, = F} . Itisclear by definition that we have several non-isomorphic
graphs represented by F,"Lm. We denote a flower graph with center C),
and ¢ = [ 4 j petals such that [ petals are of size m and j petals are of
size k, by Fﬁml’k]_. Such a flower graph is known as a deformed flower

graph.
3. Tutte polynomial

Here, we review some basic needed properties of the Tutte polynomial.
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The Tutte polynomial T'(G; x,y) of a graph G is a polynomial in two
independent variables z and y and is defined by:

T(Giay) = 3 (a — 1y B (g — X (),
XCE
The Tutte polynomial can also be computed using the following deletion
and contraction formula:

T1. T(I;z,y) = x and T(L;z,y) = y where I is an isthmus and L is a
loop.

T2. If e is an edge of the graph G and e is neither a loop nor an isthmus,
then,

T(Gyz,y) =T(G\e;z,y) + T(G/e; 3, y).
T3. If e is a loop or an isthmus of the graph G, then,
T(Gz,y) =T(e;z,y)T(G/e;2,y).

The following theorem follows from the deletion and contraction formula
of the Tutte polynomials.

Theorem 3.1. Let t, be a tree on n vertices and let C,, be an n-cycle.
Then,

(Z) T(tna .’B, y) = xnil-
(ii) T(Criwy) =y + Y0 o,

The Tutte polynomial under the tensor product G; ® G of two graphs
G1 and G is calculated in [3] as follows:

T(G1 ® Gasa,y) = To(Gaw,y)l O =P )T (Gos 2, y)" 9V T(Gr; X, Y),

where

(x = D)Tc(Gosx,y) + Tr(Go: 2, y)
Tr(Gox,y)

To(Goyz,y) + (y — DTL(G2; 7, y)
TC(GQQZ’,Z})

and

(z — D)Tc(Gos2,y) + To(Gasw,y) = T(Ga\ds2,y)
To(Gos o, y) + (y — D)TL(Gas v, y) = T(Ge/d;xy).
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4. Tutte polynomial of incomplete flower graph

Here, we give an explicit expression of the Tutte polynomial of an
incomplete flower graph. Furthermore, we give a class of non-isomorphic
graphs such that all graphs in this class have the same Tutte polynomial.

For simplicity in notation, if G; and G4 are disjoint graphs, then the
graph obtained by merging one vertex of G; and one vertex of G will
be denoted by G1 - Go. Furthermore, for any graph F,im, the edges of a
petal will be labelled as the following sequence eq, €9, - - - , €,,, where e;
is the edge in both the center and the petal. In particular, e is adjacent
to ey and e,, in the petal. It is clear that Fflm\eg = Fﬁ;l - Pp,,_9, where
P,,_o is a path with m — 2 edges. Throughout this paper, we let the
edge e be the petal edge eo unless otherwise stated.

Lemma 4.1. Let Fﬁm, for m,n > 2, be a flower graph with one petal.
Then,

T(F) 2,y (Z x > (Cryz,y) +yT(Cro1; z,y).

Proof. We use induction on m and the deletion and contraction method
of the Tutte polynomial. Let m = 2. Then, we have a flower graph with
center C,, and the petals are 2-cycles. Thus, FT}Q is just C;, with one pair
of parallel edges. Let e be one of the parallel edges. If we delete e, then
we get C, and if we contract e, then we get C),_1 with a loop. Hence,

T(Fy s2,y) = T(Cpsz,y) +yT(Co1;z,y)

= (Z:{:) (Cpiz,y) +yT(Cpo1;2,9).

This establishes the basis. Assume, then, that the statement is true for
m =k and k > 2. Let m = k + 1 and let e be the edge ey of the petal.
By the deletion and contraction method, we have that

(41) (F’I’]I:k+17 y) = ( nk+1\e T y) +T< nk+1/e Z y)
But F! \e is isomorphic to C, - Py_1. Thus, the k£ — 1 edges of P,

Ng41
are isthmuses in Fﬁ . \e. Hence,

(4.2) T( nkH\G x,y) = k- 1T(Cn,3: Y).
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On the other hand, F;, /e is isomorphic to F}, . Thus,

Nk+1

By the induction hypothesis,

(4.3)T( nk+1/e x,y) (Zx) (Cryz,y) + yT'(Cpe1; 2, 9).

Substituting ( 4.2) and ( 4.3) into equation ( 4.1), yields the required
result.

Recall that Fy, i Lk denotes a deformed flower graph with center C,,, {
petals of size m and j petals of size k and ¢ = [+ j. The followmg lemma

gives the recursive method for the Tutte polynomial of F nk+1

Lemma 4.2. Let F,"Lm be a flower graph with i petals, wherei € {1,2,--- |
n — 1}. Then,

T( 7 T,y ij 711;17‘T7y)+yT(F(Zn11) ; 7y)

Proof. We fix and consider one petal of Ffbm, say P. Let e be the
edge eo of petal P. By the deletion and contraction formula of the Tutte
polynomial, we have that

T(F} sx,y)=T(F \esz,y) +T(F. Je;z,y).

Now, Ffm\e is isomorphic to F,"L;Ll - Pp—o and the m — 2 edges of P,,,_o
are isthmuses in Fém\e. Hence,

T(Fqim\e;a:,y) = mm*2T(FZ L z,y).

Tom )

On the other hand, F /e is isomorphic to F (mo1; We now repeat
m mi—1,(m—1)1

this process, using the deletion and contraction method on the petal P
and the edge e, until this petal is removed to get the required result.

The following theorem is well known in the literature and is used in
proving our result.
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Theorem 4.3. Let n and k be positive integers with k < n — 1. Then,
ny (n-—1 n n—1
k) \k-1 k)

We are now in a position to present an explicit expression of the Tutte
polynomial of an incomplete flower graph.

Theorem 4.4. Let Fflm be a flower graph with i petals, where i €
{1,2,--- ,n—1}. Then,

4 % i m—2 ' ik n—k—1
e =Y () [ Se) o {ur X o
k=0 §=0 q=1

Proof. We use induction on the number of petals i. Let ¢ = 1. Then,
by Lemma 4.1 and part (ii) of Theorem 3.1,

m—2
T(F, ;x,y) = (Z w’) T(Cn;z,y) + yT(Cr-1;2,y)

=0
N = 1-k
= Z <l<:> ( x’) YT (Cr_p; ,y)
k=0 i=0
N 1-k n—k—1
= <k> (Zx’) y* |y + Z x? ).
k=0 i=0 q=1

Hence, it is true for the basis. Assume, then, that the statement
is true for ¢ = [, where 1 <l <n—1. Let i =1+4+1 < n—1. Let
b= Z;-n:_(f 27. By Lemma 4.2,

T(FyHsa,y) = bT(F,, s 2,y) + yT(Fl, 5 2,9)-
By the induction hypothesis,
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I
T(Fhoy) = b (k>bl FyRT (O g 2, )
0

NH
~

+ y <k>bl F kT n 1—ky T, y)

=0
L1
R R
k=0
+ zl: <l>bl k k‘+1T T y)
< k n—1-k;

By expanding the summation nd gathering like terms, we have that
T(FyH 2, y)
l

. Vy' T(Cyy; 2, y)

bl+1y0T(Cn;$ay)+<
)bl 1 2T n 2; L, y)+
l
. >b2 TIT(Coiiriay) + <l>bly’T(Cn—l;9«“7y)

€
(i
- (O>bl "T(Cpovyz,y) + (i)bl_lyQT(Cn%W)
( .
(0!

o~

l
2>bl 2 3T n 3, T, y)+
)bly’T 2 y) YT (C i)

A
= VYOT(Cos,y) + [(J + <0>] by T(Cois2,y)

i KD * (i)} B2 T(Cr g, y) + -

l l
" [<l> " (l - 1” VY T(Crii ,y) + By T (s 2, ).

Applying Theorem 4.3 and part (ii) of Theorem 3.1 part (ii), we have
that
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l+1
Tt = (U5 TGy
l+1
i <1>bl+111 Cr1:2,7)
l+1
+ <2>bl+122T n27xy)+
l+1
+ < l )bl-l-lllT nl,$y)
P41\ =41, 141
+ e b YT (Cre41) 7, Y)
I+1
[+1 _
= < L )bl“ "YPT(Cri w, y)
k=0
I+1—k
I+1 m—2 n—k—1
I+1 ;
-2 (5] e
k=0 j=0 q=1
Hence, the statement is true for any ¢ € {1,2,--- ,n — 1}.

Corollary 4.5. Let F' be a class of all non-isomorphic incomplete
flower graphs with i petals. The Tutte polynomial of any graph G in
Flis:

T(Giz,y) =T(F. ;z,y).

5. Tutte polynomial of complete flower graph

We remark that the Tutte polynomial of a complete flower graph can
be calculated using the formula of the Tutte polynomial of the tensor
product given in Section 3. Here, we use an alternative and efficient
method to calculate the Tutte polynomial of a complete flower graph
and give a simplified explicit expression of the Tutte polynomial of a
complete flower graph. For this purpose, we shall need the following
lemma.
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Lemma 5.1. Let F5,, be a complete flower graph. Then,

m—2
T(Fy,;@,y) = (Z x) T(Fy i 2,y) + y*T(Cno1; 2, 7).
=0

Proof. We consider only one petal of F5, , say P, and repeatedly use the
deletion and contraction formula of the Tutte polynomial on the edges
of the petal P which are not in the center. We then remove isthmuses
and loops to get the required result.

The following lemma gives the recursive method of the Tutte polyno-
mial of a complete flower graph.

Lemma 5.2. Let F,,,, be a complete flower graph. Then,

m—2
T(Fp,;,y) = (Z wl) T(EE 5 2,y) + yT (Fluety,, 2, 9).
=0

Proof. Consider one petal of F), , fix it and call it petal P. Then, use
the deletion and contraction method repeatedly on the petal P until all
the edges of petal P which are not in the center are removed.

The following theorem gives an explicit expression of the Tutte poly-
nomial of a complete flower graph.

Theorem 5.3. Let F,,, be a complete flower graph. Then,

T(F,, ;z,y)

n—2 n—1—r n—1—r m—2 ‘ n—r—k n—1—k—r '
BT )

r=0 k=0 =0 i=1

m—2
+ y" <y+ Z xz> .
i=1

Proof. We proceed by induction on the number of vertices of the center
n. The basis corresponds to n = 2. By Lemma 5.1,

m—2
T(Fy,,;x,y) = (Z fv> T(Fy,;2,9) + y*T(Cn-1; 2, y).
i=0
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Applying Theorem 4.4 and part (ii) of Theorem 3.1, we have,

AN 2—k n—k—1 m—2
— Z (k) (Z :ﬁ) y* <y+ xq> + 3 ( :rq)
k=0 i=0 q=1 g=1
n—r—k
n—2 n—1—r n—1—r m—2 ) n—1—k—r
ST CIE) el [E)
r=0 k=0 j=0 q=1

Hence, the statement is true for a complete flower with 2-cycle center.
This establishes the basis. Assume, then, that the statement is true for
some flower graph with n-cycle center and let n = j+ 1. By Lemma 5.2,

m—2
=0

By Theorem 4.4, we have,

j ) m—2 J—k j—k
(5.2) T(F(jjﬂ)m;x,y) = Z(i) <Zx> v <y+zxq>.

T(Fj,;%,y)
j—1 i1 m-2 J=k j—1—k
= < % ) (Z a:z> yk (y + xq>
k=0 i=0 g=1
j—2 i—9 m=2 J-1-k . j—2—k
+ y ( i ) (Z 331> y <y+ :cq>
k=0 =0 q=1
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1=0 q=1
AN 2=k 1—k
Jj—1 % k q
s ()(Er) v (ene)
k=0 i=0 q=1
m—2
(5.3) + <y+ Z xq>
q=1
Hence, if we substitute Equation ( 5.2) and Equation ( 5.3) into Equation ( 5.1),

T(Fj+1),
J j m—2 . J+l-k j—k
SsO(Ee) ()
k=0 i=0 a=1
j—1 j— 1 m—2 . J—k j—1-k
+ Z( 1 > <sz> y’C <y+ z?
k=0 i=0 q=1
Jj—2 m—2 J=1-k j—2—k
2 J—2 i k q
+ i Z x Yy ly+ T
k=0 i=0 a=1
+ .........
_ 2 g\ (M2 3=k 2k
+ zﬂlz<k) (Z”?) y* (waq)
k=0 =0 q=1
AN 2-k 1—k
DY (k) < x) y* (y + qu>
k= =0 q=1

Hence, this yields:

T(F(j+1)m

e e W = '~
- > X (). Sl | X

r=0 k=0 =0 i=1

m—2
+ it <y+ Z x1> )
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Therefore, the statement is true for any flower graph with center c¢,, where
n > 1.
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