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THE TWO PARAMETER QUANTUM GROUPS Ur,s(g)

ASSOCIATED TO GENERALIZED KAC-MOODY

ALGEBRA AND THEIR EQUITABLE PRESENTATION

Q. SUN AND H. LI∗

Communicated by Omid Ali S. Karamzadeh

Abstract. We construct a family of two parameter quantum grou-
ps Ur,s(g) associated with a generalized Kac-Moody algebra corre-
sponding to symmetrizable admissible Borcherds Cartan matrix.
We also construct the A-form UA and the classical limit of Ur,s(g).
Furthermore, we display the equitable presentation for a subalgebra
Ub−r,s (g) of Ur,s(g) and show that this presentation has the attractive
feature that all of its generators act semisimply on finite dimen-
sional irreducible Ur,s(g)-modules associated with the Kac-Moody
algebra.

1. Introduction

Since early 1990s, the two parameter quantum groups and multipa-
rameter quantum groups have drawn much attention both in mathemat-
ics and mathematical physics. Since then, a rich mathematical theory
was developed for these objects and their representations with connec-
tions to many areas of both mathematics and physics. Much work has
been done in this field; for example, see [1, 6, 14, 17]. Recently, Hu and
Pei [8] gave a simpler definition for a class of two parameter quantum
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groups Ur,s(g) associated with semisimple Lie algebras in terms of the
Euler form (or Ringel form). As in [1] and [9], these quantum groups also
possess Drinfel’d double structures and the triangular decompositions.
We shall restrict our attention to this kind of two parameter quantum
groups.

In [10], Ito et al. introduced the equitable presentation for the one
parameter quantum group Uq(sl2). Terwilliger in [19] displayed an anal-
ogous equitable presentation for one parameter quantum group Uq(g),
where g is a symmetrizable Kac-Moody algebra. In the usual Chevellay
presentation for Uq(g), the various generators play different roles, while
in the equitable presentation, the generators are on a more equal foot-
ing. For g = sl2, the equitable presentation has generators X±1, Y, Z
with relations XX−1 = X−1X = 1,

qXY − q−1Y X
q − q−1

= 1,
qY Z − q−1ZY

q − q−1
= 1,

qZX − q−1XZ
q − q−1

= 1.

More importantly, they are related to Koornwinder’s twisted primi-
tive elements [16, 15]. And this presentation has the attractive feature
that all of its generators act semisimply on finite dimensional irreducible
Uq(g)-modules associated with an affine Kac-Moody algebra g, as proved
in [2]. In 1988, Borcherds gave the concept of generalized Kac-Moody
algebra [4]. For such an algebra g, one parameter quantum deformation
Uq(g) was constructed in [13]. Here, we give the definition of two param-
eter quantum groups Ur,s(g) associated with a generalized Kac-Moody
algebra and prove that Ur,s(g) also has a triangular decomposition. We
also present the A-form UA and the classical limit of Ur,s(g), and char-
acterize the properties of UA. Furthermore, we give an equitable pre-
sentation for a subalgebra U b−r,s (g) of Ur,s(g) and show that the equitable

generators of U b−r,s (g) act semisimply on finite dimensional irreducible

U b−r,s (g)-modules when g is a Kac-Moody algebra.
The remainder of our work is organized as follows. In section 2, we

modify the definition of two parameter quantum groups associated with
semisimple Lie algebras so as to give the definition of two parameter
quantum groups Ur,s(g) associated with generalized Kac-Moody alge-
bra g. We also give the A-form UA and the classical limit of Ur,s(g).
Moreover, some properties are stated. The equitable presentation for a
subalgebra U b−r,s (g) of Ur,s(g) appears in the final section.
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2. The two parameter quantum groups Ur,s(g) and its A-forms
UA

In this section, we will modify the Definition 2.1 in [8] to a class of two
parameter quantum groups Ur,s(g) associated with a generalized Kac-
Moody algebra g. We also introduce the A-form UA and the classical
limit of two parameter groups Ur,s(g).

Let us begin with some preliminaries on the generalized Kac-Moody
algebra. Put I = {1, 2, ..., n} or I = N, the natural number set. A
real square matrix A = (aij)i,j∈I is called a Borcherds-Cartan matrix if
it satisfies:

(a) aii = 2 or aii ≤ 0, for all i ∈ I;
(b) aij ≤ 0, if i 6= j;
(c) aij ∈ Z, if aii = 2;
(d) aij = 0 if and only if aji = 0.

A Borcherds-Cartan matrix A = (aij)i,j∈I is called admissible if it sat-
isfies:

(a′) aij ∈ Z, for all i, j ∈ I;
(b′) aii ∈ 2Z \ {0}, for all i ∈ I;
(c′) there exists a diagonal matrix D = diag(ti ∈ N>0|i ∈ I) such

that DA is symmetric and tiaii ∈ Z \ {0}, for all i ∈ I.
Here, we assume that A is a symmetrizable admissible Borcherds Car-

tan matrix. Then, we explain some result associated with the generalized
Kac-Moody algebra g. Suppose P v = (⊕i∈IZhi) ⊕ (⊕i∈IZdi), and let
H = C ⊗Z P

v be the complex vector space with basis {hi, di}i∈I . For
i ∈ I, define αi ∈ H∗ by setting αi(hj) = aji and αi(dj) = δji, where H∗
is the dual space of H. Furthermore, the weight lattice is defined to be

P = {λ ∈ H∗ | λ(P v) ⊂ Z}.

Let Π = {αi | i ∈ I} be the set of simple roots, Q =
⊕

i∈I Zαi root
lattice, Q+ = ⊕i∈INαi be the positive root lattice, Λ be the weight
lattice, and Λ+ be the the set of dominant weights. Let Φ be the set of
roots and Φ+ be the set of positive roots.

Suppose Q(r, s) is the rational functions field in two variables r and
s over Q. Set ri = rti , si = sti , for i ∈ I. Now, let K ⊇ Q(r, s) be a

field and (rs−1)
1
m ∈ K, for some m ∈ Z+, such that mΛ ⊆ Q, for the

possibly smallest positive integer m. We always assume that rs−1 is not

a root of unity. Let 〈·, ·〉 and 〈·, ·〉
′

be two bilinear forms defined on the
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root lattice Q by

〈i, j〉
′

= 〈αi, αj〉
′

= tiδij

and

〈i, j〉 = 〈αi, αj〉 =

 tiaij , i < j,
ti, i = j,
0, i > j.

For λ ∈ Λ, we linearly extend the bilinear forms 〈·, ·〉 and 〈·, ·〉
′

to

Λ × Λ such that 〈λ, i〉
′

= 1
m

∑
j aj〈j, i〉

′
and 〈λ, i〉 = 1

m

∑
j∈I aj〈j, i〉,

for λ = 1
m

∑
j ajαj with aj ∈ Z.

Definition 2.1. The two parameter quantum groups Ur,s(g) associated
with a generalized Kac-Moody algebra g is a unital associative K-algebra

Ur,s(g) with generators ei, fi, ω
±1
i , ω

′±1
i , v±1i , v

′±1
i (i ∈ I) and the

following relations:

ω±1i ω±1j = ω±1j ω±1i , ω
′±1
i ω

′±1
j = ω

′±1
j ω

′±1
i ,(2.1)

ω±1i ω
′±1
j = ω

′±1
j ω±1i , ω±1i ω∓1i = ω

′±1
i ω

′∓1
i = 1,(2.2)

v±1i v±1j = v±1j v±1i , v±1i v
′±1
j = v

′±1
j v±1i ,

v
′±1
i v

′±1
j = v

′±1
j v

′±1
i , v±1i v∓1i = v

′±1
i v

′∓1
i = 1,

ωivj = vjωi, ωiv
′
j = v

′
jωi, ω

′
iv
′
j = v

′
jω
′
i, ω

′
ivj = vjω

′
i,

ωiejω
−1
i = r〈j,i〉s−〈i,j〉ej , ω

′
iejω

′−1
i = r−〈i,j〉s〈j,i〉ej ,(2.3)

viejv
−1
i = r〈j,i〉

′

s−〈i,j〉
′

ej , v
′
iejv

′−1
i = r−〈i,j〉

′

s〈j,i〉
′

ej ,

ωifjω
−1
i = r−〈j,i〉s〈i,j〉fj , ω

′
ifjω

′−1
i = r〈i,j〉s−〈j,i〉fj ,(2.4)

vifjv
−1
i = r−〈j,i〉

′

s〈i,j〉
′

fj , v
′
ifjv

′−1
i = r〈i,j〉

′

s−〈j,i〉
′

fj ,

eifj − fjei = δij
ωi − ω

′
i

ri − si
,

1−aij∑
n=0

(−1)n
(

1− ai,j
n

)
ris
−1
i

(ris
−1
i )

n(n−1)
2 rn〈j,i〉s−n〈i,j〉

×e1−aij−ni eje
n
i = 0, if aii = 2, i 6= j,
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1−aij∑
n=0

(−1)n
(

1− aij
n

)
ris
−1
i

(ris
−1
i )

n(n−1)
2 rn〈j,i〉s−n〈i,j〉(2.5)

×fni fjf
1−aij−n
i = 0, if aii = 2, i 6= j,

eiej − r〈j,i〉s−〈i,j〉ejei = 0, if aij = 0,

fifj − r〈i,j〉s−〈j,i〉fjfi = 0, if aij = 0.

According to the definition of Ur,s(g), we can verify that Ur,s(g) is a
Hopf algebra with the comultiplication, the counit and the antipode as
follows:

∆(ω±1i ) = ω±1i ⊗ ω
±1
i , ∆(v±1i ) = v±1i ⊗ v

±1
i ,

∆(ω
′±1
i ) = ω

′±1
i ⊗ ω′±1i , ∆(v

′±1
i ) = v

′±1
i ⊗ v′±1i ,

∆(ei) = ei ⊗ 1 + ωi ⊗ ei, ∆(fi) = 1⊗ fi + fi ⊗ ωi′,

ε(ei) = ε(fi) = 0, ε(ω±1i ) = ε(ω
′±1
i ) = ε(v±1i ) = ε(v

′±1
i ) = 1,

S(ei) = −ω−1i ei, S(fi) = −fiω
′−1
i ,

S(ω±1i ) = ω∓1i , S(ω
′±1
i ) = ω

′∓1
i .

Let U+
r,s (respectively U−r,s) be the subalgebra of Ur,s(g) generated by

the elements ei (respectively fi), for all i ∈ I, U0
r,s the subalgebra of

Ur,s(g) with generators ω∓1i , ω
′∓1
i , v∓1i and v

′∓1
i , for all i ∈ I, and U b

+

r,s

(respectively U b
−
r,s ) be the subalgebra of Ur,s(g) generated by the ele-

ments ei, ω
∓1
i , ω

′∓1
i v∓1i and v

′∓1
i (respectively fi, ω

±1
i , ω

′±1
i v±1i , v

′±1
i ),

for all i ∈ I.

Remark 2.2. (i) Let r = q, s = q−1. Then, Uq,q−1(g)/〈ω′i − ω
−1
i , v

′
i −

v−1i 〉 is isomorphic to the one parameter quantum group Uq(g) defined
in [13].

(ii) Let r = q2, s = 1. Then U+
q2,1

is isomorphic to the Ringel-Hall

algebra of a quiver described in [18].

Similar to the case of one parameter quantum group Uq(g) in [12] and
[13], we have the following results.
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Proposition 2.3. U b
+

r,s ' U0
r,s ⊗ U+

r,s, U
b−
r,s ' U0

r,s ⊗ U−r,s Ur,s(g) '
U−r,s ⊗ U0

r,s ⊗ U+
r,s.

For i ∈ I, c ∈ Z, n ∈ Z≥0, r, s ∈ Q, define{
ωi, ω

′
i, c

n

}
i

=
n∏
k=1

ωir
c−k+1
i − ω′is

c−k+1
i

rki − ski
,

{
vi, v

′
i, c
n

}
i

=
n∏
k=1

vir
c−k+1
i − v′is

c−k+1
i

rki − ski
,

{n}i =
rni − sni
ri − si

, {n}i! = {n}i{n− 1}i . . . {2}i{1}i,{
m
n

}
i

=

{
m
}
i

!{
m− n

}
i

!
{
n
}
i

!
(m ≥ n ≥ 0),

With {0}i! = 1.

Lemma 2.4. {n+m}i = rmi {n}i + sni {m}i = rni {m}i + smi {n}i.

Proof. It is a straight forward computation. �

By routine calculations, we have{
ωi, ω

′
i, c
n

}
i

=
n∏
k=1

1

{k}i

(
rc−k+1
i

{
ωi, ω

′
i, 0

1

}
i

+ω
′
i{c− k + 1}i

)
,{

vi, v
′
i, c
n

}
i

=

n∏
k=1

1

{k}i

(
rc−k+1
i

{
vi, v

′
i, 0

1

}
i

+v
′
i{c− k + 1}i

)
.

Let A = Q
[
r, s, r−1, s−1, 1

{n}i , i ∈ I, n > 0
]
.

Definition 2.5. The A-subalgebras UA of the two parameter groups

Ur,s(g) with 1 generated by ei, fi, ω
±1
i , ω

′±1
i , v±1i , v

′±1
i ,

{
vi, v

′
i, 0

1

}
i

and

{
ωi, ω

′
i, 0

1

}
i

(i ∈ I), is called the A-form of Ur,s(g).
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We denote by U+
A (respectively U−A), the A-subalgebra of Ur,s(g) with

1 generated by ei (respectively fi), for all i ∈ I, and by U0
A, the A-

subalgebra of Ur,s(g) with 1 generated by ω±1i , ω
′±1
i , v±1i , v

′±1
i ,

{
vi, v

′
i, 0

1

}
i

and

{
ωi, ω

′
i, 0

1

}
i

(i ∈ I).

Lemma 2.6. For i, j ∈ I, c ∈ Z, and n ∈ Z≥0, we have

(2.6) ej

{
ωi, ω

′
i, c

n

}
i

= r
aij
i s

aij
i

{
ωi, ω

′
i, c− aij
n

}
i

ej , i < j,

(2.7) ej

{
ωi, ω

′
i, c

n

}
i

=

{
ωi, ω

′
i, c− aij
n

}
i

ej , i > j,

(2.8) ei

{
ωi, ω

′
i, c

n

}
i

= risi

{
ωi, ω

′
i, c− 2
n

}
i

ei,

ej

{
vi, v

′
i, c
n

}
i

=

{
vi, v

′
i, c
n

}
i

ej , if i 6= j,

ei

{
vi, v

′
i, c
n

}
i

= risi

{
vi, v

′
i, c− 2
n

}
i

ei,{
ωi, ω

′
i, c

n

}
i

fj = r
aij
i s

aij
i fj

{
ωi, ω

′
i, c− aij
n

}
i

, i < j,{
ωi, ω

′
i, c

n

}
i

fj = fj

{
ωi, ω

′
i, c− aij
n

}
i

, i > j,{
ωi, ω

′
i, c

n

}
i

fi = risifi

{
ωi, ω

′
i, c− 2
n

}
i

,{
vi, v

′
i, c
n

}
i

fj = fj

{
vi, v

′
i, c
n

}
i

, i 6= j,{
vi, v

′
i, c
n

}
i

fi = risifi

{
vi, v

′
i, c− 2
n

}
i

,

eifj = fjei, i 6= j,

eif
n
i = fni ei + fn−1i

n−1∑
t=0

{
ωi, ω

′
i, −2t
1

}
i

.
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Proof. We only check the identities (2.6), (2.7) and (2.8), since the other
identities can be shown analogously or directly.

ej

{
ωi, ω

′
i, c

n

}
i

(2.9)

= ej

n∏
k=1

1

{k}i

(
rc−k+1
i

{
ωi, ω

′
i, 0

1

}
i

+ ω
′
i{c− k + 1}i

)

=
n∏
k=1

1

{k}i

(
rc−k+1
i ej

ωi − ω
′
i

ri − si
+ ejω

′
i{c− k + 1}i

)

=

n∏
k=1

1

{k}i

(
rc−k+1
i

ωir
−〈j,i〉s〈i,j〉 − ω′ir〈i,j〉s−〈j,i〉

ri − si
ej

+r〈i,j〉s−〈j,i〉{c− k + 1}iω
′
iej

)
.

By the definition of 〈i, j〉, we obtain

r−〈j,i〉s〈i,j〉 =


s
aij
i , i < j,
r−1i si, i = j,

r
−aij
i , i > j,

and

r〈i,j〉s−〈j,i〉 =


r
aij
i , i < j,
ris
−1
i , i = j,

s
−aij
i , i > j.

Therefore, if i < j, then the right part of (2.9) is equal to

n∏
k=1

1

{k}i

(
rc−k+1
i s

aij
i

ωi − ω
′
i

ri − si
+ rc−k+1

i

s
aij
i − r

aij
i

ri − si
ω
′
i(2.10)

+{c− k + 1}ir
aij
i ω

′
i

)
ej

=
n∏
k=1

1

{k}i

(
rc−k+1
i s

aij
i

ωi − ω
′
i

ri − si
− rc−k+1

i {aij}iω
′
i

+{c− k + 1}ir
aij
i ω

′
i

)
ej .
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By Lemma 2.4, the right hand side of (2.10) is equal to

n∏
k=1

1

{k}i

(
rc−k+1
i s

aij
i

ωi − ω
′
i

ri − si
+ {c− aij − k + 1}ir

aij
i s

aij
i ω

′
i

)
ej

= r
aij
i s

aij
i

n∏
k=1

1

{k}i

(
r
c−k−aij+1
i

ωi − ω
′
i

ri − si
+ {c− aij − k + 1}iω

′
i

)
ej

= r
aij
i s

aij
i

{
ωi, ω

′
i, c− aij
n

}
i

ej .

If i > j, then the right hand side of (2.9) is equal to

n∏
k=1

1

{k}i

(
rc−k+1
i r

−aij
i

ωi − ω
′
i

ri − si
+ rc−k+1

i

r
−aij
i − s−aiji

ri − si
ω
′
i(2.11)

+{c− k + 1}is
−aij
i ω

′
i

)
ej

=
n∏
k=1

1

{k}i

(
r
c−k−aij+1
i

ωi − ω
′
i

ri − si
− rc−k+1

i {−aij}iω
′
i

+{c− k + 1}is
−aij
i ω

′
i

)
ej .

Using Lemma 2.4, the right hand side of (2.11) is equal to

n∏
k=1

1

{k}i

(
r
c−k−aij+1
i

ωi − ω
′
i

ri − si
+ {c− aij − k + 1}iω

′
i

)
ej

=

{
ωi, ω

′
i, c− aij
n

}
i

ej .

If i = j, then the right part of (2.9) is equal to

n∏
k=1

1

{k}i

(
rc−ki si

ωi − ω
′
i

ri − si
+ rc−k+1

i

r−1i si − ris−1i
ri − si

ω
′
i(2.12)

+{c− k + 1}iris−1i ω
′
i

)
ei

=
n∏
k=1

1

{k}i

(
rc−ki si

ωi − ω
′
i

ri − si
− rc−ki s−1i {2}i + ris

−1
i

×{c− k + 1}iω
′
i

)
ei.
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In view of Lemma 2.4, the right hand side of (2.12) is equal to

risi

n∏
k=1

1

{k}i

(
rc−k−1i

ωi − ω
′
i

ri − si
+ {c− k − 1}iω

′
i

)
ei

= risi

{
ωi, ω

′
i, c− 2
n

}
i

ei.

Thus, we have shown that the identities (2.6), (2.7) and (2.8) hold. �

As an immediate consequence of Lemma 2.6, we get the triangular
decomposition of the algebra UA.

Theorem 2.7. UA ' U−A ⊗ U0
A ⊗ U

+
A .

A Ur,s(g)-module V r,s is said to be diagonalizable, if it admits a weight
space decomposition V r,s = ⊕λ∈PV r,s

λ , where

V r,s
λ = {v ∈ V r,s | ωiv = r〈λ,αi〉s−〈αi,λ〉v, ω

′
iv = r−〈αi,λ〉s〈λ,αi〉v,

viv = r〈λ,αi〉
′
s−〈αi,λ〉

′
v, v

′
iv = r−〈αi,λ〉

′
s〈λ,αi〉

′
v, i ∈ I}.

A diagonalizable Ur,s(g)-module V r,s is a highest weight module with
highest weight λ ∈ P , if there is a nonzero vector vλ ∈ V r,s satisfy-
ing (i) eivλ = 0, for all i ∈ I, and (ii) ωiv = r〈λ,αi〉s−〈αi,λ〉v, ω

′
iv =

r−〈αi,λ〉s〈λ,αi〉v, viv = r〈λ,αi〉
′
s−〈αi,λ〉

′
v, v

′
iv = r−〈αi,λ〉

′
s〈λ,αi〉

′
v (i ∈ I),

and (iii) V r,s = Ur,s(g)vλ. The vector vλ is called a highest weight vec-
tor. Note that by Theorem 2.7, condition (iii) can be replaced by (iv)
V r,s = U−r,s(g)vλ.

Assume λ ∈ P and let V r,s be a highest weight module over Ur,s(g)
with highest weight λ and highest weight vector vλ. Define the A-form
V A of V r,s to be the UA-submodule of V r,s, generated by vλ, that is,
V A = UAvλ.

Proposition 2.8. V A = U−Avλ.

Proof. According to Theorem 2.7, every element µ of UA can be ex-
pressed as a sum of monomials of the form µ−µ0µ+, where µ0 ∈ U0

A, µ
± ∈

U±A . By definition, µ+vλ = 0, unless µ+ ∈ A. For i ∈ I, c ∈ Z, n ∈ Z≥0,
we have {

ωi, ω
′
i, c

n

}
i

vλ =
n∏
k=1

ωir
c−k+1
i − ω′is

c−k+1
i

rki − ski
vλ
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=

n∏
k=1

rc−k+1
i r〈λ,αi〉s−〈αi,λ〉 − sc−k+1

i s〈λ,αi〉r−〈αi,λ〉

rki − ski
vλ

= (risi)
−a

n∏
k=1

rc−k+1+a+b
i − sc−k+1+a+b

i

rki − ski
vλ,

where a = 〈αi,λ〉
ti

, b = 〈λ,αi〉
ti

, which implies that

{
ωi, ω

′
i, c

n

}
i

vλ ∈

Avλ. Similarly,

{
vi, v

′
i, c
n

}
i

vλ ∈ Avλ. Thus, µ−µ0µ+vλ ∈ Aµ−vλ ⊂

U−Avλ. It follows that V A = U−Avλ. �

Let J be the ideal of A = Q
[
r, s, r−1, s−1, 1

{n}i , i ∈ I, n > 0
]
, gen-

erated by r−1, s−1. Then there is an isomorphism of fields A/J ∼= Q,
given by f + J 7→ f(1, 1), for f ∈ A. Define U = Q ⊗A UA. Then,
U ∼= UA/JUA.

Consider the natural maps UA −→ UA/JUA
∼= U . We note that

r → 1, s → 1. The passage from UA to U under these maps is re-
ferred to as taking the classical limit. We denote by ũ the images of
the elements u ∈ UA. We also denote by h̃i and d̃i for the images of{

ωi, ω
′
i, 0

1

}
i

and

{
vi, v

′
i, 0

1

}
i

, respectively.

Lemma 2.9. For the algebra U , we have ω̃i = ω̃
′
i, ṽi = ṽ

′
i, for all i ∈ I.

Proof. For UA, we have ωi − ω
′
i = (ri − si)

{
ωi, ω

′
i, 0

1

}
i

. Letting

r → 1, s→ 1, we get ω̃i = ω̃
′
i in U . Analogously, ṽi = ṽ

′
i in U . �

Let R be the ideal of U , generated by the elements ω̃i−1, ṽi−1 (i ∈ I),
and set U1 = U/R. We call that U1 is the classical limit of Ur,s(g).
By abuse of notation, we will also use ũ ∈ U1 for the image of the

element u ∈ UA in U1, h̃i and d̃i for the images of

{
ωi, ω

′
i, 0

1

}
i

and{
vi, v

′
i, 0

1

}
i

in U1, respectively. Then, ω̃i = ω̃
′
i = ω̃i = ω̃

′
i = 1 in U1

by Lemma 2.9. Hence, U1 is generated by the elements ẽi, f̃i, h̃i, d̃i.
Let U(g) be the universal enveloping algebra of the Kac-Moody alge-

bra g with the generators ei, fi, hi and di (i ∈ I) (see [13]).
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Theorem 2.10. U1
∼= U(g) as Hopf algebras.

Proof. Since
[
ωi−ω

′
i

ri−si ,
ωj−ω

′
j

rj−sj

]
= 0, for i, j ∈ I, we have [h̃i, h̃j ] = 0.

Similarly, [h̃i, d̃j ] = [d̃i, d̃j ] = 0. Due to (2.3),

ωi − ω
′
i

ri − si
ej − ej

ωi − ω
′
i

ri − si

=
(1− r−〈j,i〉s〈i,j〉)ωiej − (1− r〈i,j〉s−〈j,i〉)ω′iej

ri − si

=
r
1+aij
i − s1+aiji

(ri − si)risi
ωiej +

(risi − r
1+aij
i )(ωi − ω

′
i)

(ri − si)risi
ej .

Letting r → 1, s → 1, we have h̃iẽj − ẽj h̃i = aij ẽj in U1. Analogously,
in U1 we have

h̃if̃j − f̃j h̃i = −aij f̃j , d̃iẽj − ẽj d̃i = δij ẽj , d̃if̃j − f̃j d̃i = −δij f̃j .
Hence, we have∑

m+n=1−aij

(−1)m
ẽi
m

m!
ẽj
ẽi
n

n!
= 0, if aii = 2 and i 6= j,

[ẽi, ẽj ] = [f̃i, f̃j ] = 0, if aij = 0,

for all i, j ∈ I. That is, the generators of U1 satisfy the defining relations
of U(g). Put ϕ : U1 −→ U(g), where ϕ(ẽi) = ei, ϕ(f̃i) = fi, ϕ(d̃i) = di
and ϕ(h̃i) = hi, for all i ∈ I. It is easy to check that ϕ is an isomorphism
of algebras. According to the comultiplication, counit and antipode of
Ur,s(g), we have in UA,

∆(

{
ωi, ω

′
i, 0

1

}
i

) =

{
ωi, ω

′
i, 0

1

}
i

⊗ ωi + ω
′
i ⊗

{
ωi, ω

′
i, 0

1

}
i

,

∆(

{
vi, v

′
i, 0

1

}
i

) =

{
vi, v

′
i, 0

1

}
i

⊗ vi + v
′
i ⊗

{
vi, v

′
i, 0

1

}
i

,

ε(

{
ωi, ω

′
i, 0

1

}
i

) = ε(

{
vi, v

′
i, 0

1

}
i

) = 0,

S(

{
ωi, ω

′
i, 0

1

}
i

) = −
{
ωi, ω

′
i, 0

1

}
i

,

S(

{
vi, v

′
i, 0

1

}
i

) = −
{
vi, v

′
i, 0

1

}
i

.
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Hence, by tensoring these mappings with the identity map on A/J , we

get mapping on U , which we denote by ∆̃, ε̃, S̃, giving U a Hopf algebra
structure. In particular, in the algebra U1, we have

∆̃(h̃i) = h̃i ⊗ 1 + 1⊗ h̃i, ∆̃(d̃i) = d̃i ⊗ 1 + 1⊗ d̃i,

∆̃(ẽi) = ẽi ⊗ 1 + 1⊗ ẽi, ∆̃(f̃i) = f̃i ⊗ 1 + 1⊗ f̃i,
and ε̃(X̃) = 0, S̃(X̃) = −X̃, for any X̃ = ẽi, f̃i, h̃i, d̃i (i ∈ I).

Therefore, the algebra U1 has a Hopf algebra structure (∆̃, ε̃, S̃). It
follows that ϕ : U1 −→ U(g) is an isomorphism of Hopf algebras. �

3. The equitable presentation for the subalgebra of two
parameter quantum groups Ur,s(g) associated with the

Kac-Moody algebra g

We now concentrate on the subalgebra U b
−
r,s of Ur,s(g) generated by

the elements fi, ω
±1
i , ω

′±1
i , v±1i and v

′±1
i , for all i ∈ I. From the

Definition 2.1, we can see that the generators fi, ω
±1
i , ω

′±1
i , v±1i and

v
′±1
i of U b

−
r,s play very different roles. In the following, we will introduce

a presentation for U b
−
r,s whose generators are on a more equal footing.

The presentation has the attractive feature that all of its generators

act semisimply on finite dimensional irreducible U b
−
r,s -modules associated

with a Kac-Moody algebras g. This result for the case of one parameter
quantum group has been proved in [2].

Theorem 3.1. The K-algebra U b
−
r,s is isomorphic to the unital associa-

tive K-algebra U b
−

with generators X±1i , X
′±1
i , Y ±1i , Y

′±1
i , Zi (i ∈ I)

and the following relations:

X±1i , X
′±1
j , Y ±1l and Y

′±1
k are commutative with each other ,

X±1i X∓1i = X
′±1
i X

′∓1
i = 1, Y ±1i Y ∓1i = Y

′±1
i Y

′∓1
i = 1,

XiZj − r−〈j,i〉s〈i,j〉ZjXi = (1− r−〈j,i〉s〈i,j〉)XiX
′
j ,

X
′
iZj − r〈i,j〉s−〈j,i〉ZjX

′
i = (1− r〈i,j〉s−〈j,i〉)X ′iX

′
j ,(3.1)

YiZj − r−〈j,i〉
′

s〈i,j〉
′

ZjYi = (1− r−〈j,i〉
′

s〈i,j〉
′

)YiY
′
j ,

Y
′
i Zj − r〈i,j〉

′

s−〈j,i〉
′

ZjY
′
i = (1− r〈i,j〉

′

s−〈j,i〉
′

)Y
′
i Y
′
j ,
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1−aij∑
k=0

(−1)k
(

1− aij
k

)
p
c
(k)
ij Z

k
i ZjZ

1−aij−k
i(3.2)

= X
′1−aij
i X

′
j

−aij∏
l=0

(
1− plr〈j,i〉s−〈i,j〉

)
, if i 6= j,

where c
(k)
ij = (ris

−1
i )

k(k−1)
2 rk〈j,i〉s−k〈i,j〉 for i 6= j, and p = ris

−1
i .

An isomorphism ϕ : U b
− −→ U b

−
r,s is defined as follows:

X±1i → ω±1i ,

X
′±1
i → ω

′±1
i ,

Y ±1i → v±1i ,

Y
′±1
i → v

′±1
i ,

Zi → ω
′
i + fi(ri − si).

The inverse of ϕ is ψ : U b
−
r,s −→ U b

−
:

ω±1i → X±1i ,

ω
′±1
i → X

′±1
i ,

v±1i → Y ±1i ,

v
′±1
i → Y

′±1
i ,

fi → (Zi −X
′
i)(ri − si)−1.

Before we give the proof of Theorem 3.1, we first give some useful
identities.

Lemma 3.2 (11). For integer m ≥ k ≥ 1,[
m
k

]
qi

+ qm+1
i

[
m

k − 1

]
qi

= qki

[
m+ 1
k

]
qi

(1 ≤ i ≤ n).
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Lemma 3.3 (7). For integer m ≥ 0, and indeterminate λ,

m∑
k=0

(−1)k
[
m
k

]
qi

λk =

m∑
k=0

(−1)k
(
m
k

)
q2i

q
k(k−m)
i λk

=
m−1∏
s=0

(1− λq1−m+2s
i ).

By induction and relation (2.4), we have

(3.3)
(
ω
′
i + (ri − si)fi

)n
=

n∑
k=0

(
n
k

)
ris
−1
i

(ri − si)kfki ω
′n−k
i .

Now, we give the proof of Theorem 3.1.

Proof. We only prove that ϕ keeps the equality (3.2) (it is easy to check
that ϕ preserves the other identities). We denote p = ris

−1
i , h =

r〈j,i〉s−〈i,j〉 and g = r〈i,j〉s−〈j,i〉. By the definition of 〈i, j〉, we obtain

gh = paij (i 6= j).(3.4)

Applying ϕ to the left hand side of (3.2), we obtain

ϕ

1−ai,j∑
k=0

(−1)k
(

1− aij
k

)
p
c
(k)
ij Z

k
i ZjZ

1−aij−k
i


to be equal to

1−aij∑
k=0

(−1)k
(

1− ai,j
k

)
p
p
k(k−1)

2 hk(ω
′
i + fi(ri − si))k(3.5)

×(ω
′
j + fj(rj − sj))(ω

′
i + fi(ri − si))1−aij−k.

Observe that (3.5) is equal to

1−aij∑
k=0

(−1)k
(

1− ai,j
k

)
p
p
k(k−1)

2 hk(ω
′
i + fi(ri − si))kω

′
j(3.6)

×(ω
′
i + fi(ri − si))1−aij−k
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plus rj − sj times

1−aij∑
k=0

(−1)k
(

1− ai,j
k

)
p
p
k(k−1)

2 hk(ω
′
i + fi(ri − si))k(3.7)

×fj(ω
′
i + fi(ri − si))1−aij−k.

Applying ϕ to the right hand side of (3.2), we get

ϕ

X ′1−aiji X
′
j

−aij∏
l=0

(
1− plr〈j,i〉s−〈i,j〉

)(3.8)

= ω
′1−aij
i ω

′
j

−aij∏
l=0

(
1− plr〈j,i〉s−〈i,j〉

)
.

For i 6= j, we prove that the expressions (3.6), (3.8) are equal and (3.7)
is equal to 0. Explicitly, by identity (3.3), (3.6) is equal to
(3.9)

1−aij∑
k=0

k∑
η=0

1−aij−k∑
t=0

(−1)k
(

1− aij
k

)
p

(
k
η

)
p

(
1− aij − k

t

)
p

×(ri − si)η+tp
k(k−1)

2 hkfηi ω
′k−η
i ω

′
jf
t
iω
′1−aij−k−t
i .

Taking the account of relation (2.4), (3.8) is equal to
(3.10)

1−aij∑
k=0

k∑
η=0

1−aij−k∑
t=0

(−1)k
(

1− aij
k

)
p

(
k
η

)
p

(
1− aij − k

t

)
p

×p
k(k−1)

2 ht+kpt(k−η)(ri − si)η+tfη+ti ω
′1−aij−t−η
i ω

′
j .

In the above equality, let u = k + t and v = η + t. We find that for

0 ≤ v ≤ 1− aij , the coefficient of fvi ω
′1−aij−v
i ω

′
j in (3.10) is equal to(

1− aij
v

)
p

(ri − si)v(3.11)

times
v∑
t=0

(−1)t
(
v
t

)
p
p
t(1−2v+t)

2(3.12)
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times
1−aij∑
u=v

(−1)u
(

1− aij
u

)
p
p
u2−u

2 hu.(3.13)

For v = 0, the expression (3.12) is equal to 1; for v 6= 0, by Lemma 3.3,
the expression (3.12) is equal to

v−1∏
l=0

(1− p1−v+l) = 0.

When v = 0, (3.11) is equal to 1 and (3.13) is equal to

1−aij∑
u=0

(−1)u
(

1− aij
u

)
p
p
u2−u

2 hu.(3.14)

According to Lemma 3.3, (3.14) is equal to

−aij∏
l=0

(1− plh).

Hence, (3.8) is equal to (3.9). Subsequently, we show that (3.7) is equal
to zero. By identity (3.3), (3.7) is equal to
(3.15)

1−aij∑
k=0

k∑
η=0

1−aij−k∑
t=0

(−1)k
(

1− aij
k

)
p

(
k
η

)
p

(
1− aij − k

t

)
p

×(ri − si)η+tp
k(k−1)

2 hkfηi ω
′k−η
i fjf

t
iω
′1−aij−k−t
i .

Using (2.4), (3.15) is equal to
(3.16)

1−aij∑
k=0

k∑
η=0

1−aij−k∑
t=0

(−1)k
(

1− aij
k

)
p

(
k
η

)
p

(
1− aij − k

t

)
p

p
k(k−1)

2 hkgk−ηpt(k−η)(ri − si)η+tfηi fjf
t
iω
′1−aij−t−η
i .

Then, by identity (3.4), (3.16) is equal to
(3.17)

1−aij∑
k=0

k∑
η=0

1−aij−k∑
t=0

(−1)k
(

1− aij
k

)
p

(
k
η

)
p

(
1− aij − k

t

)
p

×p
k(k−1)

2 hηp(t+aij)(k−η)(ri − si)η+tfηi fjf
t
iω
′1−aij−t−η
i .
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In the expression (3.17), let η + t = v, k − η = u. Then, 0 ≤ v ≤ 1− aij
and the coefficient of fηi fjf

v−η
i ω

′1−aij−v
i in (3.17) is equal to

(3.18) (−1)η
(

1− aij
v

)
p

(
v
η

)
p

(ri − si)vp
η2−η

2 hη

times

(3.19)

1−aij−v∑
u=0

(−1)u
(

1− aij − v
u

)
p
p

2uv+2aiju+u
2−u

2 .

For v = 1 − aij , the expression (3.19) is equal to 1 and for v 6= 1 − aij ,
by Lemma 3.3, the expression (3.19) is equal to

−v−aij∏
l=0

(1− paij+v+l) = 0.

When v = 1− aij , (3.18) is equal to

(−1)η
(

1− aij
η

)
p

(ri − si)1−aijp
η2−η

2 hη.

Therefore, (3.17) is equal to

(3.20) (ri − si)1−aij
1−aij∑
η=0

(−1)η
(

1− aij
η

)
p
p
η(η−1)

2 hηfηi fjf
1−aij−η
i .

By identity (2.5), (3.3) is equal to zero, that is, (3.7) is equal to zero.
Hence, we have proved that ϕ preserves the equality (3.2). The proof of

ψ being a homomorphism from U b
−

(g) to U b
−

is similar to the proof of
ϕ. One routinely verifies that these maps are inverses. �

Definition 3.4. The presentation given in the above theorem is called

the equitable presentation for U b
−
r,s . We call X±1i , X

′±1
i , Y ±1i , Y

′±1
i and

Zi (i ∈ I) the equitable generators.

For notational convenience, we identify the copy of U b
−
r,s given in Def-

inition 2.1 with the copy of U b
−

given in Theorem 3.1, via the isomor-
phism given in Theorem 3.1.

The Hopf algebra structure of U b
−
r,s looks as follows in terms of the

equitable generators.
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Theorem 3.5. The comultiplication ∆ satisfies

∆(Xi) = Xi ⊗Xi, ∆(X
′
i) = X

′
i ⊗X

′
i ,

∆(Yi) = Yi ⊗ Yi, ∆(Y
′
i ) = Y

′
i ⊗ Y

′
i ,

∆(Zi) = (Zi − 1)⊗X ′i + 1⊗ Zi.
The counit ε satisfies

ε(Xi) = 1, ε(X
′
i) = 1, ε(Yi) = 1, ε(Y

′
i ) = 1, ε(Zi) = 1.

The antipode S satisfies

S(Xi) = X−1i , S(X
′
i) = X

′−1
i , S(Yi) = Y −1i ,

S(Y
′
i ) = Y

′−1
i , S(Zi) = 1 +X

′−1
i − ZiX

′−1
i .

Proof. One readily checks that the theorem holds. �

Corollary 3.6. The following holds in U b
−
r,s , for all i 6= j:

1−aij∑
k=0

(−1)k
(

1− ai,j
k

)
ris
−1
i

(ris
−1
i )

k(k−1)
2 (r〈j,i〉s−〈i,j〉)k

×Zki fjZ
1−aij−k
i = 0.

Proof. This is proved in Theorem 3.1 for identity (3.7). �

When g is a Kac-Moody algebra, the corresponding generators of

two parameter quantum groups Ur,s(g) are only ei, fi, ω
±1
i , ω

′±1
i (i =

1, 2, . . . , n) and the equitable generators of U b
−
r,s are onlyX±1i , X

′±1
i , Zi.

In what follows, we assume that g is a Kac-Moody algebra. We will show

that the equitable generators X±1i , X
′±1
i and Zi (i = 1, 2, . . . , n) of U b

−
r,s

act semisimply on finite dimensional irreducible U b
−
r,s -module V when g

is a Kac-Moody algebra. In fact, this also holds, when g is a generalized
Kac-Moody algebra. For convenience, we only consider the case when g
is a Kac-Moody algebra. In the following, we set I0 = {i = 1, 2, . . . , n}.

Definition 3.7. Let V be a finite dimensional irreducible U b
−
r,s -module.

We say v ∈ V is a weight vector, if v is a common eigenvector, for

ω±1i , ω
′±1
i (i ∈ I0).

Lemma 3.8. Let V be a finite dimensional irreducible U b
−
r,s -module.

Then, V has a basis consisting of weight vectors.
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Proof. Since ωi, ω
′
i (i ∈ I0) commuting with each other on V , there

exists v ∈ V such that v is a common eigenvector for ωi, ω
′
i (i ∈ I0).

Observing identity (2.4), we know that fjv (1 ≤ j ≤ n) are weight

vectors. Clearly, U b
−
r,s v is a nonzero U b

−
r,s -submodule of V with a basis

consisting of weight vectors. Since V is an irreducible U b
−
r,s -module, we

obtain U b
−
r,s v = V , which implies that V has a basis consisting of weight

vectors. �

Lemma 3.9. Let V be a finite dimensional irreducible U b
−
r,s -module.

Then, the action of ωi, ω
′
i (i ∈ I0) on V is semisimple. Moreover, the

eigenvalues of ωi on V are contained in the set {bir〈α,i〉s−〈i,α〉|α ∈ Q},
while eigenvalues of ω

′
i are contained in {b′ir−〈i,α〉s〈α,i〉|α ∈ Q}, for some

bi, b
′
i ∈ K×.

Proof. Using Lemma 3.8 and (2.4), the results follow easily. �

Let V be a finite dimensional irreducible U b
−
r,s -module. Choose bi, b

′
i ∈

K× such that the eigenvalues of ωi(respectively ω
′
i) are contained in the

set {bir〈α,i〉s−〈i,α〉|α ∈ Q} (respectively {b′ir−〈i,α〉s〈α,i〉|α ∈ Q}). Since V
is finite dimensional, there exist integers mi Mi (i = 1, 2), with mi <
Mi, (i = 1, 2), such that the set of distinct eigenvalues of ωi on V is
contained in

{birm1
i s−m2

i , bir
m1+1
i s−m2−1

i , · · · , birM1
i s−M2

i },

and the set of distinct eigenvalues of ω
′
i on V is contained in

{b′ir
−m2
i sm1

i , b
′
ir
−m2−1
i sm1+1

i , · · · , b′ir
−M2
i sM1

i }.

Choose mi, Mi, (i = 1, 2), so that M1 −m1 and M2 −m2 are minimal.
Let

θi =
M1 −m1

2
, γi =

M1 −m1

2
,

ai = bir
M1+m1

2
i s

−M2+m2
2

i , a
′
i = b

′
ir
−M2+m2

2
i s

M1+m1
2

i .

Then, the eigenvalues of ωi are contained in the set

{air−θii sγii , air
−θi+1
i sγi−1i , · · · , airθii s

−γi
i },

while the eigenvalues of ω
′
i are contained in the set

{a′ir
γi
i s
−θi
i , a

′
ir
γi−1
i s−θi+1

i , · · · , a′ir
−γi
i sθii }.
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Let a = (a1, a2, · · · , an), a
′

= (a
′
1, a

′
2, · · · , a

′
n), θ = (θ1, θ2, · · · , θn) and

γ = (γ1, γ2, · · · , γn). Then, the sequence a, a
′ ∈ Kn are called the

types of V , and θ, γ ∈ (12Z)n are called the shapes of V . We can

change the variables and choose ε = (ε1, ε2, · · · , εn) ∈ {−1, 1}n, ε′ =

(ε
′
1, ε

′
2, · · · , ε

′
n) ∈ {−1, 1}n such that the types of V are ε ∈ {−1, 1}n, ε′ ∈

{−1, 1}n.

In what follows, we fix a finite dimensional irreducible U b
−
r,s -module V

of types ε ∈ {−1, 1}n, ε′ ∈ {−1, 1}n and shapes of θ, γ ∈ (12Z)n. By a
decomposition of V we mean a sequence of subspaces of V whose direct
sum is V .

Lemma 3.10. For 1 ≤ i ≤ n, there exists a decomposition {Ui(l, η)}
(0 ≤ l ≤ 2θi, 0 ≤ η ≤ 2γi) of V satisfying:

(i) Ui(l, η) = {v ∈ V | ωiv = εir
l−θi
i sγi−ηi v, ω

′
iv = ε

′
ir
γi−η
i sl−θii v}, for

0 ≤ l ≤ 2θi, 0 ≤ η ≤ 2γi,
(ii) Ui(0, 0) 6= 0 and Ui(2θi, 2γi) 6= 0.

Moreover, Xi, X
′
i are semisimple on V .

Proof. Clearly, Xi, X
′
i act semisimple on V . According to the definition

of type and shape in the above, the eigenvalues of Xi are contained in
the set

{εir−θii sγii , εir
−θi+1
i sγi−1i , · · · , εirθii s

−γi
i },

while the eigenvalues of X
′
i are contained in the set

{ε′ir
γi
i s
−θi
i , ε

′
ir
γi−1
i s−θi+1

i , · · · , ε′ir
−γi
i sθii }.

For any 0 ≤ l ≤ 2θi and 0 ≤ η ≤ 2γi, if εir
l−θi
i sγi−ηi is an eigenvalue of

Xi, and ε
′
ir
γi−η
i sl−θii is an eigenvalue of X

′
i , let Ui(l, η) be the eigenspace

associated with these eigenvalues. For other cases, let Ui(l, η) = 0.

Then, (i) holds. Since θi, γi are choosen to be minimal, both r−θii sγii and

rθii s
−γi
i are eigenvalues of Xi, while rγii s

−θi
i and r−γii sθii are eigenvalues

of X
′
i . Therefore, we get (ii). �

For convenience, we define Ui(l, η) 6= 0, for 0 ≤ l ≤ 2θi, 0 ≤ η ≤ 2γi,
and otherwise, Ui(l, η) = 0.

Lemma 3.11. For 1 ≤ i ≤ n, let the decomposition {Ui(l, η)} (0 ≤ l ≤
2θi, 0 ≤ η ≤ 2γi) be as in Lemma 3.10. Then, for 1 ≤ j ≤ n, 0 ≤ l ≤ 2θi
and 0 ≤ η ≤ 2γi, we have
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(i) ωjUi(l, η) = Ui(l, η), ω
′
jUi(l, η) = Ui(l, η).

(ii) fjUi(l, η) ⊆ Ui(l −
∑

i>j aij − 1, η −
∑

i<j aij − 1).

Proof. According to the identies (2.1) and (2.2), we have ωjUi(l, η) =

Ui(l, η), ω
′
jUi(l, η) = Ui(l, η). For each v ∈ Ui(l, η), by (2.4), we have

ωifjv = r−〈j,i〉s〈i,j〉fjωiv = r−〈j,i〉s〈i,j〉fjεir
l−θi
i sγi−ηi v

= εir
−

∑
i>j tiaij−tis

∑
i<j tiaij+tirl−θii sγi−ηi fjv

= r
l−θi−(

∑
i>j tiaij+1)

i s
γi−η+(

∑
i<j tiaij+1)

i fjv,

and

ω
′
ifjv = r〈i,j〉s−〈j,i〉fjω

′
iv = r〈i,j〉s−〈j,i〉ε

′
ir
γi−η
i sl−θii fjv

= ε
′
ir

∑
i<j tiaij+tis−

∑
i>j tiaij−tirγi−ηi sl−θii fjv

= ε
′
ir
γi−η+(

∑
i<j tiaij+1)

i s
l−θi−(

∑
i>j tiaij+1)

i fjv.

Therefore, fjUi(l, η) ⊆ Ui(l −
∑

i>j aij − 1, η −
∑

i<j aij − 1). �

Lemma 3.12. For 1 ≤ i ≤ n, let the decomposition {Ui(l, η)} (0 ≤ l ≤
2θi, 0 ≤ η ≤ 2γi) be as in Lemma 3.10. Then, for 1 ≤ j ≤ n, 0 ≤ l ≤ 2θi
and 0 ≤ η ≤ 2γi, we have

(Zi − ε
′
ir
γi−η
i sl−θii I)Ui(l, η) ⊆ Ui(l − 1, η − 1).

Proof. Using Zi = ω
′
i + fi(ri − si), for any v ∈ Ui(l, η),

(ω
′
i + fi(ri − si)− ε

′
ir
γi−η
i sl−θii I)v = (ri − si)fiv ∈ Ui(l − 1, η − 1).

Thus, (Zi − ε
′
ir
γi−η
i sl−θii I)Ui(l, η) ⊆ Ui(l − 1, η − 1). �

Theorem 3.13. For 1 ≤ i ≤ n, there exists a decomposition {Vi(l, η)}
(0 ≤ l ≤ 2θi, 0 ≤ η ≤ 2γi) of V such that

(3.21) (Zi − ε
′
ir
γi−η
i sl−θii I)Vi(l, η) = 0 (0 ≤ l ≤ 2θi, 0 ≤ η ≤ 2γi).

Moreover, Zi acts semisimple on V .

Proof. By Lemma 3.12, we have

Π0≤l≤2θi, 0≤η≤2γi(Zi − ε
′
ir
γi−η
i sl−θii I) = 0

on V . Since ε
′
ir
γi−η
i sl−θii are mutually distinct, we obtain that Zi acts

semisimple on V with eigenvalues contained in the set {ε′ir
γi−η
i sl−θii |0 ≤

l ≤ 2θi, 0 ≤ η ≤ 2γi}. Set Vi(l, η) = {v ∈ V |Ziv = ε
′
ir
γi−η
i sl−θii v}.

Hence, the result follows. �
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For convenience, we define Vi(l, η) 6= 0, for 0 ≤ l ≤ 2θi, 0 ≤ η ≤ 2γi,
and otherwise, Vi(l, η) = 0.

Proposition 3.14. For 1 ≤ i ≤ n, let the decomposition {Vi(l, η)} (0 ≤
l ≤ 2θi, 0 ≤ η ≤ 2γi) be as in Theorem 3.13. Then, for 0 ≤ l ≤ 2θi, 0 ≤
η ≤ 2γi, we have

(i) (X
′−1
i − ε′ir

η−γi
i sθi−li I)Vi(l, η) ⊆ Vi(l − 1, η − 1),

(ii) fjVi(l, η) ⊆ ⊕−aijm=0Vi(l−m+ 1 +
∑

i<j aij , η−m+ 1 +
∑

i>j aij).

Proof. (i) Using (3.1), we obtain

(3.22) (ZiX
′−1
i − ε′iris−1i X

′−1
i Zi − I + ris

−1
i I)Vi(l, η) = 0.

According to (3.21),

(3.23) ZiVi(l, η) = ε
′
ir
γi−η
i sl−θii Vi(l, η).

Combining (3.22) and (3.23), the following holds:

0 = (ZiX
′−1
i − ε′ir

γi+1−η
i sl−θi−1i X

′−1
i − ε′ir

η−γi
i sθi−li Zi + ris

−1
i I)Vi(l, η)

= (Zi − ε
′
ir
γi+1−η
i sl−θi−1i I)(X

′−1
i − ε′ir

η−γi
i sθi−li I)Vi(l, η).

Therefore,

(X
′−1
i − ε′ir

η−γi
i sθi−li I)Vi(l, η) ⊆ Vi(l − 1, η − 1).

(ii) Choosing any v ∈ Vi(l, η), by Corollary 3.6, we obtain

1−aij∑
k=0

(−1)k
(

1− ai,j
k

)
ris
−1
i

(ris
−1
i )

k(k−1)
2 (r〈j,i〉s−〈i,j〉)k

×Zki fjZ
1−aij−k
i v

=

1−aij∑
k=0

(−1)k
(

1− ai,j
k

)
ris
−1
i

(ris
−1
i )

k(k−1)
2 (r〈j,i〉s−〈i,j〉)k

×Zki fj(ε
′
ir
γi−η
i sl−θii )1−aij−kv

= (−1)1−aij (r〈j,i〉s−〈i,j〉)1−aij (ris
−1
i )

(1−aij)aij
2

×
−aij∏
m=0

(Zi − ε
′
ir
γi−η+m−1−

∑
i>j aij

i s
l−θi−m+1+

∑
i<j aij

i )fjv

= 0.
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Then, the result follows by using (3.21). �

Remark 3.15. Let U b
+

r,s be the subalgebra of Ur,s(g) generated by the

elements ei, ω
±1
i , ω

′±1
i , v∓1i and v

′±1
i , for all i ∈ I0. We can also give

an equitable presentation for U b
+

r,s .
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