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ON THE CONVERGENCE OF THREE-STEP RANDOM
ITERATIVE PROCESESS WITH ERRORS OF NONSELF
ASYMPTOTICALLY NONEXPANSIVE RANDOM
MAPPINGS
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ABSTRACT. In this paper, we prove some strong and weak con-
vergence of three step random iterative scheme with errors to com-
mon random fixed points of three asymptotically nonexpansive non-
self random mappings in a real uniformly convex separable Banach
space.

1. Introduction

Random fixed point theory is playing an increasing role in mathematics
and applied sciences. At present, it received considerable attention due
to enormous application in many important areas such as nonlinear anal-
ysis, probability theory and the study of random equations arising in
various applied areas. Random fixed point theorems for random contrac-
tion mappings on separable complete metric spaces were first proved by
Spacek [29] and Hans [12,13]. The survey article by Bharucha-Reid [7]
in 1976 attracted the attention of several mathematician and gave wings
to this theory. Itoh [15] extended Spacek’s result and Hans’s theorem

MSC(2010): Primary: 65F05; Secondary: 46L05.
Keywords: Asymptotically nonexpansive nonself random mapping, weak and strong conver-
gence, common random fixed points, completely continuous, opial’s condition.
Received: 11 January 2012, Accepted: 12 April 2012.
*Corresponding author
(© 2013 Iranian Mathematical Society.
431



432 Rashwan and Albageri

to multivalued contraction mappings. In an attempt to construct it-
erations for finding fixed points of random operators defined on linear
spaces, random Ishikawa scheme was introduced in [10]. This iteration
and some other random iterations based on the same ideas have been
applied for finding solutions of random operators [10]. Recently, Papa-
georgiou [22], Xu [35], Beg [2-4], Beg and Shahzad [6] and many other
authors have studied the fixed point of random mappings.

The class of asymptotically nonexpansive self-mappings were introduced
by Goebel and Kirk [11] in 1972. Iterative techniques for approximating
fixed points of nonexpansive self-mappings have been studied by vari-
ous authors (see, e.g., [8,14,17,20,21,26]). For nonself nonexpansive
mappings, some authors (see, e.g., [16,18,28,31,36]) have studied the
strong and weak convergence theorems in a Hilbert space or uniformly
convex Banach spaces. Suhu [27] introduced a modified Mann iteration
process to approximate fixed points of asymptotically nonexpansive self-
mappings in a Hilbert space.

The concept of deterministic non-self asymptotically nonexpansive map-
pings was introduced by Chidume, Ofoedu, Zegeye [9] in 2003 as a gen-
eralization of asymptotically nonexpansive self-mappings. They studied
the following iteration process

(1.1)  x1 €C, znp1 = P((1 — ap)zn + 0, T(PT)" xy,),

where T': C' — FE is an asymptotically nonexpansive nonself-mapping,
{an} is a real sequence in (0,1) and P is a nonexpansive retraction from
E to C.

Wang [34] generalized the result of Chidume [9] and obtained some new
results. He defined and studied the following iteration process:

Tn4+1 = P((l - an)xn + anTl(PTl)n_lyn)a
Yyn = P((1—=Bn)xn+ BuTo(PT2)" x,), z1€C, n>1,

where 11,15 : C — FE are asymptotically nonexpansive nonself-mappings
and {an}, {Bn} are real sequences in [0, 1).

In 2009, Thianwan [33] introduced and studied a new class of iterative
scheme. The scheme is defined as follows:

Tpt+l = P((l - an)yn + anTI(PTl)n_lyn)7
(1.2) y, = P((1=PBn)xn+ BuTo(PTy)" ), 21 €C, n>1,
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where T7,T5 : C — FE are asymptotically nonexpansive nonself-mappings
and {ay, }, {Bn} are real sequences in [0, 1).

Remark 1.1. If Ty =15 =T and B, =0, for all n > 1. The iterative
scheme (1.2) reduces to (1.1).

More recently, Rashwan and Altwqi [25] extended the result of Thi-
anwan [33] by introducing the following three-step iteration scheme:

Tp+l = P((l - an)yn + anTl(PTl)n_lyn)a
Yn = P((l - Bn)zn + BnTZ(PTQ)nilzn)a
(1.3) zp, = P((1—v)zn+I3(PT3)" z,), 2, €C, n>1,

where {a}, {8n} and {7y,} are sequences in [0,1). They studied the
weak and strong convergence theorems of the above iteration under some
conditions.

Remark 1.2. (i) As Ty = T3 and v, = 0, for all n > 1, the iterative
scheme (1.3) reduces to (1.2).
(ii)) AsTh =To =T5 =T and v, = B, = 0, for all n > 1, the iterative
scheme (1.3) reduces to (1.1).

For random operators, Beg and Abbas [5] studied the different ran-
dom iterative algorithms for weakly contractive and asymptotically non-
expansive random operators on an arbitrary Banach space. They also
established convergence of an implicit random iterative process to a com-
mon fixed point for a finite family of asymptotically quasi-nonexpansive
operators. Plubtieng [23,24] studied weak and strong convergence the-
orems established for a modified random Noor iterative scheme with
errors for three asymptotically nonexpansive self-mappings in Banach
space defined as follows:

Ent1(t) = anTT(t, () + Bubn(t) + ynfu(t),
() = T3t Ca(t) + Brén(t) + v fr (),
(14)  Galt) = anT3(t,&n(t) + Brénl(t) +ynfr(t) ,n>1,t € Q,

where T1,T5,T5 : Q x C — C are three asymptotically nonexpansive
random mappings, &1(t) : Q — C is a measurable mapping from Q to C,
{fn@®}, {fL @)}, {f/(t)} are bounded sequences of measurable functions
from Q to C and {an}, {og}, {ai}, {Ba}, {80} B}, A}y {mds {0
are sequences of real numbers in [0, 1] with a, + B+, = o, + 8, +7,, =
o+ B+ = 1.
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Remark 1.3. If we take Ty =To = T35 =T and vy, =, =5 =0, then
(1.4) becomes as the following:

En1(t) = anT™(t,mn(t)) + Bn&a(t),
m(t) = apT"(t, (b)) + Bréa(t),
Galt) = apT"(t,6n(t) + Bréult) ,n>1,t € Q,
which was studied by Beg and Abbas in [5].

For nonself random mappings, Zhou and Wang [37] studied the ap-
proximation of the following iteration process:

Enr1(t) = P((1— an)én(t) + O‘nT(PT)n_l(ta mn(t))),
() = P((1 =6, (t) + BT (PT)"L(t, &, (1)) ,n > 1,t € Q,

where T : A x C — FE is an asymptotically nonexpansive nonself random
mapping, &1(t) : 2 — C is a measurable mapping from Q to C, {ay},
{Bn} are sequences in [0,1] and P is a nonexpansive retraction from E
to C.

In this paper, we construct a projection type random iteration with er-
rors and study its approximation to common random fixed points of
three nonself asymptotically nonexpansive random mappings in a real
uniformly convex separable Banach space. Our results extend and im-
prove some recent results in [23,25,37].

2. Preliminaries

Let (£2, %) be a measurable space, C' a nonempty subset of E. A map-
ping ¢ : Q — C is called measurable if £~ }(B(C) € ¥ for every Borel
subset B of a Banach space E.

A mapping T : Q x C — C is said to be random mapping if for each
fixed x € C, the mapping T'(.,z) : Q@ — C' is measurable.

A measurable mapping £ : 0 — C' is called a random fixed point of the
random mapping 7' : Q x C' — C if T'(¢,£(t)) = &(t) for each t € Q.
Throughout this paper, we denote the set of all random fixed points of
random mapping 7" by RF(T') and the nth iterate T'(¢, T'(¢, T'(,...T'(t, z))))
of T' by T"(t,z). The letter I denotes the identity random mapping
I:Q x C — C defined by I(t,r) = x and T° = I.

Definition 2.1. [19] A Banach space E is said to satisfy the Opial’s
condition if for any sequence {x,} in E, x, — x weakly as n — oo and

limsup ||z, — z| < limsup ||z, — y||,
n—oo n—oo
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for ally € B with y # x.

Definition 2.2. A map T : C — E is called demiclosed at y € E if for
each sequence {x,} in C' and each x € E, x, — x and Tx, — y imply
that x € C and Tx = y.

Definition 2.3. A mapping T : C — C' is completely continuous if and

only if {Tx,} has a convergent subsequence for every bounded sequence
{zn} in C.

Definition 2.4. A subset C' of E is said to be a retract of E if there
exists a continuous map P : B — C such that Px = x for all x € C.
Note that every closed convex subset of uniformly convexr Banach space
is retract. A map P : E — E is a retraction if P> = P. It follows that
if a map P is a retraction, then Py =y for all y in the range of P.

Definition 2.5. A mapping T : C — FE is said to be semicompact if
for any sequence {x,} in C with lim || z, — Tz, ||= 0, there exists a
n—o0

subsequence {xy,} of {x,} such that z,, - q € C.
Definition 2.6. [1] A finite family {T; : i € I} of N continuous ran-

N
dom operators from Q x C to E with F = (| RF(T;) # 0, is said to
i=1
satisfy condition B if there exists a nondecreasing function f : [0,00) —
[0,00) with f(0) = 0, f(r) > 0 for all r € (0,00) such that for all

fe 0 FEED, F) < max ) - T (6N Jor all £60), where
dE(e).F) = WE{(0) — a(0)] s a(0) € F = () RF(T)}

Definition 2.7. [9,37] Let C be a nonempty closed convex subset of a
real uniformly convexr separable Banach space and let T : Q2 x C — E be
a nonself random mapping. Then T is said to be

(1) Nonexpansive random operator if for arbitrary x,y € C, ||T(t,x)—
T(t,y)| < ||z —yl| forallt e .

(2) Non-self asymptotically nonexpansive random mapping if there
exists a measurable mapping sequence r,(t) : Q@ — [1,00) with
lim,, o0 7 (t) = 1 for each t € Q such that for arbitrary x,y € C
and t € Q

IT(PT)" " (t,2) = T(PT)" (£, y)| < a2z =yl in=1,2,---.
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(3) Uniformly L-Lipschitzian random mapping if there exists a con-
stant L > 0 such that for arbitrary x,y € C and t € Q

IT(PT)" " (t,2) = T(PT)" " (&, y)| < Lllz —yll, n=1,2,---.

(4) Semicompact random mapping if for any sequence of measurable
mappings {&,} from Q to C with limy, o0 || (6) =T (¢, €0 ()| = 0
for all t € ) there exists a subsequence {&n;(t)} of {€a(t)} such
that {&,,(t)} — {£a(t)} as j — oo for each t € Q, where {£(t)}
is a measurable mapping from € to C.

(5) Completely continuous random mapping if and only if {T(t,&,(t))}
has a convergent subsequence for every bounded sequence {&,(t)}
in C.

Remark 2.8. FEvery nonself asymptotically nonexpansive random map-
ping is uniformly L-Lipschitzian, where L = sup 1rp(t).
teQn>1

Definition 2.9. Let T1,15,13 : Q0 x C — E be three nonself random
mappings, where C is a nonempty convex subset of a separable Banach
space E. Let & : Q — C be a measurable mapping from 0 to C. The
projection random iteration scheme with errors is defined for t € Q as
follows:

Enti(t) = P((I—an—0n)mn(t)+anTi(PT1)" ! (tnn(t)+0n fn(t),

() = P((1=Bn—0n)Cn()+BnT2(PT2)" " (t,n () +0ngn (1)),
(21) G = PA==An)en(B)+mTs(PTs)" " (t.6n () +Anhn () m21,
where {an}, {Bn}, {m}, {on}, {0n} and {\,} are sequences in [0,1],

{fn}, {gn} and {hy,} are bounded sequence of measurable functions from
Q to C, and P is a nonexpansive retraction from E to C.

Clearly, &,,n, and (, are measurable sequences from €2 to C.
The following lemmas are useful for proving our main results.

Lemma 2.10. [32] Let {a,}, {bn} and {my} be nonnegative real se-
quences satisfying

An+41 < (]— + mn)an + bna

foralln> 1. If > my < oo and Y b, < oo, then

n=1 n=1

(1) lim a, eists.
n—oo

(2) limy,— o0 an, = 0 whenever liminf,,_, . a, = 0.
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Lemma 2.11. [27] Let E be a uniformly convex Banach space, and
0 <p<it, <q <1 for all positive integer n > 1. Also suppose
that {x,} and {y,} are two sequences of E such that limsup ||z,| <,

n—oo
limsup ||y,|| < r and hm ltnzn, + (1 — tn)ynl| = 7 hold for some r > 0,
n—oo
then hrn |Trn — ynll —0.

Lemma 2.12. [9] Let E be a uniformly convex Banach space, C a
nonempty closed convex subset of E and T : C — E a nonself asymptot-
ically nonexpansive mapping with a sequence {k,} C [1,00) and k, — 1
asn — oo. Then I —T is demiclosed at zero, i.e., if x, — © weakly and
|z, — Txy|| — 0 strongly, then x € F(T'), where F(T) is the set of fized
points of T

Lemma 2.13. [30] Let E be a Banach space which satisfies Opial’s
condition and let {x,} be a sequence in E. Let u,v € E be such that
lim ||z, — u| and lim ||z, —v| exists. If {zy,} and {zy, } are sub-
n—oo n—oQ

sequences of {x,} which converge weakly to u and v, respectively, then
u="v.

3. Main Results

In this section, we will prove the strong and weak convergence of
the iteration scheme (2.1) to a common random fixed point for three
asymptotically nonexpansive nonself random mappings in a uniformly
convex separable Banach space.

Lemma 3.1. Let E be a real uniformly convex separable Banach space

and let C be a nonempty closed convex subset of E with P as a nonexpan-

sive retraction. Let T; : Q x C' — E, i = 1,2,3 be three asymptotically

nonexpansive nonself random mappings with sequences of measurable
o0

mappings {ri, } C [1,00) such that > (r;, (t) — 1) < oo, 73, (t) = 1 as

n=1
n — oo, for allt € Q and i = 1,2,3. Suppose that ﬂRF( i) # 0 and
let {§n( )} be the sequence deﬁned in (2.1) with the addztzonal assump-
tzon20n<ooZ(5 <oocde)\ < 00. ThenhmHﬁn() EOl

n=1 nl n=1

exists for all (t) € ﬂ F(T;).

i=1
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3
Proof. Let &£(t) € () F(T;). Since {fn}, {gn} and {h,} are bounded
i=1
sequences of measurable function from 2 to C, for each ¢t € ) we can
put

My (t) = sup || fu(t) — E()]| V sup [|gn(t) — £(2)]]
n>1 n>1
(3.1) Vsup [|hn(t) = E@)]-
n>1
Then M, (t) < oo for each t € Q and n > 1. Also, for each n > 1 let
rn(t) = max{r;, (t) : ¢ = 1,2,3}. Setting r,(t) = 1 + u,(t). Thus by the
hypothesis of the theorem we have Y u,(t) = > (rn(t) — 1) < 0.
n=1

n=1

[Cn (=€ = [IP((L=yn—An)&n () +yn T3 (PT3)" " (.80 (t))+Anhn (1) £

3
Using (2.1) and (3.1) for £(t) € () F(T;) and t € 2 we have
i=1

< A== An)n (D +n T (PTs)" 1 (t,6n () +Anbin () —£(D) |
= [|(Ln—An) (En () —E())+m (T3(PT3)" " (£ (1)) —E(2)
+ An(ha(®) £
< (A=A l[n () —E®) | +ml| T (PT3)™ 1 (1.6 (1)) ~£(D) |
+ Al ®—€@)l
< (= =An)[€n (O —E®) [ +70735 (D[1€n () —E®) 1 +An Man (£)
< (A= =2n)l[en (O —E®) | +rn7n (B)l[€n () —E(®) | +2n Mn (£)
< (=2 [€n ()= I+ (Ltun (1)) | () ~E () [+ 2n M (8)
< (= +ymtn () 1€ (8)—E@E) |42 My (2)

(3.2) < (tun (8)[|en (D) =) [+2n Mn (£).

Again using (2.1) and (3.2) we obtain

(=€ = IP(L1=Bn—8n)¢n (O)+BnT2(PT2)" " (t,Gn (1)) +6ngn (1)) ~E(1) |

(1=Brn—=0n)I¢n () =€) [ +Bn | T2 (PT2)™~ (t,6n (1) —E@) |
Onllgn (t)—E@)]|

1=Bn—=0n)[1Cn () =€ @) [|+Bnr2p, (0)1Cn (£)=E (X)) 1400 M (L)
1=Bn—=0n)[1Cn () =€(@) | +Bn (1+un (8))|6n (£) =€ (£)) | +6n Mn ()
L+un (0)I¢n () —E@) |1 +0n Mn ()

T+un (8)) [(T+un (8))[16n (£) =€ (&) [|+-An Mn ()] 400 Mn (£)

Tun (8)2]1€n (8) =€) [+ (L4un () Ay M (8)4-0n M (2)

1H2un (8)4uf (1)) [€n () =€) |+ An (),

INININ N + DA

)
)

(
(
(
(
(
(

—
&0
w

~—

|
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1t (6)) A Mo (£) + 6 Mo (£). Note that 5 An(f) < oc.

n=1

where A, (t) = (
Thus by using (3.3) we get
€n+1(H)—E@)l

[ P((1=an—0n)nn (t)+anTi(PT1)" " (¢ (8))+on fn (1) —E(@) |
(1=an=0n)|lnn () =E@) [[+anl|T1 (PT1)™ ! (t,0n (8))—E(®)]|

onll fn(t)) =€)l

(I—an—0n)lInn () —E@) [+anriy, (&) lnn () —E@)||+on Mn ()
(I—an—0on)lInn (t) &) |+an (1+un (8))lInn () —E(#) | +0on Mn (t)
(I+un (@) |Inn () —E@) || +on Mn (t)

(Tun () [(142un () +up (6) [€n () —E(@) | +An ()] +0m Mn (t)

(

(

INININ N + DA

13 () +3u7, () +u, () 60 ()= (0) |+ (1+un (£)) An () +0m M (£)
= (1+Ba®)[én (&) —E®) I+ Dn (),
where By, (t) = 3u,(t) + 3u2(t) + ul (t) and Dy (t) = (1 + u,(t))An(t) +
oMy (t). Since § B, (t) < oo and i D, (t) < oo, it follows from
n=1

n=1

3
lemma 2.10 that li_)m 1€ (t) — &(t)]| exists for all £(¢) € () F(T;) and
n—roo i=1

te Q. O

Lemma 3.2. Let E be a real uniformly convex separable Banach space

and let C be a nonempty closed convex subset of E with P as a nonexpan-

sive retraction. Let T; : Q x C' — E, i = 1,2,3 be three asymptotically

nonexpansive nonself random mappings with sequences of measurable
o0

mappings {r;, } C [1,00) such that > (r; (t) — 1) < oo, 73, (t) = 1 as

n=1
n — oo, for allt € Q and i =1,2,3. Suppose that ﬂRF( i) # 0 and
{&n(t )} is the sequence defined as in (2 1) with the addztzonal assump-
tions Zan < 00, 26 < o0 and Z)\ < 00. Then hm 1€ (t) —

=1 n=1
T;(t, {n( ))H 0, f0'r eacht € Q and i =1,2,3.

Proof. Let £(t) € ﬂ RF(T;). Since {fn}, {9n} and {h,} are bounded

sequences of measurable functions from 2 to C, for each t € €2 we can
put

My(t) = sup [ fn(t) = €@ Vv sup lgn(t) = €@ V sup [An(t) = E@)]-
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Then M,(t) < oo for each t € Q. Also, for each n > 1 let r,(t) =
max{r;, (t) :1=1,2,3}. Let r,(t) = 1+uy,(t). Then by the hypothesises
o o0

of the theorem we have Y u,(t) = > (rn(t) — 1) < oo for each t € Q.
n=1 n=1

By Lemma 3.1, we see that lim,_, ||&,(f) — &(t)] exists for each ¢ € €.
Assume that lim, o [|£n(2) — £(2)]| = ¢. From (3.2), we have

16 (8) =€ < (L +un(@)[En(t) = E@DI + AnMn(t).

Taking lim sup on both sides of the above inequality, (where lim,, 00 Ay, =
0), we have

(3-4) limsup [[Gu (t) = @) < ¢

n—oo

In addition we see that ||To(PT2)" (¢, (n(t)) — E@))]| < 72, (D)|Ca(t) —
€(t)]]. Taking the lim sup on both sides in this inequality, we have

(3.5) lim sup | To(PT)" 2 (t, Ga(t) — E()]| < c

Similarly, using (3.3), we have

() = €@ < (1 + 2un(t) +un(O) 16a(t) — @) + An(t)-

Taking lim sup on both sides in the above inequality, (where lim A, (t) =
n—oo

0), we have
(3.6) tim sup 7 (£) — £()] < c.

n—oo

In addition we have ||T1(PT1)" *(t,n.(t)) — £@)|| < 71, ||a(t) — £@)]].
Taking lim sup on both sides in the above inequality, we have

(3.7) lim sup || T (PT)" (¢, m0()) — £(1)]| < c.
Since limy,—yo0(0y,) = 0, it follows from (3.7) that
lim sup 1Ty (PTY)™ (8, () = £() + on(fu(t) — na(t)) |

(3.8) < limsup [|T3 (PT3)" (8, 1a(t) — @) < .

n—oo

In addition by (3.6) we have
lim sup [|1,(t) = £(t) + on(fu(t) — na(t)) ]|

n—oo

(3.9) < limsup ||n,(t) — £(t)]] < e

n—oo



On the convergence of three-step 441
Now, using (2.1) we have

[nt1(0) =N = [1P(A—an—0n)nn(t)+onTi (PT1)" " (tnn (1) +on fu(t) (1)l
< (A=an=0n)mn () +on Ty (PT1)" (tnn (1) +on fn () =)

= (1) ()~ (1—n)E(H)—onmn (£)+0m fn () —anon fn ()
— nonin (1) +an T (PT1)" (00 (£) —an()+anon fn () —anonin (0|
= (1) (10 () ~E(E)+0n (fn () —1n(t)))

+ an(TL(PT1)" " (b0 (1) —E() +on (fn ()1 (1)) ).

Taking lim inf on both sides of the above inequality, we obtain

¢ < liminf (1 an)(mat) — €0) + 0u(fult) — a(8))
(3.10)  + an(Ti(PT)" " (t,ma(t)) — &(t) + on(fu(t) = na(D)))]
On the other hand, using (3.8) and (3.9) we get

imsup  [[(1=an)(ma () =€) +on (fa ()= (t))

n—oo
+ an (T1(PT1)" ! (£ () =€) +om (fa(t) = (1))
< (I—an) limsup,, ;o0 |1 (£) =€ (#)+-0n (fn (t) —nn (1)) |
+ an limsup,, oo [T1(PT1)" " (£ () =€) +0n (fn (t) = (1)) <c-

(3.11)

Both inequalties (3.10) and (3.11) imply that

lim [|(1 = ou) (1 (t) — £() + on(falt) — ma(t)))

n—oo

Fan (T (PT)" (81 (1)) = E(8) + on(falt) = ma ()] = <
(3.12)

It follows from (3.8),(3.9),(3.12) and Lemma (2.11) that

(3.13) 1T (PT)" " (t, ma(t)) — 1 ()] = 0.

lim
n—oo

In addition we have || T3(PT3)" 1 (t, & (1)) — £()]| < 73, (8)]16a(t) — E(D)]]-
Taking lim sup on both sides in the above inequality, we have

(3.14) limsup || T3(PT3)" (¢, & (1) = E(0)]| < c.

n—oo
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Again using (2.1) we get

I1P((1=an—0m)nn(t)+omTi (PT1)" = (tnn (1) +on fn () = (@)
(1=an=—0n)|lnn (t)=&(O)l|+onl|TL (PT1)™ (t,0n (8) —E) |
onllfn () =@

(I—an—an)|[na () —E(@)]]

an [Ty (PTy)™ (80 () —1n (8) +1n () =€ (B) || +on| fn () €@
(1—an—0n)|Inn () =€) [ +on | T2 (PTL)"™ (£ (8)) —nn (1) |

annn (6)=E@)[|+onll fo () —E@)]|

(=) lInn () =E@I+IT1(PTL)"™ (t00 () =0 (0 +onll fn ()€ @)
[l () =€ O+ T2 (PT1)™ = (t1m (1) =1 (8) [+ [ fn (1) =€ (D) -

[€n+1()=E@)l

+ IA

INIAN 4+ IN +

Since li_}m I€ns1(t) — E()|| = ¢, by taking liminf on both sides of the

above inequality we have
(3.15) lim inf [l (1) — £(8)] > c.

It follows from (3.6) and (3.15) that

(3.16) Tim [l (1) — €0 = .
Thus
)= = I1P((1=Bn—08n)Cn () +Bn T2 (PT2)™ ™ (£,¢n (1)) +6ngn () —E(®)]|

< (=B =0n)Cn () +BnT2(PT2)"H (£,6n () +8ngn (1) —E(1)]|
= ”(1_/8n)(Cn(t)_£(t)+6n(gn (t)_Cn(t)))
+  Bu(T2(PT2)" ! (t,6n (1) —E()+0n (9n () —Cn (1))

Taking lim inf on both sides in the above inequality and using (3.16) we
have

c < 11711T_1>g‘}f ||(1 - ﬁn)(gn(t) - f(t) + 5n(gn(t) - Cn(t)))
(3'17) + /Bn(T2(PT2)n71(tv Cn(t)) - f(t) + 5n(9n(t> - Cn(t))H
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On the other hand, using (3.4) and (3.5) we obtain

lmsup, o0 1(1=50) (Gn () —£(8)+6n (gn () —¢n(£)))

+ B (T2(PT2)" =1 (.60 (1)) —€(£)+0n(gn () —Cn(t))) I
< limsup,, _, o0 (1=6n)[[Cn (8) =€(t) +0n (9. (1) = Cn (D)) |
+ B Himsup,, oo [|T2(PT2)™ 1 (£,6n (1)) —&() +0n (gn () —Cn (1)) <c.

(3.18)
Both inequalities (3.17) and (3.18) imply that

limyp— o0 [|(1=5n) (Cn (8) =€() +0n (97 (1) =Cn (1))
B (T2 (PT2)™ 1 (8,4 (£)) —€(£) +6n (gn (£) —Cn (1)) [|=c

Using lemma 2.11, we have
(3.19) lim | To(PT2)" " (¢, Ga(t) = Gu(B)] = 0.
It follows that

=D = [P((A=Bn—0n)Cn () +8nT2(PT2)" 1 (t.6n (1) +6ngn () —E(®)|
(1=Br=0n)[16n () —E(B)[1+Bn [ T2 (PT2) "~ (£.4n (1)) —Cn () +¢n () =€)
Snlgn () —=E(@)]]
(1=Bn=0n)[16n () =€ (B [1+Bn | T2 (PT2)" " (¢4 (£)) —Cn (D)

BrllSn (£)=E@))[140nllgn () —E@) I

[16n () =€+ T2(PT2)"™ 1 (£,6n (£) —Cn ()| +8nlgn () =€)

IN + IN + IA

Taking lim inf on both sides in the above inequality and using (3.19) we
get

(3.20) ¢ < tminf[Gu() - £
From (3.4) and (3.20), we get that
(3.21) lima o |Ca(8) — £ = -

Similarly, by using (3.14), (3.21) and the same arguments as above we
get

I =70 (6 (=60 An (o ()= (1))

T m(TBPTE)" (60 () —E()+2An (hn () —En (1)) || =c.
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By Lemma (2.11) this implies that

(322) iMool [(TH(PT3)" (1, £n(t)) — &u(t)]| = 0.

Now, using (3.22) we obtain

[ P((1=n=An)én (O)+7n T3 (PT3)™ 1 (1,60 (8))+Anhn () —En ()|
(L= =2An)[[€n () =&n () [+ 1 T3 (PT3)™ 1 (8,6n (1) —En (1)
Anlhn () —&n (@)

0(as n — 00).

6 () =En (Dl

A

(3.23)

Also, (3.19) implies

1 P((1=Bn=0n)Cn (8)+BnTo(PT2) "~ (£,6n (1)) +ngn () —Cn (1)
(1=Bn=0n)[[6n (£) = Cn (O 14Bn | T2 (PT2)™ ~ (£,6n () —Ca (D]
Snllgn (£)=Cn(®)]]-

0(as n — o).

lI7n () =Cn (D)l

L+ A

(3.24)

From (3.23) and (3.24), we obtain

17 () = &n (O] < [ (t) = GO + 1Gn(E) = En )]
(3.25) — 0 (asn — ).

In addition we have

1T (PT)™  (tn () —n @)l < ITL(PTL)™ " (tEn () =nm (0)[[+]11m (1) —En (1))
171 (PT1)"™H (1.&n (8) =T (PT1)™ (t.nn (2))
T1(PT1)™ ! (1 (8) =1 () |+ [|7n () —&n ()|
T2 (PT1)"™ 1 (1.n (8) =T (PT1)™ (£ (8)) |

171 (PT1)™ ! (0 (8) = 1m () 1 [|7m (8) —€n ()|

71, [1€n (8) =10 () |+ T (PT2) ™ (.10 (8)) =1 (2) |
7 (t)—=&n ().

0 (as n — 0).

b+ N+ AN+

(3.26)
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Using (3.13) and (3.25) we have

[€n+1(8)=En (D]

L+ I+ IA + 1A

(3.27)

(1—an—0p)|lnn () =&n (&) | +an||T1 (PT1)"~ (t0n () —En ()]
onllfa () =En (@)l

(1=an=0n) |1 () =&n ()| +an | TL (PT1)" " (t00 (£)) —nn (1)
annn () =E&n O ll+onl fn(t)—En @]

170 () =&n O+ T2 (PT1)"™ (£00 (8) =1 (1) ]
onllfn(t)=En®)]l

0 (as n — 00).

Also using (3.27) and (3.26) we get,

1€n41(8)=T1 (PT1)™ (¢, €nta (1))l

(3.28)
In addition we have

1€n41(8)=T2 (PT1)™ 2 (t.&nta (1))

= [[enr1(O)—En(t)+En (1) =T1(PT1)" (t,6n(2))
+ (P (6En (1) —TL(PT)™ (tEn+1 (1))l
< 1 (=@l

+  IT(PT)™  (EEn+1 (1) =T1(PT1)"H (L.n (1)) |
+ T (PT)™  (tEn(t)—En (@)l

S 1O =En @)l +r1n, Ollgn+1 () —En )]

+ T (PT)™  (tn (1) —En (@)l

— 0 (asn — ).

[[€n+1(t)—&n () +&n () =T1 (PT1)" 2 (t6n (1))

Ty (PT1)" 2 (t.n (1) =T1(PT1)™ 2 (tEn+1 (1))l
[[€n+1(t)—€n (D)

T3 (PT1)™ 2 (t.€n41 (1) =T1(PT1)™ 2 (t.€n (1))
171 (PT1)" 2 (t.n (8) —En (D)l

1€n+1(t)—&n (D)l

+  Llnt1(®)—En @I+ TL(PT1)" 2 (t.6n (1) —En (D),

IN + + IN +

where L = sup {r1, (t) : n > 1,¢t € Q}. It follows from (3.27) and (3.28)

that

(3.29) Jim[[§n 1 (2) — Ty (PTy)"(t, &nsa (8))] = 0.
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We denote the random identity map by I = (PT))!"': Qx C — C. Tt
follows by the inequalites (3.28) and (3.29) that

[€n+1(O)=T1(tEnr1 ) < ént1 () =T1(PT)™ ! (t€n1 (1))l
+ (P71 (t€n+1 () =T (t€n+1 (1)) |
< 1 (O=T1(PT)" (tEn+1(8)]]
+  IT(PT) N (P (&1 (1) =T1(PT1) ! (t€n+1(1) |
S 1 (=T (PT)" (tEn+1(8)]]
+  LIPT)™  (tbns1 () —Entr (D)l
= |1 () =To(PT1)" ! (t&nsr (D))l
+  LI(PT)(PT)" 2 (t€n+1 (1) = P(&nt1 (1)l
< N1 ®)=T1(PT1)™ H(t,€n+1 (1))
+  LITi(PT1)" 2 (tén+1(t) —En+1 (D)l
— 0 (asn — o).

It follows that li_>m 1€ (t) — T1(t, &u(t))]| = 0. Similarly, we can prove

that lim [|€,(t) = To(t, &) = 0 and lim [[,(2) — T5(t,&a (1)l =
0. O

Theorem 3.3. Let E be a real uniformly convex separable Banach space

and let C be a nonempty closed convex subset of E with P as a nonexpan-

sive retraction. Let T; : Q x C' — E, i = 1,2,3 be three asymptotically

nonexpansive nonself random mappings with sequences of measurable
o0

mappings {ri, } C [1,00) such that > (r;, (t) —1) < o0, 73, (t) = 1 as
n=1

3
n — oo, for allt € Q and i = 1,2,3. Suppose that (| RF(T;) # 0 and
i=1

{& ()}, {mn(t)} and {¢n(t)} are the sequences defined in (2.1) where o,

(o] o0
Bns Yn are sequences in [e, 1 —¢€| for some e >0, > o, <00, Y. 0y < 00
n=1 n=1

o0
and Y A\, < 0o. If one of T;s, i = 1,2,3 is completely continuous then
n=1
{& W) A (t)} and {(.(t)} converge to a common random fized point
Of Tl,TQ and T3.

Proof. By Lemma 3.1, {&,(t)} is bounded. In addition, by lemma 3.2,
h_)m [6n(t) — T5(t, &) = 0, @ = 1,2,3, and {Ti(t, & (1))}, i = 1,2,3
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are also bounded. If T is completely continuous, there exists a subse-

quence {T1(t,&n, ()} of {T1(t,&u(t))} such that T1(t,&n;(t)) — £(t) as

j — oo. From Lemma 3.2, we have that li_>m 1€n; (8) — Ti(t, &n, (1)) =
n o

0, i« = 1,2,3. It follows from Lemma 2.12, that {(t) = T;(t,&(t)),
1 =1,2,3. So by the continuity of T, for ¢ = 1,2, 3 we have
160, (1) =€ < 1160, (8) = Talt, &n; ()| + T3, &, () = €]
— 0 (asn — 00).
Furthermore, by Lemma 3.1, li_)m 1€n (1)) —£ () ]| exists. Thus li_>m 1€R (1))
—£&(t)| = 0, for all ¢ € Q and since £(¢) is a pointwise limit of the

measurable mapping sequence {&,(t)}, £(t) is measurable and therefore

3
&(t) € (| RE(T;). Tt follows from (3.25) that
=1

() = €@ <l (t) = €] + [16a(2) — E@)I,

— 0 (asn — o0),
and using (3.23) we get
16 (8) =€ < NIGn(t) = &) + 1€ () = E@)

— 0 (asn — ).
U

Theorem 3.4. Let E be a real uniformly convexr separable Banach

space and let C' be a nonempty closed convexr subset of E with P as

a nonexpansive retraction. Let T; : QO x C — E, i = 1,2,3 be three

asymptotically nonexpansive nonself random mappings with sequences
o0

of measurable mappings {r;,} C [1,00) such that > (r;, (t) — 1) < oo,

n=1

ri,(t) = 1 asn — oo, for allt € Q and i = 1,2,3. Suppose that
3
N RE(T;) # 0 and, {&.(t)}, {nn(t)} and {(.(t)} are the sequences de-
i=1

ﬁ_ned in (2.1), where oy, Bn, Yo are sequences in [e,1 — €| for some e > 0
and % op < oo,i Op < 00 and i Anp < 00. If one of Tys, i = 1,2, 3,
is sez:i}:ompact, tT}L;;L {&.(1)}, {77,1(712):1 and {(,(t)} converge to a common
random fized point of Ty, To and Tj.

Proof. By Lemmas 3.1 and 3.2, {£,(t)} is bounded and nlg{.lo 16n(t) —
Ti(t, &(t)|| = 0,5 = 1,2,3. Since T} or T or Ty is semicompact,
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there exists subsequence {&,,;(t)} of {£,(t)} such that {&,(t)} con-

verges strongly to {£(¢)} for all ¢ € Q. Then by Lemma 2.12 we have

E(t) = Ti(t,&(t)),i = 1,2,3, and since &£(t) is a pointwise limit of the

measurable mapping sequence {&y, (t)}, £(t) is measurable and therefore
3

&(t) € (| RF(T;). Thus by Lemma 3.1, li_>m 1€ () — £(t)] exists, and
i=1 e

le 1€ (1)) — £(t)||= 0, for all ¢t € Q. From (3.25) and (3.23), we have

i 7 (t) — €] = 0 and lim_ [, (8) — €0 = 0. .

In the next result, we prove the strong convergence of the scheme
(2.1) under condition B which is weaker than the compactness of the
domain of the mappings.

Theorem 3.5. Let E be a real uniformly conver separable Banach
space and let C' be a nonempty closed convex subset of E with P as
a nonexpansive retraction. Let T; : Q x C — FE, i = 1,2,3, be three
asymptotically nonexpansive nonself random mappz'ngs with sequences

of measurable mappings {r;, } C [1,00) such that Z (ri, (t) — 1) < o0,
i, (t) —> 1 asn — oo, for allt € Q and i = 123 Suppose that

F = ﬂ RF(T;) # 0 and {&u(t)},{nn(t)} and {(n(t)} are the sequences
deﬁned in (2.1) where O, B, Yn are sequences in [e,1—¢| for some e >0
and Z op < 00, Z dp < 00 and Z An < 00. If T; satisfies the con-
dztzon B for allt € Q and i =1, 2 3 then {&,(t)}{nn(t)} and {(.(t)}
converge strongly to a common mndom fixed point of T1,T> and T3.
Proof. By Lemma 3.2, we have li_}In 1€n(t) — Ti(t, £n(t))]| = 0,7 = 1,2, 3.
Since {T; : i = 1,2, 3} satisfy the condition B, we have that
lim_ F(d(€n(t), F)) = 0.

n—o0

Since f : [0,00) — [0, 00) is a nondecreasing function satisfying f(0) = 0,
f(r) > 0 for all € (0,00), we obtain that ILm f(d(&n(t), F)) = 0. Next

we claim that {&,(t)} is a Cauchy sequence. Indeed, from Lemma 3.1
we have that [[€n41(2) = E@)] < (1+ Ba(8))[|€a(t) = E@) + Dn(?),
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so, for each ¢t € 2 and for all natural numbers m, n, we have

[€ntm (t) — E@) ]l (1 + Brtm—1(0))1€nrm—1() = E@) + Dnym-1(t)

ePrem=1O) ¢ 1 (t) = €@ + Drgm-1(t)
eBn+m,1(t)+Bn+m*2(t)||£n+m72(t)*£(t)|

+ INIA A

EBn+m_1G>Dn+mf2uy+D”+mflu)

n+m—1 n+m
= (B;(1) n+m—1 > (By(1)
e =n l1€n ()@ NI+ kZ Dy (t)e =k

=n

IN

Dn+'m71 (t)

R()l|n (D—EDII+RE) 3> Di(t),

k=n

IN +

5> Ba(t) 3
where R(t) = en=! < o0o. Therefore, for any £(t) € (| RF(T;), we
i=1
have

1€n+m(t) — &n(t)]] [€n4+m (D) =€) |1 +][€n () —E@)

<
< RM)En®)—E@II+R(?) 5: D) +l1gn ) =E@)l

(3.30)

(R(O+D)[1€n () €@ +R(?) kij Dy (1)

Since h_}m f(d(&n(t), F)) =0, and Y Dy,(t) < oo, given € > 0 there ex-

n=1
ists a natural number ng such that d(&,(t), F) < srmTn and S Dy(t) <
n=1
sa( for all n > ng. So there exists &*(t) € F such that ||&,(t) —&*(t)|| <

s for all n > ng. Therefore from (3.30), for all n > ng we have

that
[€ntm(®) —&®] < (RE) + D[&(®) — £ @)l + R(E) > (Dp(t))
k=n
< (R(H) + 1)% + R(t)#(t) —

which implies that {&,(t)} is a Cauchy sequence for each ¢t € Q and
so is convergent since E is complete. Let lim &,(t) = p(t). Now we
n—oo
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show that p(t) € F'. Since li_>m d(&,(t), F) = 0 gives that d(p(t), F) = 0.
n—oo

Since F' is closed, we have p(t) € F. From (3.25) and (3.23) we have

lim_ |7, (#) — p(#)|| = 0 and Tim ¢, (t) — p(t)]| = 0. O

Finally, we prove the weak convergence of the iterative scheme (2.1)
for three asymptotically nonexpansive nonself random mappings in a
uniformly convex separable Banach space satisfying Opial’s condition.

Theorem 3.6. Let E be a real uniformly convex separable Banach space
which satisfies Opial’s condition and let C' be a nonempty closed convex
subset of E with P as a nonexpansive retraction. Let T; : Q x C — E,
1 = 1,2,3, be three asymptotically nonexpansive nonself random map-
pings with sequences of measurable mappings {r;,} C [1,00) such that
o0

S (r, (t) — 1) < oo, 73, (t) = 1 asn — oo, forallt € Q and i =1,2,3.

n=1

3

Suppose that F = (| RF(T;) # 0 and, {&,(t)}, {n.(t)} and {(a(t)} are
i=1

the sequences defined in (2.1) where aum, Bp, Yo are sequences in [€,1— ¢

for some € > 0 and ) o, < 00,Y. d, < 00 and Y, A\, < 0o. Then
n=1 n=1 n=1

{& W) A (t)} and {(,(t)} converge weakly to a common random fized

point of Th,To and Tj.

Proof. From Lemma 3.2, we have that ILm 1€n(t) — T5(t,&n(2))]] = O for

i =1,2,3. Since E is uniformly convex and {{,(t)} is bounded, without
loss of generality we may assume that &, (t) — u(t) weakly as n — oc.

3
Hence by Lemma 2.12, we have u(t) € (| RF(T;). Suppose that subse-
i=1
quences &p, (1), &m, () and &, (t) of £,(t) converge weakly to u(t), v(t) and
3
w(t), respectively. Lemma 2.12 implies that u(t),v(t), w(t) € (| RF(T;)
i=1
and by lemma 3.1, lim ||&,(t)—u(t)||, lim ||, (¢)—v(t)] and lim [|&,(¢t)—
n—00 n—0o00 n—00
w(t)|| exist. It follows from Lemma 2.13, that u(t) = v(t) = w(t). There-
fore {£,(t)} converges weakly to a common fixed point of 71,75 and Ts.

In addition by (3.25) and (3.23) we have n,,(t) — u(t) weakly as n — oo
and (,(t) — u(t) weakly as n — oo. O
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