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ABSTRACT. For a given measure space (X, %, u) we construct all
measure spaces (Y,%, ) in which (X, %, u) is embeddable. The
construction is modeled on the ultrafilter construction of the Stone—
Cech compactification of a completely regular topological space.
Under certain conditions the construction simplifies. Examples are
given when this simplification occurs.
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1. Introduction

A measurable space (X, %) is said to be embedded in a measurable
space (Y, %) (denoted by (X, %) C (Y,%)) if X CY and

B={CNX:Cec%F).

A measure space (X, %, u) is said to be embedded in a measure space
(Y, %€, ) (denoted by (X,%,u) C (Y,€,N)) if (X,%) C (Y,%) and
uw(CNX) = AC) for each C € €. In this note, for a given measure space
(X, B, 1), we construct all measure spaces (Y, %, A\) in which (X, %, u)
is embedded. Equivalently, for a given measure space (X, %, u), we
construct all measure spaces (Y,%,\) which contains (X, %, u) as a
thick subspace. (Recall that a subset X of a measure space (Y, %, \) is
said to be thick (or of full outer measure) if A(C') = 0 for each C € ¥
such that C' C Y\ X, equivalently, if \,(Y\X) = 0, where A\, denotes
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Embedding measure spaces 126

the inner measure induced by A. If X is a thick subset of (Y,%,\) and
if

B={CNX:Cec%)

and u(CNX) = A(C) for each C € €, then (X, %, ) is a measure space
which is embedded in (Y, %, \). Conversely, if (X, %, ) is embedded in
(Y, €, ), then X is a thick subset of (Y, %, \); see e.g. Theorem 17.A of
[4].) Our construction here is analogous to the ultrafilter construction
of the Stone-Cech compactification of a completely regular topological
space X. (Completely regular topological spaces are always assumed to
be Hausdorff.)

We recall some basic facts, definitions and notation. For details we
refer the reader to [1], [3] and [4]. Let (X, %) be a measurable space.
A non-empty &/ C A is called a filter-base in £ if for every A, B € &/
there exists a non-empty C € o such that C C AN B. A filter & in #
is a filter-base such that B € % whenever B € 4 and F' C B for some
F € .. An ultrafilter in % is a maximal (with respect to C) filter. An
ultrafilter is called free if it has empty intersection, otherwise, it is called
fized. An ultrafilter is said to have the countable intersection property
(c.i.p., in short) if every countable number of its elements has a non-
empty intersection. It is known that every filter-base in 4 is contained
in some ultrafilter in 4, and that a filter-base & in £ is an ultrafilter if
and only if for each B € # if B meets every element of &/ then B € o
Note that an ultrafilter .% in % has c.i.p. if and only if it is o-complete,
i.e., it is closed under countable intersections.

Let X be a topological space. By a zero-set in X we mean a set
of the form f~1(0) where f : X — [0,1] is continuous; the comple-
ment of a zero-set is called a cozero-set; denote Z(f) = f~'(0) and
Coz(f) = X\Z(f). Let Z(X) and Coz(X) denote the set of all zero-sets
and the set of all cozero-sets of X, respectively. Let X be a completely
regular topological space. A compactification of X is a compact Haus-
dorff topological space which contains X as a dense subspace. We denote
by BX the Stone-Cech compactification of X, which always exists, and
is characterized by either of the following properties:

e Every continuous function from X to a compact space is contin-
uously extendible over 5X.

e Every continuous function from X to [0,1] is continuously ex-
tendible over 8X.
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e For every Z, 5 € Z°(X) such that ZNS = () we have
clgxZ Nclgx S = 0.
e For every Z,S € Z(X) we have
clgx(ZNS) =clgxZ Neclgx S.

Note, in particular, this implies that disjoint zero-sets (and thus disjoint
closed-open subsets) in X have disjoint closures in X . For a completely
regular topological space X the Hewitt realcompactification vX of X is
the subspace of 5X defined by

vX = ﬂ{C : C € Coz(BX) and X C C}.

A topological space is said to be realcompact if it is homeomorphic to
a closed subspace of some topological product of the real line. Every
regular Lindelof topological space is realcompact. It is known that a
completely regular topological space X is realcompact if and only if
X = vX if and only if for every p € X\ X there exists a zero-set Z in
BX such that p€ Z and Z N X = 0.

A topological measurable space is a triple (X, 0, %) where (X, ) is
a measurable space and (X, ) is a topological space such that & C A,
i.e., every open set (and thus every Borel set) is measurable.

This note is organized as follows. In Section 2 we construct all measure
spaces (Y, %, \) in which a given measure space (X, %, 1) is embedded.
In Section 3 we simplify the construction under certain additional condi-
tions on (X, %, ). Indeed, we prove that if the points of X are separated
by measurable sets in #Z and there is no free ultrafilter in &£ with c.i.p.,
then (X, %, u) is embeddable in (Y, %, \) if and only if (Y, %, \) is ob-
tained from (X, %, u) by “blowing” certain points of X up and “pasting”
a certain measurable space to X in a certain way. In Section 4 we provide
examples satisfying the assumption of the theorem in Section 3, i.e., we
find examples of measure spaces (X, %, u) with no free ultrafilter in A
having c.i.p. It turns out that the class of such measure spaces (X, 4, 1)
is reasonably large (e.g., it contains the class of all first-countable real-
compact topological measure spaces, thus in particular, containing all
n-dimensional Lebesgue measure spaces) and behaves very nicely in con-
nection with the standard operations on measure spaces (e.g., we show
that for any o-finite measure spaces (X, %, u) and (Y, €, A) such that in
each of which singletons are measurable, considering the measure space
(X XY, % x €, x A), there is no free ultrafilter in & x € with c.i.p.
if and only if there is a free ultrafilter with c.i.p. neither in % nor in
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% .) Finally, in Section 5 we give examples of measure spaces (X, %8, )
having arbitrarily large number of free ultrafilter in & with c.i.p. We
leave some problems open which are formally stated.

2. The construction of measure spaces in which a given
measure space (X, %, u) is embeddable

The following lemma is well known.

Lemma 2.1. Let (X, B) be a measurable space. Let % be an ultrafilter
n AB.

(1) For any B € A either B€ % or X\B € % .

(2) Suppose that % has c.i.p. and By, Ba,... € %B. Then

(2.1) G B,eu

n=1

if and only if B,, € % for some n € N.

Proof. To show (1), note that if B ¢ % for some B € 2, then, since %
is an ultrafilter, we have BNU = () for some U € % . Thus U C X\B,
which implies that X\B € % .

To show (2), note that (2.1) holds trivially if B,, € % for some n € N.
To show the converse, suppose that (2.1) holds, while B,, ¢ % for each
n € N. For each n € N (since % is an ultrafilter) there exists some
U, € % such that B, NU,, = (. Now

(@

NuinlUB.=U (NuvinB.) € JWanB,) =0
i=1 n=1 n=1 i=1 n=1
contradicting the fact that % has c.i.p. O

Theorem 2.2. Let (X, %, ) be a measure space. Then (Y,€,)\) is a
measure space in which (X, %, ) is embedded if and only if there exists
a measurable space (Z,9), a collection {Pp : B € B} of non-empty
subsets of P such that

(1) 0 € 9y;

(2) if B € A, then

{Z\D :D e .@B} - -@X\B;
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(3) if B1,Bs,... € A, then
{ U D, :D,e¢c .@Bn} C .@UZ@:an;
n=1

and a collection {Sy, : % € U} of pairwise disjoint non-empty sets,
bijectively indexed by a collection U of ultrafilters in B with c.i.p., where
the sets X, Sqy for any % € U, and Z are pairwise disjoint, such that

Y=XxU|JSyuZ
v €U

¢={BU |J SyUD:BeB adDe s},
Be# €U
and A : € — [0,00] is given by

)\(BU U S« UD) — u(B)
Be# €U

for each B € % and D € Pp.

Proof. Suppose that Y, € and \ are defined as in the statement of the
theorem. We show that (Y, %, \) is a measure space in which (X, %, u)
is embedded. First, we verify that ¢ is a o-algebra on Y. By (1) we
have ) € €. Let C € €. We show that Y\C € €. Let

C=BU |J SzUD
Be# €U

for some B € 4 and D € Zp. Note that for each % € U we have B ¢ %
if and only if X\B € % this is because if B ¢ % then X\B € % by

Lemma 2.1; the converse is trivial. Therefore

Y\C = (XUU&;AJZ)\(BU U S@UD)

% €U Be# €U
= (X\B)U (US@/\ U Sa;/) (Z\D)
w €U Be% €U
= (X\B)jU |J SzU(2\D)
B¢¥ €U

= (X\B)u |J Sxu(2\D).
X\Be% €U
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By (2) we have Z\D € Zx\p. Thus Y\C € €. Now, to show that ¢ is
closed under countable unions, let C1,Cs,... € ¥. Then

C,=B,U |J SzuD,
Bne% €U

where B, € # and D,, € 9p, for each n € N. Using Lemma 2.1, we
have

<Bnu lJ SzuD, )

n=1 = BHEWGU

= UBUU U %UUD

n=1 Bpe% €U

= UBnU U S%UUDn.
n=1

U2 Bhe €U n=1

C
f

Il
g (3

By (3) we have
U D, € ‘@UZO:an'
n=1
Thus
Ucneew.
n=1

This shows that % is a o-algebra on Y. Next, we show that A is a
measure on 6. Note that A(0) = 0. If Cq,Cs,... € € are disjoint, then
using the above results and notation we have

)\( fj Cn> - u( G Bn) - i,u(Bn) - i)\(C’
n=1 n=1 n=1 n=1

This shows that (Y, %, \) is a measure space. Now we show that (X, %, u)
is embedded in (Y, %, \). Obviously, by our definitions we have X CY
and CN X € A for each C € ¥. Conversely, for each B € £, since by
our assumption Zp is non-empty, we have B = C' N X for some C € €.
Thus

B={CNX:CeC}

Also, it is obvious that A(C) = p(C N X) for each C' € €. Therefore
(X, A, u) is embedded in (Y, %, A).
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Now, suppose that (Y, %, \) is a measure space in which (X, %, u) is
embedded. We show that (Y, %, \) can be constructed as in the previous
part. Note that X C Y. Define

Z={peY\X:peCCY\X for some C € ¢}
and
92={CnZ:Ce%}.
Then obviously (Z, Z) is a measurable space. Define
I9p={CNZ:Ce%and CNX =B}

for each B € 4. Obviously Zp C 2 and %p is non-empty for each B €
#. We verify that conditions (1)—(3) of the theorem hold. Condition
(1) holds trivially. To show condition (2), note that if D € Zp for some
B e P then D=CnNZ, where C € ¢ and CNX = B. Thus

Z\D=2Z\(CNnZ)=Zn((Y\C).
Now, since

(Y\O)N X = X\(CNX)=X\B
we have Z\D € Px\p. Therefore

{Z\D: D € 95} C -@X\B-

To show condition (3), let B,, € # and D,, € Zp,, for each n € N. Then
D, = C,NZ where C,, € € and C,, N X = B, for each n € N. We have

Ub.=Jznc=2znJcC.
n=1 n=1 n=1
and - - -
xnlca.=Jxncy=]JBn
n=1 n=1 n=1
where -
UJcnew.
n=1
Thus -
U Dy € 9UZ°:1 By
n=1
ie.,

{ D Dy Dy € 5,} € Pz, 5,

n=1
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This shows conditions (1)—(3). For each p € (Y\X)\Z let
Uy={CNX:peCeF}.

Claim 1. For each p € (Y\X)\Z the set %, is an ultrafilter in 2 which
has c.i.p.

Proof of Claim 1. First note that
(2.2) Y\X))\Z={yeY\X :CNX # for each C € € with y € C}.

Let p € (Y\X)\Z. By (2.2) we have ) ¢ %,. It is obvious that () #
U, € % and that %, is closed under finite intersections. Now, suppose
that U C B for some U € %, and B € %. Then U = C' N X for some
C € ¢ such that p € C, and B = GN X for some G € €. If p ¢ G
then p € Y\G € €. Thus p € C N (Y\G) € € and therefore by (2.2)
and the choice of p the set C' N (Y\G) N X is non-empty. But this is a
contradiction, as

CNXNY\G) =UN(Y\G)CBN((Y\G)=(GNX)NY\G) = 0.

Thus p € G and therefore B = GN X € %,. This shows that %, is a
filter in . To show that %, is an ultrafilter, let B € % be such that
B NU is non-empty for each U € %,. Let B =CNX for some C € ¢.
If p ¢ C then p € Y\C and thus (Y\C)NX € %,, which is not possible,
as (Y\C)NX misses B. Therefore p € C' and thus B =CNX € %,. To
show that %, has c.i.p., let U1,Us,... € %,. Then U, = C,, N X where
pe C, €% for each n € N. Then

pe()Cne?
n=1
and thus
(Un=[)XNC)=XN[)Cn<%
n=1 n=1 n=1
Therefore
() Un # 0.
n=1

This proves the claim.

Let
U= {%p 'p € (Y\X)\Z}.
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Then U is a collection of ultrafilters in % with c.i.p. For each € U
define

Sy ={pe Y\X)\Z:% =2}
Note that Sy, for each % € U, is non-empty, as % = %, for some

p € (Y\X)\Z and thus p € Sy. Also, for any distinct %,¥ € U we
have Sy NSy =0, as p € Sy NSy implies that % = %, = ¥ . Thus

{Sy : % € U}

is a bijectively indexed collection of pairwise disjoint non-empty sets.
Note that by our definitions the sets X, Sy where % € U and Z are
pairwise disjoint. Let

Y'=Xu|]J SsuZz

% €U
%’:{BU U S%UD:Be%andDe@B}
Be% €U
and X' : €' — [0, 00| be given by
/\’<B u |y Swu D) = u(B)
Be# €U

where B € 2 and D € Pp. By the first part we know that (Y/, ¢, \)
is a measure space in which (X, 4, u) is embedded. We verify that

(Y, 6, \) = (Y, ¢ N).

By our definition it is obvious that Y’ C Y. To show the reverse inclu-
sion, let p € Y. If eitherpe X orpe Z thenp e Y'. If p € (Y\X)\Z,
then since %, € U and by our definition p € Sy, we have p € Y’. Thus
Y C Y’ and therefore Y = Y’. Next, we verify that 4 = €.

Claim 2. Let C € € and B=CnNX. Then

U Sz =Cn((m\x)\2).
Be# U

Proof of Claim 2. Suppose that p € Sy for some % € U such that
Be. Ifp¢ C thenpeY\C € € and thus

Y\C)NX € U =%.

But this is not possible, as (Y\C) N X misses CNX = B. Thus p € C.
Also, since Sy C (Y\X)\Z it is obvious that p € (Y\X)\Z. To show
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the reverse inclusion, note that for each p € C'N((Y\X)\Z) since p € C
we have B = C N X € %, and p € Sy,. This proves the claim.

Now, let C' € ¢’. Then
¢'=BU |J SzuUD.
Be% €U
for some B € # and D € Yg. Thus, by the way we have defined Zp
we have D = C' N Z, for some C € € such that C N X = B. By Claim
2 we have
C'=BU [J SzUD=(CnX)u(CN((Y\X)\Z))U(CNZ)=C€%.
Be% €U
Therefore €' C 4. To show the reverse inclusion let C € ¥. Let
B=CnXePBand D=CnNLZ. Then D € Yp, by the way we have
defined 25, and thus by Claim 2 we have
C=(CnX)u(Cn(Y\X)\Z))u(CnZ)=BU |J SyuDe¥.
Be# U
Therefore 4 C ¢, which together with the above shows that ¢ = %”.
The fact that A = X is trivial, as by the above for each C' € ¥ we have
AMC) =pu(CnX)=N(0).

This completes the proof. ]

Let (Y,%,\) be a measure space in which (X, %, u) is embedded.
Assume the representation and notation given in Theorem 2.2. Then

Y=XU|JSyuZz
% €U
where (by the proof of Theorem 2.2)
Z={peY\X:peCCY\X for some C € ¢}.
Thus
U Sz = 0"\x)\z
% €U
= {peY\X:CnNX #0 for each C € € with p € C}.

We verify that

U si-

% €U is free
{p € (Y\X)\Z : p is separated from each z € X by sets in ¢}
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and consequently

U -

€U is fixed
{p € (Y\X)\Z : p is not separated from some z € X by sets in ¢}.

To show this, let p € Sg for some free % € U. Let x € X. Since % is
free, we have z ¢ U for some U € % . Let D € 2. Then

c=Uvu |J SyuDe%
Uey €U
is such that p € C and = ¢ C. Conversely, let p € (Y\X)\Z be such
that it can be separated from each x € X by a measurable set in %. Let
% € U be such that p € Sy . Suppose that % is not free. Let x € (% .
Let
c=BuU |J SyuDew,
BeyeU
where B € # and D € 9p, be such that p € C and = ¢ C. Then, since
p € Sy, we have B € %/, and thus x € B, which is not possible, as
B C C. Therefore % is free.

Thus, in the absence of free ultrafilters in %, each p € Y\ X (depend-
ing on whether p € Z or p ¢ Z) either “separates” from the whole X
by a (null) set in %, or tightly “sticks” to some point x of X so that it
cannot be separated from x by any measurable set in €. In the next sec-
tion we restrict our attention to measure spaces (X, %, u) having no free
ultrafilter in & with c.i.p. As we will see, this assumption considerably
simplifies our construction.

3. The case of measure spaces (X, %, u) with no free ultrafilter
in 4 having c.i.p.

In this section we show that for certain classes of measure spaces
(X, A, 1), the structure of measure spaces (Y, %, \) in which (X, %, u)
is embedded is expressible in a simpler way: They are simply obtained
by “blowing” certain points of X up and “pasting” a certain measur-
able space to X in a certain way. This we prove in the next theorem.
Examples of measure spaces satisfying this assumption are given in the
next section.

Theorem 3.1. Let (X, %, u) be a measure space. Suppose that the
points of X are separated by measurable sets in P and that there is
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no free ultrafilter in % with c.i.p. Then (Y,%€,\) is a measure space
in which (X, %, 1) is embedded if and only if there erxists a measurable
space (Z,9), a collection {Pp : B € B} of non-empty subsets of P such
that

(1) 0e Dy;

(2) if B € A, then

{Z\D D e @B} - @X\B;
(3) if B1,Bs,... € A, then

{ G Dy Dy €5, } C Pz b,
n=1

and a collection {Ty, : uw € U} of pairwise disjoint non-empty sets, bijec-
tively indexed by a subset U of X, where the sets X, T,, for any u € U,
and Z are pairwise disjoint, such that

Y =XU UTuuZ,
uelU

“={BU |J TWUD:BeZ wmdDe g}
ue BNU
and A : € — [0,00] is given by

A(B U ngmUTu UD) = u(B)

for each B € $ and D € Zp.

Proof. Suppose that (Y, %, \) is a measure space in which (X, %, u) is
embedded. Assume the representation given for (Y,%,\) in Theorem
2.2. Assume the notation of Theorem 2.2. By our assumption for each
% € U the set (% is non-empty. Note that (% is a singleton, as
if x,z € % and x # z, then by our assumption z € B and z ¢ B
for some B € #. Now X\B € £ intersects each element of %, thus
X\B € 7% . This contradicts the fact that = ¢ X\B. Let

(% = {ux}.

Define
U= {’ng/ T U € U}

Claim 1. For each % € U we have
U ={B e AB:uy € B}.
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Proof of Claim 1. Let 4 € U. Obviously, ugy € B for each B € % .
Conversely, if B € 4 is such that ugy € B then B € % . As otherwise,
BNG =0 for some G € . Thus G C X\B € % which implies that
X\B € 7% . This contradicts the fact that ugy ¢ X\B and proves the
claim.

For each u € U there exists some % € U such that u = ug . Note that
by Claim 1 such a % is unique; let T3, = Sy . The collection

{T,:ueU}

consists of non-empty sets which are pairwise disjoint and bijectively
indexed (as any distinct u,v € U are of the form u = ugy and v = uy
for some distinct %, ¥ € U).

Claim 2. For each B € % we have

UT: U Sy.

ueBNU Bew €U

Proof of Claim 2. Suppose that B € % € U. By Claim 1 we have
ugy € BNU. Note that T3, = Sy . To show the reverse inclusion, let
u € BNU. Let € U be such that u = ug . Then, by our definition
T, = S9 . Note that by Claim 1 we have B € % . This proves the claim.

Note that if B = X then Claim 2 implies that

Uz.= ] S«

uelU % €U

From the above the desired representation of (Y, %, ) follows.

Conversely, suppose that Y, ¥ and A are given as in the statement
of the theorem. Assume the notation of the theorem. For each v € U
define

U, ={B € % :uec B}.

Claim 3. For each u € U the set %, is an ultrafilter in B with c.i.p.

Proof of Claim 3. Let u € U. Obviously, 0 # %, C B, O ¢ %, and %,
is closed under finite intersections. Also, note that if G C B for some
G € U, and B € A, then B € %,. Thus %, is a filter in 4. To show
that %, is an ultrafilter, suppose that B € 4 is such that BN G is non-
empty for each G € %,. If B ¢ %, then u ¢ B. Thus u € X\B € #



Embedding measure spaces 138

and X\B € %,. But X\ B misses B, which is a contradiction. Therefore
B € %,. The fact that %, has c.i.p. is obvious. This proves the claim.

Let

U={%, :ueU}.
Note that each % € U is of the form %, for some unique u € U. This
is because if %, = % = %, for some distinct u,v € U, then by our
assumption v € B and v ¢ B for some B € #B. Thus B € %,\%,.
Therefore %, # %,, which is a contradiction. For each % € U define
Sy =T,, where u € U is such that % = %,. The collection

{Sy : % € U}

consists of non-empty sets which are pairwise disjoint and bijectively
indexed (as distinct elements of U are assigned to distinct elements of
U).

Claim 4. For each B € % we have

U Se= |J Tu

Be% €U ueBNU

Proof of Claim 4. Let w € BNU. Then, by our definition of %, we have
B € %, € U. Also, by our definition T,, = Sy,. To show the reverse
inclusion, let B € % € U. Let u € U be such that % = %,. Then, by
our definition Sy = T,. But since B € %, by our definition we have
u € B, and thus v € BN U. This proves the claim.

Note that if B = X then Claim 4 implies that

U Sz = 7.

w €U uelU
From the above and Theorem 2.2 the result follows. O

4. Examples of measure spaces (X, %, u) with no free
ultrafilter in 4 having c.i.p.

In this section we give examples of measure spaces (X, %, u) for which
the assumption of Theorem 3.1 holds, i.e., measure spaces (X, %, u) for
which there is no free ultrafilter in 4 with c.i.p. The following gives some
equivalent ways to express this condition. The equivalence of conditions
(1) and (2) in the following proposition is well known; we include the
proof in here for the sake of completeness.
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Proposition 4.1. Let (X, %) be a measurable space. Then the following
are equivalent:

(1) There is no free ultrafilter in B with c.i.p.

(2) For every {0, 1}-valued measure p on B whose null sets cover X
we have p = 0.

(3) For every {0, 1}-valued measure p on B whose null sets cover
X, if € C B is non-empty and such that | J € € B, then

,u( %) = sup u(C).
U Cev ( )
Proof. That (2) implies (3) is trivial. (1) implies (2). Let p be a non-
trivial {0, 1}-valued measure on % whose null sets cover X. Define
F ={BePB:uB)=1}.

We show that % is a free ultrafilter in &4 with c.i.p. If F,G € %, then
since

u(FUG) = p(F\G) + u(G)
and u(G) =1, we have pu(F\G) = 0. Therefore
W(FNG) = w(F\G) + p(F N G) = p(F) = 1

and thus F NG € #. Obviously, if FF C B for some F € .% and
B € %, then B € .%. Therefore, # is a filter in #. To show that .#
is an ultrafilter, let B € % be such that B N F is non-empty for each
FeZ 1If B¢ .7, then u(B) = 0, and thus, since u(X\B) = 1, we
have X\B € .#. But this is not possible, as B misses X\B. Therefore
B € #. To show that .# has c.i.p., let Fy, Fs,... € #. Without any
loss of generality we may assume that Fy D F5 D .. If

o
(Fn¢ 7
n=1
then
o0
M( ﬂ Fn> =0.
n=1

Thus (with the empty intersection interpreted as X) we have

(41) 1= p(X\ N F) = n( U (Fu-i\Fn)) = S (Fu i\ By,
n=1 n=1

n=1
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Now, each G, = F,_1\F,, where n € N, misses F,, € # and thus
G, ¢ F; therefore u(G,) = 0. This contradicts (4.1) and shows that

oo
() Fne 7.
n=1

To show that % is free, let x € X. By our assumption x € B for some
B € % such that u(B) = 0. Thus pu(X\B) = 1. But X\B € .% and
x ¢ X\B. Therefore (% = 0.

(3) implies (1). Suppose that there exists a free ultrafilter .# in &
with c.ip. Define p : # — {0,1} such that u(B) = 1 if B € .% and
uw(B) = 0if B ¢ .#. To show that p is a measure, first note that
(@) = 0. Let By, Ba,... € % be pairwise disjoint. Suppose that

UB.¢ 7.
n=1

Then B, ¢ .# for some n € N. Therefore

(12) f(U Ba) =Y wis.)

as each side is identical to 0. Suppose that
o
U B, € .Z.
n=1

By Lemma 2.1 this implies that B, € % for some n € N. Note that
for each n # i € N, since B; N B, = () we have B; ¢ .#. Thus (4.2)
holds, as in this case each side is identical to 1. This shows that y is a
measure. Since .% is free, for each x € X there exists some F' € % such
that ¢ F. Thus z € X\F, and since X\F ¢ .# we have u(X\F) = 0.
Therefore the null sets of % cover X. Now, let

¢ ={X\F:FeZ}.

Then since .7 is free, we have | J ¢ = X, and therefore by our assumption
sup j(X\F) = sup u(C) = (| J#) = u(X) = 1.
FeF Ce¥
But this is not possible, as if F' € . then X\F ¢ %, as it misses F,
and thus pu(X\F) = 0. O

Theorem 4.2. Let (X, %) be a measurable space. If X is countable
then there is no free ultrafilter in 9B with c.i.p.
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Proof. Let X = {x1,z9,...} and let F be a free ultrafilter in Z. Since
Z is free for each n € N there is some F,, € .% such that z,, ¢ F,,. Then

oo
A r-o
n=1
and thus % does not have c.i.p. O

Theorem 4.3. Let (Y, %) be a measurable space. Let X € € and
B={Ce¥:CCX},
i.e., X € € and (X,AB) is embedded in (Y,€). If there is no free
ultrafilter in € with c.i.p. then there is no free ultrafilter in B with
c.1.p.
Proof. Simply note that if % is a free ultrafilter in % with c.i.p., then
¢ ={G €% :G2F for some F € F}

is a filter in ¥ which is an ultrafilter (as if C' € ¥ meets each G € ¢
then, since # C ¢, the set (X NC)NF = CN F is non-empty for each
F € # and thus X N C € % which implies that C € 4, as X NC C C)
and it is free (as .# C ¢ and thus (¥ C (). and . is free) and has
c.ip. (as .Z has, and if G1,Ga,... € 4 then

(o] o
(1 Gn2 () Fu
n=1 n=1
where for each n € N, the element F,, € .# is such that F,, C G,,). O

Theorem 4.4. Let (X, %) C (Y, %) and let Y\X be countable. If there
is no free ultrafilter in % with c.i.p. then there is no free ultrafilter in
€ with c.i.p.

Proof. Let
Y\X = {yl,yg, .o }

Let 7 be a free ultrafilter in ¢ with c.i.p. Since J# is free, for any
n € N there exists some H,, € # such that y, ¢ H,. Let

o ={HNX:He#)C B
Note that ) ¢ o7, as otherwise H N X = () for some H € 5. Now
o0
Hn () Hy=0,

n=1
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as

o0 o

HA () Hy © (X0 H)U (X)) Ha) =0
n=1 n=1

contradicting the fact that s has c.i.p. Thus & is a filter-base in 4,

as &/ is closed under finite intersections. Let .%# be an ultrafilter in A

such that & C %#. Then since

NZc(o=(\#nX

(and A7 is free), .Z is free. To show that .# has c.i.p., let F1, Fy,... € .Z.
Let F,, = C,, N X where C,, € ¥ for each n € N. Let n € N. For each
H e 2, since HN X € o C.% we have

CoNHNX=F,NHNX € .Z.

Therefore H N C,, is non-empty and thus (since ¢ is an ultrafilter)
C, € €. Now, since

ﬁ@mﬁmczgnﬁ@ﬁ«nmmﬁm)
n=1 n=1 _

n=1 n=1
o oo
= (X nCy)=()Fn
n=1 n=1
and 7 has c.i.p., we have
o0
F, #0.
n=1
Therefore .# has c.i.p. O

If (X, %) and (Y, €) are measurable spaces, we denote by % x € the
smallest o-algebra on X X Y containing the set

{BxC:Be % and C €€}

of all measurable rectangles in X x Y.

Theorem 4.5. Let (X, %) and (Y,€) be measurable spaces such that in
each of them singletons are measurable. Then the following are equiva-
lent:

(1) There is no free ultrafilter in B x € with c.i.p.
(2) Neither there is a free ultrafilter in B with c.i.p. nor there is a
free ultrafilter in € with c.i.p.
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Proof. (1) implies (2). Let .% be a free ultrafilter in £ with c.i.p. Fix
some y € Y and let

o ={F x{y}: FeF}.

Then <7 is a filter-base in B x ¢, as ) ¢ o/ and & is closed under finite
intersections. Let J#Z be an ultrafilter in & x € such that o/ C 7.

Then

Nz <N =(NF) <y} =0
and 7 is also free. We verify that 5 has c.i.p. Let Hy, Ho,... € J7.
Let

HY ={zeX:(x,y) € Hy}

for each n € N. Then Hj, for each n € N, being the y-section of the
measurable set H,, of & x € is measurable in X. Note that for each
n € Nand F € .Z, since F x {y} € #, we have

H, O (F x{y}) #0,

and thus H N F is non-empty. Therefore, since .% is an ultrafilter, we
have Hj, € . for each n € N. Since .Z has c.i.p., we have

() HY #90.
n=1
Now since - -
(N #2) x (v} < () Ha
n=1 n=1
it follows that -
() Ha # 0.
n=1

A similar argument can be used in the case when there is a free ultrafilter
in ¢ with c.i.p.
(2) implies (1). Let S be a free ultrafilter in & x € with c.i.p. Let

o ={BeAB:BxC e A for some C € ¢}.

Then &/ is a filter-base in %, as ) ¢ < and it is closed under finite
intersections. Let .%# be an ultrafilter in % such that &/ C .%.

Claim. For each F € ¥ we have ' XY € 7.

Proof of the claim. Otherwise, if F' x Y ¢ 5 for some F € %, then
since 7 is an ultrafilter, we have (F' x Y) N H = () for some H € J.
Thus H C (X\F) x Y and therefore (X\F) x Y € J. But this implies
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that X\ F € o/, and thus X\ F' € .%, which is not possible, as it misses
Fexz.

Now, we show that .# has c.i.p. Let F1,F,,... € %#. By the above
F, xY € 5 for each n € N and thus, since .5 has c.i.p.,

(B, xY) #£0.
n=1
But
ﬂ(anY):<ﬂFn> < Y.
n=1 n=1
Therefore
() Fu #0.
n=1

By our assumption .% is not free, i.e., [|.Z is non-empty. Let p € (| .Z#.
Then {p} € & meets each F' € %, and thus, since .% is an ultrafilter we
have {p} € .#. By the claim {p} x Y € J#. Similarly, there exists some
g € Y such that X x {¢q} € . Now

{0} = ({p} xY) N (X x{q}) € #

and thus, since {(p,q)} N H is non-empty for each H € 5, we have
(p,q) € (-4, which is a contradiction. O

Let X be a completely regular topological space. Recall that the
o-algebra of Baire subsets of X (denoted by (X)) is the smallest o-
algebra in X containing Z(X). By a Baire measure on X we mean a
finite measure on A*(X). The support of a Baire measure p on X is
defined to be the set

{z € X : u(U) > 0 for every U € Coz(X) such that z € U}

and is denoted by supp(u).
The following Lemma is well known. (See [2].)

Lemma 4.6. Let X be a completely reqular topological space. Then the
following are equivalent:

(1) X is realcompact.

(2) Each {0, 1}-valued non-trivial Baire measure on X has a non-
empty support.

(3) Each ultrafilter in 2 (X) with c.i.p. is fized.
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Theorem 4.7. Let (X, 0, B) be a first-countable realcompact topological
measurable space. Then there is no free ultrafilter in X with c.i.p.

Proof. We prove the theorem in two different ways. Our first approach,
which is rather direct, is more topological; our second approach makes
use of the characterization given in Lemma 4.6.

First approach. Suppose to the contrary that there exists a free ultrafil-
ter Z in % with c.i.p. Note that the collection £ of all measurable sets
can be considered as a base for a topology on X, as it is closed under
finite intersections and covers X. Denote by &4 the topology generated
by % on X. Since (X, €) is Hausdorff and & C 4, the topological space
(X, O%) is Hausdorff and therefore completely regular, as the elements
of & are closed-open in (X, Oz). Let

¢:B(X,O0z) = B(X,0)
continuously extend

idx : (X, 0%) = (X, 0).
Since

{elgx,05)F : F € F}
has the finite intersection property, as % has, by compactness we have
G =(Nsx,0,F : F € F}#0.

Let p € G. Note that since .7 is free we have p ¢ X, as otherwise

p€ XNclgx,o,)F =F
for each F € .

Claim. IfV is an open neighborhood of ¢(p) in B(X, O) then VN X €
F.

Proof of the claim. Suppose the contrary, i.e., suppose that VN X ¢ .%.
Note that VN X € ¢ C 4. Since .Z is an ultrafilter, VN X NF = () for
some FFe . Since VNX e P and F € B, the sets VN X and F are
closed-open in (X, 0%), and therefore

Clﬁ(Xﬁgg)(V N X) N Clﬁ(Xﬁ%)F = Clﬁ(Xﬁgg)(V NnNXnN F) = 0.
By the choice of p we have
P ¢ Clﬁ(X}ﬁ@)(v N X)
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Let W be an open neighborhood of p in 3(X, @) such that WNVNX =
(). By continuity of ¢ there exists an open neighborhood U of p in
B(X, O%) such that ¢(U) C V. Then (since ¢|X = idx) we have

UNwWnX=¢UnNWnX)CToU)NWNXCVNWNX =0.

But this is a contradiction, as U N W, being a non-empty open subset
of B(X,0%), meets X. Thus VNX €.F

Next, we show that ¢(p) ¢ X. Suppose the contrary. By our assumption,
there exists a countable base

{V,, :n €N}

at ¢(p) in (X, 0). By the claim, V,, € .# for each n € N. Now, since .%#
has c.i.p., for each F' € .% we have

o0
Fn{e(p)} =Fn () Va#0.

n=1
Thus ¢(p) € ()%, which is a contradiction, as .# is free. Therefore
o(p) € B(X,0)\X. Since, by our assumption (X, ) is realcompact,
there exists a zero-set Z in 5(X, &) such that ¢(p) € Z and ZN X = 0.
Let Z = f~1(0) for some continuous f : (X, &) — [0,1]. Now, for each
n € N the set f71([0,1/n)) is an open neighborhood of ¢(p) in B(X, &),
thus by the claim

0 /n)NnX eF

Since % has c.i.p. we have

ZNX=f10nXx= ﬂf ([0,1/n)) N X #0

which contradicts the choice of Z.

Second approach. Suppose to the contrary that there exists a free ultra-
filter .# in £ with c.i.p. Define v : # — {0,1} such that v(B) = 0 if
B ¢ .% and v(B) = 1if B € .#. Then (arguing as in the proof of Propo-
sition 4.1 (3)=(1)) v is a measure. Note that Z contains the set %*(X)
of Baire subsets of X (as each zero-set in X, being a Gy, is contained in
). Denote
p=v|#(X): #°(X) = {0,1}.

Then p is a non-trivial Baire measure on X, and since we are assuming
that X is realcompact, by Lemma 4.6 it has non-empty support. Let
x € supp(u) and let {C), : n € N} be a local base at z in X. Without
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any loss of generality (since X is completely regular) we may assume
that C,, € Coz(X) for each n € Nand C; D Cy DO ---. Then

w(Cp) — u( ﬁ C’n>.

But this is a contradiction, as (since = € supp(p)) u(Cp) = 1 for each
n € N, and since .# is free,

n=1

as otherwise, x € F for each F € %, as {x} N F' is non-empty, and thus

(by our definition of v)
,u( ﬂ Cn> =0.
n=1

O

Obviously, every n-dimensional Euclidean space R™, where n € N, is
realcompact. Thus, from Theorem 4.7 we obtain the following.

Corollary 4.8. Let (R™, . #) be the Lebesgue measurable space, where
n € N. Then there is no free ultrafilter in .# with c.i.p.

Recall that a cardinal ¢ is said to be measurable if there is a non-
trivial {0, 1}-valued measure defined on the power set Z?(X) of a set
X of cardinality ¢ which vanishes at singletons. The following is well
known.

Theorem 4.9. In the measurable space (X, B), let B = P(X). Then
the following are equivalent:

(1) There is no free ultrafilter in B with c.i.p.
(2) X is of non-measurable cardinality.

Our next theorem is sort of converse to Theorem 4.7. We need, how-
ever, some definitions and some lemmas first.

Let X be a completely regular topological space. For an open subset
U of X the extension of U to X is defined by

EXXU = ,BX\CIBX(X\U)

The following lemma is well known (see Lemma 7.1.13 of [1] or Lemma
3.1 of [6]).
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Lemma 4.10. Let X be a completely regular topological space and let
U and V' be open subsets of X. Then

(1) X NnExxU = U, and thus clgxExxU = clgxU.
(2) EXX(U N V) =ExxUNExxV.

The following lemma is proved by E. G. Skljarenko in [5]. It is redis-
covered by E. K. van Douwen in [6].

Lemma 4.11. Let X be a completely regular topological space and let
U be an open subset of X. Then

bdgxExxU = clgxbdxU.
Lemma 4.12. Let X be a completely reqular topological space. If B is
a subset of X with compact boundary then
clgx B\X = Exx(intxB)\ X.
Proof. Since bdx B is compact, we have
clgxbdyB C bdxB C X,
and therefore
clgxB\X = clgx(intxBUbdxB)\X
= (clgxintx B Uclgxbdx B)\X
= (clgxintx B\ X) U (clgxbdx B\ X) = clgxintx B\ X.
By Lemma 4.10 we have
clgxintx B\X = clgxExx(intxB)\X
= (Exx(intxB)UbdgxExx (intxB))\X
= (Bxx(intxB)\X) U (bdgxExx (intx B)\X).
But by Lemma 4.11, we have
bdgxExx (intx B) = clgxbdx (intx B).
On the other hand bdx (intx B) C bdx B. Thus
clgxbdx(intxB) C bdxB C X.
Combining these, we obtain the result. O

Note that if U is an open subset of a completely regular topological
space X, then (since X is dense in SX) we have

Clng = Clﬂx(UﬂX).

We use this simple observation in the following.
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Theorem 4.13. Let (X, 0, ) be a completely regular topological mea-
surable space. Suppose that each B € B has compact boundary in X. If
there is no free ultrafilter in B with c.i.p. then X is realcompact.

Proof. Suppose the contrary, i.e., suppose that X is not realcompact.
Then X # vX. Let p € vX\X. Let

F ={B e X :pecclgxB}.
We show that .% is a free ultrafilter in & with c.i.p., contradicting our
assumption. Note that ) # .% C # and ) ¢ .F. Suppose that F, G € Z.
Then, by Lemmas 4.10 and 4.12 we have
p € (clgxF NclgxG)\X

= (clgx F\X) N (clgx G\X)

= (Exx(intxF)\X) N (Exx(intx G)\X)

= (Bxx(intx F) NExx(intxG))\X
Exx(intx F NintxG)\X

= Exx(intx(FNG))\X =clgx(FNG)\X.
Therefore p € clgx (FNG)\X and thus FNG € .#. Next, suppose that
F C B for some Be % and I' € %#. Then

pE ClﬁxF - CIBXB

and thus B € .#. This shows that .# is a filter in 4. To show that .7 is
an ultrafilter, let B € 4 be such that BNF is non-empty for each F' € .Z.
If B¢ % then p ¢ clgxB. Thus p € clgx(X\B), i.e., X\B € .#. But
this is not possible, as X'\ B misses B. Therefore B € .#. To show that
F is free, let x € X. Then (since p ¢ X) there exist some disjoint open
neighborhoods U and V of p and = in X, respectively. Then

pE Clng = Clgx(UﬂX)

and thus (since UNX € 0 C #) we have v ¢ UN X € .F. Therefore
z ¢ (F. Thus (. = 0 and .Z is free. To show that .# has c.i.p.,
let Fy, Fy,... € #. Then p € clgx F;, for each n € N and thus, since by
Lemma 4.12 we have

Clngn\X = Exx (inthn)\X

it follows that p € Exx(intx F,). For each n € N, let f,, : X — [0,1]
be continuous and such that

fn(p) =0 and fn‘(,BX\EXX(inthn)) =1.
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Then
0o
peZ=()2f) € Z(BX).

n=1
If ZN X = () then Z C BX\vX, which is a contradiction, as p € vX.
Thus, using Lemma 4.10 we have

oo
0#£ZnX = ()Z(f)NX
n=1
oo oo o
C () Exx(intxFu) N X = () intxF, C () Fu.
n=1 n=1 n=1
Therefore
o0
() Fu #0.
n=1
This show that .% has c.i.p. g

Remark 4.14. In the case when X is normal, using Lemma 4.6, one
can giwe an alternative proof for Theorem 4.18. To show this assume
that there exists a non-trivial {0, 1}-valued Baire measure v on X whose
support is empty. Let

F={BePB:v(X\B)=0}

in which v* is the outer measure induced by v. We verify that ¥ is a
free ultrafilter in A with c.i.p. Obviously, F is non-empty (as X € .F )
and O ¢ F (as v is non-trivial). Note that for any F,G € F since

V(X\(FNG)) =v*((X\F)U(X\Q)) < v (X\F)+v*(X\G) =0
we have FNG € % . Also, if F C B for some F € % and B € A (since
X\B C X\F) we have

V'(X\B) <V (X\F)=0
and thus B € % . Therefore F is a filter in . To show that F is an
ultrafilter, let B € % be such that BN F is non-empty for each F € Z.
Since supp(v) = 0, for each x € X there exists some U, € Coz(X)

such that x € U, and v(Uy,) = 0. By compactness of bdx B there exist
1, ...,Tn € X such that

bdxB C O Uy,
=1
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Let
U=|]JUs, € Con(X).
i=1
Then
Cle\U - Cle\bde CintxB

and thus (since we are assuming that X is normal) by the Urysohn
Lemma there exists a continuous f: X — [0, 1] such that

fI(X\intxB) = 0 and f[(clxB\U) = 1.

Now, if B ¢ F (by the definition of %) we have v*(X\B) = 1. Thus,
since X\B C Z(f) we have

and therefore
v(Coz(f)) =1—-v(Z(f)) =0.
Now, since
B CcxB C (cdxB\U)UU C Coz(f) UU = Coz(f)U | U,
i=1
we have

v (X\(X\B)) = v*(B) < v(Coz(f)) + > _v(Us,) = 0.
i=1
Therefore (by the definition of %) X\B € %, which is not possible, as it
misses B. This contradiction shows that % is an ultrafilter. It remains
to show that % has c.i.p. But this follows easily, as if Fy,Fs,... € F,
then since

v (X\ ﬁ F) - y*( ) (X\E-)) < i U (X\F}) = 0
i=1 i=1 i=1
we have
ﬂ F, e 7.
=1

Finally, note that .7 is free, as for each x € X since v(Uy) = 0 (with
U, as defined in the above) we have X\U, € .7, and thus x ¢ [ .Z.
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Theorem 4.15. Let (Y, % ,%) be a first-countable Hausdorff topological
measurable space. Let (X, B) C (Y,€) and let Y\X be Lindelof. If there
18 no free ultrafilter in B with c.i.p. then there is no free ultrafilter in
€ with c.i.p.

Proof. For each y € Y, let
{VY:n e N}

be an open base at y in Y. Suppose to the contrary that there exists a
free ultrafilter J# in € with c.i.p.

Claim 1. For each y € Y there exist some ny € N and H, € J such
that Vi, N Hy = (.

Proof of Claim 1. Suppose the contrary, i.e., suppose that for some
y € Y the set V,Y N H is non-empty for each n € N and H € 7. Note
that since J# is an ultrafilter in ¢ this implies that V,y € # for each
n € N. Since Y is Hausdorff, we have

Vi = {v),
n=1

and since Z has c.i.p., we have
o
Hn{y}=Hn (VY #0
n=1

i.e., y € H for each H € JZ, contradicting the fact that J# is free. This
shows Claim 1.

Claim 2. H N X is non-empty for each H € F€.

Proof of Claim 2. Suppose the contrary, i.e., suppose that H C Y\ X
for some H € J#. Since

X C| VY yeV\X}
and Y\ X is Lindelof, we have

oo
xclJvy
=1
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for some y1,92,... € Y\X. Now, by Claim 1 we have

[e.9] o0 o0
N\, < (Uve)n)
i=1 j=1

j=1
oo o0 o0
= UMW nN i) cUwe, nmy,) =0
i=1 j=1 i=1
contrary to the fact that J# has c.i.p.

Let

o ={HNX:He AN}
Then & C A (as (X,#B) C (Y, %) and . C €) and by Claim 2 we
have () ¢ o/. Since o is obviously closed under finite intersections, as
J is so, &/ is a filter-base in A. Let .Z be an ultrafilter in & such that
o C . Since S is free, we have

NZc(a=(\#nX=0

ie., & also is free. To show that % has c.i.p., let F1, Fy,... € F. Let
F, = C,,NX where C,, € € for eachn € N. Foreachn € Nand H € 57,
since HNX € &/ C %, we have

0£AHNXNE,=HNXNC,CHNC,

and thus, since 7 is an ultrafilter in %, we have C,, € 7. Now, for
each H € 7, since S has c.i.p., we have

Hmﬁaﬁé@,
n=1

and therefore

ﬁcne%”.

n=1

By Claim 2 we have
(N Fu=[)CanX #0.
n=1 n=1

This shows that % is a free ultrafilter in & with c.i.p., which is a con-
tradiction. ([l

Note that in the above proof we only need Y to be first-countable at
the points of Y\ X.
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5. Examples of measure spaces (X, %, ) with an arbitrarily
large number of free ultrafilters in % having c.i.p.

Example 5.1. Let ¢ be a cardinal. Then there exists a measure space
(Z,2,v) having at least C free ultrafilters in 2 with c.i.p.

Proof. Let (X, %, 1) be a measure space in which p is a non-trivial
{0, 1}-valued measure which (is defined and) vanishes at singletons. Let
(Y, %, \) be a o-finite measure space in which singletons are measurable
and such that card(Y) > (. By Proposition 4.1 there exists a free
ultrafilter .% in % with c.i.p. To see this, simply let

o ={{z}:ze X}
and observe that (since u is non-trivial)
u(U%) =pu(X)=1#0= igu(fc) = jg_};{u(z‘l)-
For each y € Y, let 77, be an ultrafilter in % x € such that
{Fx{y}:FeZF}Cun,
By the proof of Theorem 4.5 the ultrafilter 7, for each y € Y, is free

and has c.i.p. Note that J7,’s are distinct if y € Y are distinct. The
measure space (X X Y, 2 x €, x A) has the desired property. O

6. Questions

We conclude this article with the following questions.

Question 6.1. In Theorem 4.7, does the converse hold? More pre-
cisely, for a first-countable topological measurable space (X, 0, %) does
the non-existence of any free ultrafilter in B with c.i.p. imply its real-
compactness?

Question 6.2. [t is known that each finite measure space can be em-
bedded in a perfect measure space. Even more, each finite measure space
can be embedded in a compact (in the sense of Marczewski) measure
space. Find the corresponding choices of U, Sy, where % € U, (Z, D)
and {PDp : B € B} in Theorem 2.2 for any such embeddings.
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