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ABSTRACT. In this paper, we introduce the notion of (m, n)-algebr-
aically compact modules as an analogue of algebraically compact
modules and then we show that (m,n)-algebraically compactness
and (m,n)-pure injectivity for modules coincide. Moreover, further
characterizations of a (m,n)-pure injective module over a commu-
tative ring are given.
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1. Introduction

All rings in this paper are associative with unity, and all modules are
unital. The concept of algebraic compactness and purity have already
played major roles in the context of abelian group theory, module theory
and also model theory (see [2], [8, p. 167-170] and [12]). For a historical
survey of algebraic compactness and purity, we refer the reader to [13,
p. 708]. There are several variants of the notion of purity (see [3, 6]
and [13]). More generally, let m and n be two positive integers. A right
R-module M is said to be (m,n)-presented if it is the factor module
of a free right module of rank m modulo an n-generated submodule.
A short exact sequence (¢) of left R-modules is called (m,n)-pure if
it remains exact when tensoring it with any (m,n)-presented right R-
module. Recall that (¢) is (Ng, n)-pure exact (respectively (m,Ng)-pure
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exact) if for each positive integer m (respectively n), (¢) is (m,n)-pure
exact. Also, recall that (g) is (Rg, Rg)-pure ezact if for all positive integers
m and n, (g) is (m,n)-pure exact. The (R, Np)-pure exact sequences
are the pure exact sequences in the Cohn sense. Moreover, a submodule
A of a left R-module B is called (m,n)-pure submodule (B is called

(m,n)-pure extension of A) if the exact sequence 0 — A <% B —
B/A — 0 is (m,n)-pure. Also, a left R-module M is said to be (m,n)-
pure injective if M has the injective property relative to each (m,n)-
pure exact sequence (see [1, 4] and [17]). For a left R-module M, for
r1,...,n € Rand m € M, an equation in M is an expression rixi+-- -+
rnT, = m, where the z;’s are to be thought of as unknowns. A solution in
M is an indexed sequence by, ...,b, € M such that rib1+---+r,b, = m;
we write 1 = b1,...,x, = b,. Suppose that J and I are finite or infinite
index sets, and that (7;;) is a J x I matrix with entries rj; € R such that
each column has only a finite number of nonzero entries. Let m; € M,
j € J. Then the set of expressions

erix,; = m;, j € J (*)

icl
is called a system of equations in M with unknowns {x; | i € I}.
Similarly, an indexed set {b; € M | i € I} is a solution of (x) if
Y icrTjibi = m;j for all j € J. In this case, we say that x; = b; € M,
i € 1, is a solution of (). The system of equations (x) is called compati-
ble whenever for any choice of s; € R, j € J, where only a finite number
of s;’s are nonzero, if } ;. ; s;7j; = 0 for each i € I, then 3, ; s;m; =0
(see [5, Chapter 18] for more details on systems system of equations).
Throughout this paper, all systems of equations are assumed to be com-
patible.

As in [11], a left R-module M is called algebraically compact if any

system of equations

ZTjifEi =d; € M where rj; € R,ie l,je J(I)

which is finitely solvable in M, has a global solution in M; see [10] and
[16] (note that the system (I) is called finitely solvable if for every finite
subset F' C J, there exist b; € M, i € I, such that for j € F only
>, 1jibi = d;. For this, only a finite set {b; | rj; # 0, j € F'} of nonzero
b;’s is required; see [5, Definition 18-1.1]). In [13] Warfield proved that
a left R-module M is algebraically compact if and only if it is pure
injective.
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In this paper, we first introduce the notion of (m,n)-algebraic com-
pactness of modules as an analogue of the notion of algebraic com-
pactness of modules and then we show that an R-module M is (m,n)-
algebraically compact if and only if it is (m, n)-pure injective (see The-
orem 2.8). In Section 2, we give further characterizations of (n,m)-pure
injective modules over commutative rings. In fact, we show that a mod-
ule M over a commutative ring R is (n, m)-pure injective if and only if
M is a direct summand of direct product of submodules of E™ of the
form E[A], where E is an injective cogenerator R-module, E" is the
direct sum of n copies of E, A = (r;;) is an m X n matrix with entries
rj; € R and, E[A] is the following submodule of E™:

n

i=1
In this paper, all definitions and results can be given by replacing n or
m by Ng.

2. (m,n)-algebraically compact modules

The following lemma offers several characterizations of (m,n)-pure
exact sequences.

Lemma 2.1. ([1, Theorem 1.1]) Lete : 0 — A — B — C — 0

be an exact sequence of left R-modules. The following statements are

equivalent:

(1) € is (m,n)-pure.

(2) For each (n, m)-presented left R-module M, the sequence Hom(M, (¢))
15 exact.

(3) Ewvery system of m equations y i rjx; =a; € A, rj; € R,1<j <

m is solvable in A whenever it is solvable in B.

Moreover, if R is commutative and E is an injective cogenerator, then
the above statements are equivalent to the following:

(4) Hompg((€), E) is (n, m)-pure.
We have the following lemma about (m,n)-pure injective modules.

Lemma 2.2. ([15, Theorem 33.7]) Let M be a left R-module. The
following statements are equivalent:
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(1) M is (m,n)-pure injective.
(2) Every (m,n)-pure exact sequence 0 — M — My — My — 0
splits, where My and My are arbitrary left R-modules.

Next, we will introduce the notion of (m, n)-algebraic compactness as
an analogue of the notion of algebraic compactness.

Definition 2.3. Let R be a ring, M be a left R-module and
Z?"jixz’:deM,Tj,-GR,iGI,jEJ (%)
i

be a system of equations in M. We say that X is an R-linear combination
of x;’s, whenever there exists {s;}ic; € R, where only a finite number
of s;’s are nonzero and X = . s;z;. Also, we say that > ;" ; ¢ X; =m
is an R-linear combination of equations in (%), whenever there exists
{zj}jes € R, where only a finite number of z; are nonzero and we have
the following relations in M and in the free left R-module F' with the
basis {z; | i € [}:

2 Xt =3 5e 7 (Qier Tiiwi)s mo= 3 ey %d5-
Definition 2.4. Let R be a ring and M be a left R-module. We say
that a system of equations

eril'i:djEM,TjiGR,iEI,jEJ (*)
i
is (m,n)-solvable, whenever every system of m equations
n
chlekaEM, 1<k<m, ¢ €R,
=1

where for each [ € {1,...,n}, X; is an R-linear combination of z;’s and
for each k, Y ;" 1 X; = my, is an R-linear combination of equations in
(%), is solvable for X; in M. Also, we say that M is (m,n)-algebraically
compact if any (m, n)-solvable system of equations of the form (x) has a
global solution.

Remark 2.5. A left R-module M is algebraically compact if and only
if it is (m,n)-algebraically compact, for all positive integers m and n.
To see this, it suffices to show that every finitely solvable system of
equations » , rjx; =dj € M, r;; € R,i € I,j € J is (m,n)-solvable, for
all positive integers m and n. Assume that Z?:l X =mp € M, 1 <
kE < m is a system of m equations where X; = t;, a5, +--- + t;,z;, for
tiyy -y ti, € R, l1,...,1, € I and for each k, > /' | ey X; = my, € M is
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an R-linear combination of equations ), rjx; = d; € M; i.e., for each
k e {1,...,m}, there exists {z;;}jes € R, where only a finite number
of zi; are nonzero and we have the following relations in M and in the
free left R-module F' with the basis {z; | i € I'}:

Doim1 kX =D je g 2 (Xier Tiii), Mk = X e g Zhjdy-
Suppose that T C J is the set of all element j of J that there exists
k e {1,...,m} for which z;; # 0. Since T is a finite set, there is a
solution {b;}icr € M of equations ), rjiz; = dj, for each j € T. Set
Y, =t by, + - -+1,b,,, foreach I € {1,...,n}. Therefore, {Y;}}'; C M is
a solution of the system of equations Y ;" | ey X; =my € M, 1 <k <n.

Proposition 2.6. Let M be a left R-module and
Zi’r’jil'i:djEM,TjiER,’L'GI,jEJ (*)

be an (m,n)-solvable system of equations. Then there exists an (m,n)-
pure extension B of M such that the system of equations (x) has a
solution in B.

Proof. Set B = (M & F)/S, where F is the free left R-module with the
basis {z;}ier and

S = {(Z Zjdj, —ZZ]'ZTJ‘Z'CCZ') | Zj € R, z2j = 0 for almost all j € J}
J J i

Since the system of equations (*) is compatible, one can easily see that
the map o : M — B defined by a(a) = (a,0) + S is a monomorphism
for each a € M and {(0,z;) + S}tic; C B is a solution of the following
system of equations

eriyi = (dj,O) + 5 ¢ B.

Thus it suffices to show that a(M) is an (m, n)-pure submodule of B.
To see this, let

> cpmr = (b, 0) + S € (M) (1 <k <m)
=1

be a system of equations with the solution (a;, X;)+S € B, where by, a; €
M, X; € F and ¢ € R for each k € {1,...,m}. Then (3 /-, cia; —
bi, Y 1y cuX;) € S for each k € {1,...,m}. Therefore, for each k €
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{1,...,m}, there exists {zy;}jes C R with z;; = 0 for almost all j € J
such that

Z Crra; — bk = Z ijdj, Z Clel = — Z ij(z T‘ji{L’Z‘).
=1 1

jeJ = jed i

Since the system of equations (%) is (m,n)-solvable, the system of
equations

n
chle = —szjdj, 1<k<m, jeJ
=1 jed

has a solution ay,...,a, € M. Therefore, for each k € {1,...,m},

n n
b, — § Cria; = § Cr1ay.
=1 =1

This implies that ) ;" | cxi(a; + a;) = by, for each k € {1,...,m}.
Thus for each k € {1,...,m}

chl((al,Xl) + S) = (bk,O) + 5= chl((al + dl,O) + S) € a(M)
=1 =1

It means that a(M) is an (m,n)-pure submodule of B. O

Let M be a left R-module and
erixi = dj € M, where Tji € Ryiiel,jed,

1

be an (m,n)-solvable system of equations. In the sequel, we use the
notation

<M,bl | Zrﬁbi :dj, iEI,j S J>

for the (m,n)-pure extension B of M obtained in the proof of the pre-
vious proposition.

Proposition 2.7. Let M be a left R-module and X be an infinite cardinal
number. Then there exists an (m,n)-pure extension B of M such that
any (m,n)-solvable system of equations

Zﬂ“jixizcljGM,TjiER,iGI,jGJ,‘I’,‘J’<N (**)

has a solution in B.



439 Behboodi, Ghorbani and Shojaee

Proof. Index the set of all (m,n)-solvable systems of equations over M
such that containing strictly less than N equations and varieties by or-
dinals a < v:

Zrﬂ af =df € M, 15 € Ryi € I°,j € J*|J%, [I*| < R,a € [0,v).

where |v| = RXR|R||M|Xo. By Proposition 2.6, M is (m, n)-pure submod-
ule of

= (M, 1Y | Zrﬂb?—dOEM icljeJo.

By the proof of Proposition 2.6, we have
= (B%, b} | Zrﬂb}—dl eM,iel'jeJ)

such that BY < B! is (m,n)-pure and then M < B! is (m,n)-pure.
Also, the 0-th and the 1-th system of equations have solution in B!. By

ordinal induction for all o < v, assume that B” is defined for all v < «
and define

=(|J B¢ |Zr;;bf_da eI jeJ%).
y<a

Obviously, for each v < «, the y-th system of equations has a solution in
B®. We first prove that M < B® is (m,n)-pure. M < B is (m,n)-pure
and by ordinal induction assume that M < B7 is (m,n)-pure for any
v < a, then M < U7<a B?Y is (m,n)-pure. Since by Proposition 2.6 and
definition of B¢, U7<a BY < B% is (m,n)-pure, so is M < B%. Now,
define B = |J{B* | @ < v}. Obviously, M < B is (m,n)-pure and also
any (m,n)-solvable system of equations of the form (%) has a global
solution in B. 0

We conclude this section with the following main result which is an
analogue of algebraic compactness.

Theorem 2.8. Let M be a left R-module. The following conditions are
equivalent:

(1) M is (m,n)-pure injective.
(2) M is (m,n)-algebraically compact.
Proof. (1) = (2). Assume that
durjiti=d; € M, rj; €R, i€l je] (%)
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is an (m, n)-solvable system of equations. By Lemma 2.6, there exists an
(m,n)-pure extension B of M such that the system of equations (x) has
a solution {b;};c; C B. By Proposition 2.2, there exists a submodule
A of B such that B = M @& A. Therefore, for each ¢ € I, there exist
m; € M and a; € A such that b = m; + a;. Since ), rjb; = dj, we
conclude that

erimi—ZTjibi :erimi_dj :Zrﬁai €eANM =0.

7 7 7 7

Therefore, {m;};c; C M is a solution of the system of equations (x).
(2) = (1). Let B be a left R-module, A be an (m,n)-pure submodule
of Band f: A — M be an R-module homomorphism. Assume that
{bi}iecr € B such that the set A together with the b;’s generate B.
Suppose that Y . r;b; = a; € A, rj; € R, i € I,j € J include all
relationships among b;’s and A. Therefore, {b;};cs is a solution of the
compatible system of equations ), rjiz; =a; € A, rjy € R, i€ l,j € J.
We denote this system of equations by T. Next, we consider the reduced
set T : > .15 = f(a;) € M, rji € R, i € I,j € J of equations over
M obtained from Y. We claim that Y is (m,n)-solvable. To see this,
assume that > ' ey = mp € M, k € {1,...,m} is a system of m
equations where Y; = t;, y;, +- - -+1;,y;,, fort,,..., ¢, € R, l1,...,l, € 1.
Also, assume that for each k € {1,...,m}, > )" cuY; = mp € M is an
R-linear combination of equations ). rjy; = f(a;) € M; i.e., for each
ke {1,...,m}, there exists {z1;}je; C R, where only a finite number
of z1; are nonzero and

osr kY =3 5e s 2 (Xier Tiivi), e = 35y #ki f(ag)-

By Remark 2.5, T is (m,n)-solvable. So the system of equations

n
chle:dkEM,lﬁkSm
=1

where X; = ¢, z;, +-- -+, 21, and dy, = ZjeJ 2ja;, is solvable. There-
fore, > Yy = myp € M,1 < k < m, is solvable and hence so T
is. Thus there exists a global solution y; = z; for Y. We now define
h : B — M by h(b;) = z; and h|g = f. Obviously, h is well-defined
and a homomorphism, which completes the proof. O
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3. Further characterizations of (m,n)-pure injective modules
over a commutative ring

Let R be a commutative ring and D an R-module. In [14] Warfield
proved that D is RD-pure injective if and only if D is isomorphic to
a direct summand of a product of modules of the form E[r] = {e €
E | re = 0} where r € R and F is an injective R-module (see also [9]).
In [7, Theorem 1] Fakhruddin showed that D is pure injective if and only
if D is isomorphic to a direct summand of a product of modules of the
form Homp (P, R) where P is a finitely presented module and R = R/Z is
the circle group (the injective cogenerator group of real numbers modulo
the integers). Also, in [6, Theorem 3.6] Divaani-Azar and et al. proved
that D is I-pure injective if and only if D is isomorphic to a direct
summand of a product of modules of the form E[I] = {e € E | Ie = 0}
where [ is an ideal of R and FE is an injective R-module. Our purpose
in this section is to offer a similar characterizations for an (m,n)-pure
injective module.

Let R be a commutative ring, M be an R-module and M™ be the
direct sum of n copies of M. Assume that A = (rj;) is an m x n matrix
of elements of R. It is easy to see that

n
MIA] = {(ma,...,mp) € M™ | ¥ rjm; =0,1<j <m}
i=1
is a submodule of M™. Note that if n = 1, then
M[A] =M[I|={me M | Im =0}
where [ is the ideal of R generated by r11,...,7m1. Also, if m =1 and
for some 1 < k < n, r1; is a unit, then M[A] = M"~!. Therefore, if
R is a commutative ring and E is an injective R-module, then for each

1 x n-matrix A = (r;;) such that 7y is a unit for some 1 < k < n, the
R-module E[A] is injective.

Lemma 3.1. Let R be a commutative ring, M be an R-module and K
be a m-generated submodule of R™. Then there exists an m X n-matrizc

A = (rj;) such that
M[A] = Homp(R" /K, M).

Proof. Assume that {e1,...,e,} is the standard basis of R" and K is
a submodule of R" generated by {X} rjie;}L,. Set A = (rj;) where
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i€{l,...,n}and j € {1,...,m}. Define
¢ : Homp(R"/K, M) — M[A] by o(f) = (f(e1 + K),..., f(en + K)).

We claim that ¢ is an isomorphism. Obviously, ¢ is a well-defined R-
monomorphism. Thus we only need to show that ¢ is an epimorphism.
Assume that (ai,...,a,) € M[A]. Define g : R — M by g(e;) = a;.
Obviously, K C Ker(g). If g: R"/K — M denotes the natural homo-
morphism induced by ¢ (g(e; + K) = g(ei)), then ©(g) = (a1,...,an),
and so ¢ is an epimorphism. O

Let R be a commutative ring and E be an injective R-module. By a
similar way as in [4, Theorem 3.2], we have the following lemma.

Lemma 3.2. Let R be a commutative ring and E be an injective R-
module. Then Hompg(M, E) is (m,n)-pure injective for every (m,n)-
presented R-module M.

Corollary 3.3. Let R be a commutative ring and E be an injective R-
module. Then for each m x n-matrix A = (r;;), the R-module E[A] is
(n, m)-pure injective.

Proof. Assume that A = (r;;) is an m x n-matrix with entries in R. Let
K be a submodule of R" generated by m elements (rj1,...,7,) € R".
By Lemma 3.1, E[A] Zr Hompr(R"/K,E). Since Homg(R"/K, E) is
(n,m)-pure injective for each m-generated submodule K of R", so is
E[A]. O

The following lemma will be useful.

Lemma 3.4. ([15, Theorem 33.5]) Let M be a left R-module. Then
there exists an (n,m)-pure exact sequence of left R-modules

0—K—P—M—0,

where P is a direct sum of (m,n)-presented left R-modules.

Proposition 3.5. Let R be a commutative ring and E be an injective
cogeneratore R-module. Then every R-module M 1is isomorphic to an
(m, n)-pure submodule of an R-module of the form [[\cp Ex, where for
each X\ € A, there exists a n X m-matriz Ay such that E\ = E[A,].

Proof. By Lemma 3.4, for the R-module Homp (M, E) there exists a
family of (m,n)-presented R-modules { Py} e and an (n, m)-pure exact
sequence

£:0 — N — P — Hompg(M,E) — 0
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of R-modules such that P = @,., Px. Thus the following exact se-
quence of R-modules is (m,n)-pure:

€*: 0 — Homgp(Hompg(M, E), E) - Hompg(P, E) — Hompg (N, E) — 0.

Now by [9, XIII, Lemma 2.3], M embeds in Homg(Hompg(M, E), E)
as a pure submodule and so as an (m,n)-pure submodule. Therefore,
M embeds in Hompg(P, E) as an (m,n)-pure submodule. Obviously,
Homp(P, E) = [],cp Homg(Py, E). Since for each A € A, {Py\}xen is
(m,n)-presented, so for each A € A, there exists an n-generated submod-
ule K of R™ such that Py = R™/K. Thus by Lemma 3.1, there exists
an n X m-matrix Ay such that Hompg(Py, E) = E[A], as required. [

Corollary 3.6. Let R be a commutative ring and {Eq}aca be the fam-
ily of the injective envelopes of all mutually non-isomorphic simple R-
modules. Then every R-module M is isomorphic to an (m,n)-pure sub-
module of an R-module of the form [[ycp Ex, where for each A € A,
there exist a € A, and n x m-matriz A such that E\ = E,[A].

Proof. 1t follows from Proposition 3.5, since E' = [],c 4 Fa is an injective
cogenerator R-module. O

We conclude this section with the following characterizations of an
(m,n)-pure injective module over a commutative ring.

Theorem 3.7. Let R be a commutative Ting, E be an injective cogener-
ator R-module and {Eqy}aca be the family of the injective envelopes of
all mutually non-isomorphic simple R-modules. Then for an R-module
M, the following statements are equivalent:

(1) M is (m,n)-pure injective.
(2) M is isomorphic to a direct summand of an R-module of the form

[Lxca Ex, where for each X € A, there exists a n x m-matriz Ay such
that E) = E[A,].
(3) M is isomorphic to a direct summand of an R-module of the form

[Isca Ex, where for each X\ € A, there exist o € A, an n X m-matriz
Ay, such that Ex = E,[Ay,]-

Proof. (1) < (2) follows from Proposition 3.5 and Lemma 2.2.
(1) & (3) follows from Proposition 3.6 and Lemma 2.2. O
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