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A MEAN ERGODIC THEOREM FOR
ASYMPTOTICALLY QUASI-NONEXPANSIVE AFFINE
MAPPINGS IN BANACH SPACES SATISFYING
OPIAL’S CONDITION

S. SAEIDI

ABSTRACT. Our purpose is to prove that if C' is a weakly compact
convex subset of a Banach space E satisfying Opial’s condition and
T : C — C is an asymptotically quasi-nonexpansive affine mapping
such that F(T) # @, then for all x € C, {T"z} is weakly almost-
convergent to some z € F(T).

1. Introduction

Let E be a real normed space, C' be a nonempty subset of F and
T be a self mapping on C. T is said to be nonexpansive provided that
|Tx — Ty|| < ||z — yl|, for all z,y € C. Denote by F(T'), the set of
fixed points of T'. The first nonlinear ergodic theorem for nonexpansive
mappings with bounded domains in a Hilbert space was established by
Baillon [1]: Let C be a nonempty closed convex subset of a Hilbert
space H and let T' be a nonexpansive mapping of C into itself. If the
set F(T') of fixed points of T' is nonempty, then for each z € C, the
Cesaro means Sy (z) = 2 > Tz converge weakly to some y € F(T).
This theorem was extended to a uniformly convex Banach space whose
norm is Frechet differentiable by Bruck in [2]. Gornicki [6] proved that
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if F is a uniformly convex Banach space satisfying Opial’s condition,
C' is a nonempty bounded closed convex subset of £, and T : C' — C
is an asymptotically nonexpansive mapping, then for each = € C, the
Cesaro means %Z?:_& Ti*tky converges weakly to a fixed point of T
uniformly in & € NU{0}. Since the nonlinear mean ergodic theorem
for contractions in a Hilbert space has been proved by Baillon, other
proofs and generalizations of the theorem have been presented by many
authors (see, for example, [2, 7, 9, 10, 11, 6] and the references therein).
Here, we prove the mean ergodic theorem for asymptotically quasi
nonexpansive affine mappings in a Banach space satisfying Opial’s con-
dition. However, our mappings are assumed to be affine, but our results
extend the similar mean ergodic theorems to more general spaces.

2. Preliminaries

Let F be a real normed space and let C' be a closed convex nonempty
subset of E. Consider a mapping T' : C' — C; T is said to be quasi-
nonezpansive [3] provided that [Tz — f|| < ||z — f|, for all 2 € C' and
f € F(T); T is called asymptotically nonexpansive [5] if there exists a
sequence {uy,} in [0,00) with lim,,_ uy = 0 such that | 7"z — T"y|| <
(1 + up)||x — yl|, for all z,y € C and n € N; T is called asymptoti-
cally quasi-nonexpansive if there exists a sequence {u,} in [0,00) with
lim,, o0 up, = 0 such that |77z — f|| < (1 + uy)|lx — f]|, for all x € C,
f € F(T)and n € N; T is said to be affine if T'(ax+ (1 —a)y) = aTz +
(1—a)Ty, for all « € [0,1] and z,y € C; T is said to be semi-compact if,
for any sequence {z,} in C such that ||z, — Tz,| — 0 (n — o0), there
exists a subsequence {zy,} of {z,} such that z,, — z* € C; T is said
to be retraction if T?> = T. From the above definitions, it follows that
a nonexpansive mapping must be asymptotically nonexpansive, and an
asymptotically nonexpansive mapping with fixed point must be asymp-
totically quasi-nonexpansive, but the converse does not hold. A Banach
space F is said to satisfy Opial’s condition if whenever {x,,} is a sequence
in E which converges weakly to x, then,

liminf ||, — x| < liminf ||z, —y|| forall y € E, y # x.
n—oo n—oo

It is well known that every Hilbert space satisfies Opial’s property [8].
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3. Mean convergence theorems

The proof of the following lemma is elementary.

Lemma 3.1. Let C be a nonempty bounded convex subset of a normed
space E and T : C — C be an affine mapping. Then,

lim ||Sy(x) — TS, (x)| =0,

uniformly in x € C, where S, = %ZZ;(% T*.

Theorem 3.2. Let C' be a nonempty conver subset of a mnormed
space E and T : C — C be an asymptotically quasi-nonerpansive
affine mapping with F(T) # @. Then, for all x € C and z € F(T),
nh—>Holo 15 E;:& Ti+kg — 2| exists uniformly in k in N U {0}.

Proof. Put u = maxw; for which |T%y — z|| < (1 + w)|ly — z||, for
all y € C and z € F(T). Let z be an arbitrary element of F(T') and
consider z in C. Set D = {y € C : |ly — z|| < (1 +u)|z — 2| }. We
note that z,z, 7'z € D, Vi € N, T(D) C D and D is a bounded convex
subset of C'. So, we can assume that C is bounded. Fix ¢ > 0 and
set My = sup{||y| : y € C}. Consider two sequences {k,,} and {l,} in
NuU {0}. We have,

1 m 1 n—1
_ § Tj+km+lnx —- E (n _ j)(TjJrkm#*lnflx _ Tj+k:m+ln+m71x)
m mn

=0 j=1

1 m—1 1 n—1
+2 3 1Y kg,
m < n
=0 h=0

Then,

m—1 n_1
1 1 .
IIf Z Tty ]| < || S (n ) (It kg |

j=1

1 m—1 1 n—1
+||% Z - ZT]+h+km+ln$ — 2|
7=0 h=0
n m—1

1« 1 -
E E +km E h+ln ) _
j=1 j= =
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m—1 n—1

1 htl
Uil ST — o).
§=0 h=0
Note that, for each n, we have,

ln—1
1< U M
lim H ZT]+km:L’H < lim =% =,
m—oo m—0o0 m
j 0
and
m—+l,—1
, L M,
lim_ || — S ritheg] < lim 2 =0
m— o0 4 m—oo M
j=m
Thus, for each n,
1 m—1
hmsupH—ZTﬁkm —z||
m—0o0
7=0
1 Iln—1 m—l—ln—l m+ln—1
—lurnsup||—ZTJ"’km Z TItkm g Z Tihmg — 2|
m—0o0
7=0 Jj=ln
mly,—1
—hmsup||— Z Titkmg — 2|

m—0o0

1 n—1
= hmsupH E Tﬁk’"H" —z|| < |I- E Thting
n

Therefore, we have shown
1 n—1
]+k'm 3 3 . h+ln _
hmsupH ZT —z| Shnn_l,lor.}anZT x — 2|,
h=0
for arbitrary sequences {k,,} and {l,} in NU {0}. This leads to the
desired conclusion. 0

Corollary 3.3. Let C' be a nonempty closed convex subset of a
normed space E and T : C — C be a semi-compact asymptotically
quasi-nonexpansive affine mapping such that either C' is bounded and
T is continuous or F(T) # @. Then, for each x € C, the Cesaro means
1 Z" LTItk converge strongly to some z € F(T), uniformly in k in
N U {O}
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Proof. We first assume that C' is bounded. Then, using Lemma 3.1,
the semi-compactness and continuity of T', S, (z) has a limit point which
is a fixed point of T. Now, we apply Theorem 3.2 to conclude the result.
Also, if we consider the case F(T') # &, then it is easy to show that T is
continuous and, as in the proof of Theorem 3.2 with no lose of generality,
we may assume that C is bounded. Therefore, both conditions lead to
the same conclusion. 0

A more general case of the following lemma is proved in [4]. For the
sake of convenience, we give a proof.

Lemma 3.4. (Demiclosedness Principle). Assume that C is a closed
convex subset of a normed space E and T : C — FE is a continuous
affine mapping. Then, I — T is demiclosed; that is, whenever {z,} is
a sequence in C weakly converging to some x € C and the sequence
{(I =T)xn} strongly converges to some y, it follows that (I —T)x = y.

Proof. Let {z,} be a sequence in C' weakly converging to some z €
C and the sequence {(I — T)xz,} strongly converges to some y. By
considering the mapping T,z = Tz + y, for all z € C, without lose of
generality, we can assume that y = 0. Then, ||z, —Tz,|| — 0, as n — oc.
Since T is continuous and affine, then F (T) = {x € C : ||z — Tx|| < €}
is closed and convex for all € > 0. Therefore, x € F(T') for each € > 0,
and then z € F(T). That is, (I —T)xz = 0. O
The following theorem is our main result.

Theorem 3.5. Suppose C is a locally weakly compact convex subset of
a Banach space E satisfying Opial’s condition and T : C — C is an
asymptotically quasi-nonexpansive affine mapping such that F(T) # .
Then, for each x € C, the Cesaro means % j:_Ol Titkg converge weakly

to some z € F(T) uniformly in k € NU{0}. That is, {T"x} is weakly
almost-convergent to some z € F(T).

Proof. Since F(T) # @, then T is continuous and, as in the proof
of Theorem 3.2, we may assume that C' is bounded and then weakly
compact. Pick an arbitrary sequence {k,} C NU{0}. We show that
P, = % ;:01 Titkn g converges weakly to a fixed point of T. Let
®,, — fi, ®m, — fo and fi # fo. Applying Lemmas 3.1 and 3.4,
we have fi, fo € F(T). Then, considering Theorem 3.2 we put 1 :=
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lim,, o0 [|®,, — f1]| and 7o := lim, o || Py, — f2||. By Opial’s condition,
we conclude,

r = klim Py, — f1ll < lim ||®y, — fol =72
—00 k—oo

= lim H(I)mk - fQH < lim H(I)mk - le =T,
k—oo k—o0

which is a contradiction. It means that f; = fo. This leads to the
weak convergence, of @, to a fixed point of 7. To prove the uniform
convergence we show for a fixed z in F(T) and arbitrary sequences
{k,} C NU {0} that 1 Z?;& TI+Fn g converges weakly to z. We consider
two sequences {k,} and {l,,} in NU {0}. By the first part of the proof,
%Z?;ol Titkn g and %Z?;& Titn g converge weakly to fixed points of
T, say f and g, respectively. We show that f = g. To this end, let
f # g. Then, using Theorem 3.2 and the Opial’s condition, we have,

n—1

1 .
3 _ Jtkn . _
Jim (|~ T — |
i=0
1 n—1 1 n—1
<nlggo\|nZOT z—gl| JLHQOIIRZ;)T z—g|
J= J=

1 n—1 1 n—1
< Jim |~ EOT z = fl = lim ||~ EOT z— f.
J= J=

This is a contradiction and consequently f = g. This leads to the desired
conclusion. g

Proposition 3.6. Suppose C is a locally weakly compact convexr subset
of a Banach space E satisfying Opial’s condition and T : C — C is an
asymptotically (quasi-)nonexpansive affine mapping such that F(T) #
&. Then, there exists a (quasi-)nonexpansive affine retraction P form
C onto F(T) such that PT = TP = P and Px € N co{T*z : k > i},
for each x € C.

Proof. Considering Theorem 3.5, we put,

n—1

1 ;
Pr=w-— lim — g Tithky,
n—oo N
Jj=0
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for each = € C, for which the limit is uniform in k. Note that Pz € F(T)
and Pz € NXeo{T*x : k > i}. Now, consider a sequence {k,} such
that k, — oo. Then, using the lower semi-continuity of the norm we

have,
n—1

1 .
— < 1 _ Jtkn . _
P2 < Ji |23 74— 1
]:

n—oo

‘ 1n71
< lim (1+ Ezuj—l-kn)nx = fll=llz = fl,
§=0

for each z € C and f € F(T). This means that P is quasi-nonexpansive.
The proof for the nonexpansiveness case is similar. O
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