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ABSTRACT. Assume that A, B are Banach algebras and that m :
Ax B — B, m : Ax A — B are bounded bilinear mappings.
We study the relationships between Arens regularity of m, m’ and
the Banach algebras A, B. For a Banach A-bimodule B, we show
that B factors with respect to A if and only if B** is unital as an
A**-module. Let Z.(B**) = B** where €” is a mixed unit of A**.
Then B* factors on both sides with respect to A if and only if B**
has a unit as A**-module.
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1. Introduction

Throughout this paper, A is a Banach algebra and A*, A*™* respec-
tively, are the first and second dual of A. Recall that a left approximate
identity, abbrevaited asLAI, (respectively, right approximate identity,
abbrevaited as RAI) in a Banach algebra A is a net (eq)aer in A such
that eqa — a (respectively, ae, — a) for each a € A. We say that
a net (eq)acr € A is a approximate identity, abbrevaited as AI, for
A if it is both an LAI and a RAI for A. If (eq)aer in A is bounded
and is an Al for A, then we say that (eqy)acs is a bounded approxi-
mate identity, abbreviated as BAI, for A. For a € A and d’ € A*,
we denote by a’a and aa’ respectively, the functionals on A* defined by
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Arens regularity of bilinear forms 506

(d'a,b) = (d’,ab) = d'(ab) and (ad’,b) = (a’,ba) = da’(ba) for all b € A.
The Banach algebra A is embedded in its second dual via the identi-
fication (a,d’) - (a’,a) for every a € A and o’ € A*. We denote the
set {a'a: a € Aand d € A*} and {ad' : a € A and a € A*} by
A*A and AA*, respectively. It is clear that these two sets are subsets of
A*. Assume that A has a BAI. If the equality A*A = A* (AA* = A¥)
holds, then we say that A* factors on the left (right). If both equalities
A*A = AA* = A* hold, then we say that A* factors on both sides.

It is well-known that (see for instance [1]), the second dual A** of
A endowed with the either Arens multiplications is a Banach algebra.
The constructions of the two Arens multiplications in A** lead us to the
definition of topological centers for A** with respect to Arens multipli-
cations. The topological centers of Banach algebras, module actions and
applications of them have been introduced and discussed in many pa-
pers such as [7, 8, 10, 11, 12]. The extension of bilinear maps on normed
spaces and the concept of regularity of bilinear maps have taken a great
deal of attention by many researchers (see for example [1, 2, 5, 7, 12]).
We commence by recalling some definitions as follows.

Let X,Y and Z be normed spaces and m : X xY — Z be a bounded
bilinear mapping. Arens in [1] offers two natural extensions m*** and
mP*** of m from X** x Y** into Z** as follows
1. m*: Z* x X — Y* given by (m*(?,z),y) = (z/,m(z,y)) where
reX,yeVY, e Z*,

2. m** Y xZ* — X* given by (m*™(y",2'),z) = (v, m*(', x)) where
re X,y eY*™ 2 eZ*

3' m*** . X** X Y** _) Z**’ given by <m***($//’ y//)’ Z,>

_ <$//’m**(y//’zl)> where 2" € X** o € Y** 2/ € Z*.

The mapping m*** is the unique extension of m such that

2 — m** (2", y") from X** into Z** is weak*-weak* continuous for
every y’ € Y** but the mapping y’ — m***(z”,y”) is not in general
weak*-weak* continuous from Y** into Z** unless 2”7 € X. Hence the
first topological center of m may be defined as follows

Zi(m)={2" € X** 19/ = m™*(2",y") is weak*-to-weak™ continuous}.

Let now m! : Y x X — Z be the transpose of m defined by m!(y,z) =
m(x,y) for every z € X and y € Y. Then m! is a continuous bilin-
ear map from Y x X to Z, and so it may be extended as above to
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mt*** YRR o XFF N VAL The mapplng mt***t  XFF o YR - VAR
in general is not equal to m***, see [1]. If m** = m!**! then m is
called Arens regular. The bounded bilinear mapping m is said to be
left (respectively, right) strongly Arens irregular whenever m™** and
m™***! are equal only on X x Y** (respectively, X** x Y'). The mapping
y" — m* (2" ") is weak*-weak* continuous for every y” € Y**  but
the mapping z” — m™***(2” y") from X** into Z** is not in general
weak* — weak* continuous for every y” € Y**. So we define the second

topological center of m as
Zay(m) = {y" e Y™ : 2" — m™™* (2" o) is weak*-weak* continuous}.

It is clear that m is Arens regular if and only if Z1(m) = X** or Zy(m) =
Y**. Arens regularity of m is equivalent to the following

hm hm<zlv m(‘rh y])> = hm hm<2/7 m(l‘i) yj)>7
i g j i

whenever both limits exist for all bounded sequences (z;); C X , (y;); C
Y and 2’ € Z*, see [13].

The mapping m is left strongly Arens irregular if Z;(m) = X and m is
right strongly Arens irregular if Zo(m) =Y.

Let now B be a Banach A-bimodule, and let

mp: AXxB— Bandmw,.: Bx A— B.

be the left and right module actions of A on B, respectively. Then B**
is a Banach A**-bimodule with module actions

WZ** . A** X B>k>|< — BM< and W:** . B** X A** — B**

Similarly, B** is a Banach A**-bimodule with module actions

WE***t: A** % B** SN B** CLTLd ﬂ_;ﬁ‘***t: B** % A** SN B**
We may therefore define the topological centers of the left and right
module actions of A on B as follows:

Zpe (A) = Z(my) = {a" € A** : the map ' — 7 (d",¥") . B* —B**
is weak™-weak™ continuous}

Zhu(A™) = Z(7h) = {d” € A*™ : themap b’ — 7***(a”,b") : B** —B**
is weak*-weak™ continuous}

Zps(B*™) = Z(m,) = {b" € B : themapd” — 7**(",d") : A -B**

is weak™-weak™ continuous}
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Zhe(B*) = Z(7h) ={b"" € B* : themapa” — 7y™**(t",d") : A** —B**
is weak™-weak™ continuous}

One can also see ready that if B is a left(respectively, right) Banach
A-module and 7, : A x B — B (respectively, m, : B x A — B) is
left (respectively, right) module action of A on B, then B* is a right
(respectively, left) Banach A-module.

We write

ab = my(a,b),ba = m.(b,a), me(araz,b) = mwe(ay, asb),
7Tr(b, alag) = Fr(bal, az), 71';((111)/, ag) = FZ(b/, agal),
i (ba,b) = 7Y, ab),
for all ay,as,a € A, b € B and b’ € B* when there is no confusion.
Regarding A as a Banach A-bimodule, the operation m# : A x A —
A extends to 7*** and 7**** defined on A** x A**. These extensions
are known, respectively, as the first (respectively, left) and the second
(respectively, right) Arens products, and with each of them, the second
dual space A** becomes a Banach algebra. In this situation, we shall also
simplify our notations. So the first (respectively, left) Arens product of
a”,b" € A** shall be simply indicated by a”b” and defined by the three
steps:
(a'a,b) = (d’, ab),
<alla/7a> — <CL”, a'a),

<a”b”, CL/> — <a//’ b//a/>.
for every a,b € A and a’ € A*. Similarly, the second (respectively, right)
Arens product of a”,0” € A** shall be indicated by a”ob” and defined
by :

y / !/
(aoa’,b) = (a’, ba),

{(d'0ad” a) = (a",a0d’),

<a”0b”,a/> — <b//, aloa//>'
for all a,b € A and a’ € A*.
The regularity of a normed algebra A is defined to be the regularity of
its algebra multiplication when considered as a bilinear mapping. Let
a” and b” be elements of A**, the second dual of A. By Goldstine’s
Theorem ([6], page 424), there are bounded nets (aq)q and (bg)g in A
such that ¢ = weak*-lim, a, and b’ = weak*-limg bz. So it is easy to
see that for all a’ € A*,

limlién@’,ﬂ(aa,bg» = (a"b",d’)
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and

lim lim(a’, (aq, bg)) = (a”ob”,d’),
[e%

where a”b” and a”ob” are the first and second Arens products of A**,
respectively, see [5, 11, 12].
We find the usual first and second topological center of A**, which are

Zpsn(A) = Z(m) = {a" € A : V" — "V is weak* weak*
continuous},
Z4ai(A™) = Z(7") = {d" € A . d" — "oV is weak*-weak*

continuous}.

An element e” of A** is said to be a mixed unit if €” is a right unit for
the first Arens multiplication and a left unit for the second Arens mul-
tiplication. That is, €” is a mixed unit if and only if, for each a” € A**,
a’e” = e"oa” = a". By ([3], page 146), an element e¢” of A** is a mixed
unit if and only if it is a weak™ cluster point of some BAT (eq)qer in A.
A functional o’ in A* is said to be wap (weakly almost periodic) on A if
the mapping a — a’a from A into A* is weakly compact. In [13], Pym
showed that this definition is equivalent to the following condition.

For every two nets (a;); and (b;); in Ay ={a € A: | a||< 1}, we have

limlim(a’, a;b;) = limlim(a', a;b;),
(2 J J 7

whenever both iterated limits exist. The collection of all wap functionals
on A is denoted by wap(A). Also we have o’ € wap(A) if and only if
(a"b",a")y = (a"ob",d’) for every a”, b € A**.

Throughout the paper, for two normed spaces A and B, B(A, B) is the
set of all bounded linear operators from A into B.

In the next section, we investigate the relationships between the Arens
regularity of some bilinear mappings and Banach algebras, particulary,
under some conditions, for bounded bilinear mappings m : A x B — B,
m’: Ax A — B, we show that m or m’ are Arens regular (respectively,
irregular) if and only if A or B are Arens regular (respectively, irregular).
We also give some results in special Banach algebras such as L'(G),
M(G), L>*(X) and C(X) whenever G is a locally compact group and
X is a semigroup. In Section 3, we extend some results from [11] into
module actions along with some new results.
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2. Arens regularity of some bilinear forms

In Theorem 2.1 and Theorem 2.6 of this section, we introduce some
special bilinear mappings from A x B or Ax A into B. We establish some
relationships between the Arens regularity of these bilinear mappings
and Arens regularity of A or B with some applications in group algebras.

Theorem 2.1. Let A be a normed space and B be a Banach algebra.
Let T € B(A, B) and m be the bilinear mapping from A X B into B
such that for every a € A and b € B we have m(a,b) = T(a)b. Then the
following statements are true.

a) If B is Arens regular, then m is Arens regular.

b) If T is surjective, then we have

i) B is Arens reqular if and only if m is Arens regular.

it) If m is left strongly Arens irreqular, then B is left strongly Arens
wrregular.

iti) If T is injective, then B is left strongly Arens irregular if and only
if m is left strongly Arens irreqular.

Proof. a) By the definition of m***, we have m**(a”, ") = T**(a")b"
and m™***(a” b") = T**(a")ob” where a” € A** and b’ € B**. Since
Z1(B**) = B**, the mapping b" — T**(a”)b" = m**(a”,b") is
weak*-weak™ continuous for all a” € A**. Also since Zy(B**) = B**, the
mapping a” — T**(a”)ob” = m"***(a" V") is weak*-weak* continuous
for all ¥” € B**. Hence m is Arens regular.

b) i) Let m be Arens regular. Then Z;(m) = A**. Let b/,bj € B**
and (b)o € B** such that b N by. Since T is surjective, there is an
a” € A** such that T**(a”) = b. Then we have

Vb = T (a" by = m*™*(a”, b)) = weak*-lim m**(a”, b))
[e%

= weak:*-liorén T (a" )] = weak™- ligén bl

Hence Z;(B**) = B** consequently B is Arens regular.

b) ii) Let m be left strongly Arens irregular. Then Z;(m) = A. For
bl € Z1(B**) the mapping by — bty is weak*-weak™ continuous. Also
since T is surjective, there exists a” € A** such that 7**(a”) = b and
the mapping b5 — T**(a”)bly = m**(a”,b}) is weak*-weak* continuous.
Hence a” € Z;(m) = A. Consequently we have b = T**(a") € B. Tt
follows that Z;(B**) = B.

b) iii) Let B be left strongly Arens irregular. So Z;(B**) = B. For
a” € Z1(m) the mapping b — m*™*(a”, V") is weak*-weak* continuous
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and consequently T**(a") € Z1(B**) = B. Since T is bijective, a” € A.
We conclude Z;(m) = A. O

In Theorem 2.1, if we replace the left strongly Arens irregularity of
A, B and m with the right strongly Arens irregularity of them, then the
results hold.

The following definition, introduced by Ulger [16], has an important role
in showing some sufficient conditions for the Arens regularity of tensor
product A®B where A and B are Banach algebra.
Suppose that A and B are Banach algebras. We recall that a bilinear
form m : A x B — C is biregular if for any two pairs of sequences (a;);,
(aj>j in A1 and (bz)z, (Ej)j in Bl, we have
hm hm m(aidj, bll;]) = hm hIIl m(ai&j, blgj)

7 J J 7

provided that these limits exist.

Corollary 2.2. Let B be a unital Banach algebra and suppose that A
is subalgebra of B. If A is not Arens reqular, then AQB is not Arens
regular.

Proof. Let m : A x B — C be the bilinear form that was introduced
in Theorem 2.1 where T': A — B is natural inclusion. Since A is not
Arens regular, m is not biregular. Consequently by ([16], Theorem 3.4),
A®B is not Arens regular. O

Example 2.3. Let C(X) be the Banach algebra of all continuous bounded
functions on X = [0, 1] with the supremum norm and the convolution as
multiplication defined by

fxg(z) = /090 f(z—t)g(t)dt where 0 <x < 1.

Let T : C(X) — L*(X) be the natural inclusion and m : C(X) X
L>(X) — L*(X) be defined by m(f,g) = f * g where f € C(X) and
g € L®(X). By [2], L>®(X) is Arens regular and by Theorem 2.1, we
conclude that m is Arens reqular.

Similarly since co is Arens regular, see [1, 5], by using Theorem 2.1, it
is clear that the bounded bilinear mapping (f,g) — f * g from {1 x cg
into cg is Arens regular.

For a Banach algebra A, we recall that a bounded linear operator
T : A — Ais said to be a left (respectively, right) multiplier if for
all a,b € A, T(ab) = T'(a)b (respectively, T'(ab) = aT'(b)). We denote
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by LM (A) (respectively, RM(A)) the set of all left (respectively, right)
multipliers of A. The set LM (A) (respectively, RM(A)) is a normed
subalgebra of the algebra L(A) of bounded linear operator on A.

Now, we define a new concept which is an extension of the left (re-
spectively, right) multiplier from a Banach algebra to module actions.
We show that some relationships hold between this concept and Arens
regularity of some bilinear mappings.

Definition 2.4. Let B be a left Banach (respectively, right) A-module
and T € B(A,B). Then T is called extended left (respectively, right)
multiplier if

T(araz) = 7(T(a1),az) (resp. T(ara2) = me(a1, T(az)))for allar,az € A

We denote by LM (A, B) [respectively, RM (A, B)] the set of all left
(respectively, right) multiplier extension from A into B.

Example 2.5. Leta’ € A*. Then the mapping Ty : a — d’a (respectively
Ry a — ad') from A into A* is a left (respectively, right) multiplier,
that is, T, € LM (A, A*) (Ry € RM(A, A*)). It is also clear that Ty is
weakly compact if and only if ' € wap(A).

Theorem 2.6. Let B be a left (respectively, right) Banach A-module
and T € B(A, B) be a continuous map. Assume that m: A x A — B is
the bilinear mapping such that m(ay,a2) = T(ayaz). Then we have the
following assertions

i) If A is Arens regular, then m is Arens reqular.

i1) If m is left (right) strongly Arens irregular, then A is left (respectively,
right) strongly Arens irregular.

i) If T € LM(A, B), then T**(Z1(m)) C Za=(B*).

w) If T € LM(A, B), then T** € LM(A™, B*) .

v) Suppose that B is Banach algebra and T is an embedding. Then, B
1s Arens regular if and only if m is Arens regular.

Proof. i) An easy calculation shows that
sxk/ I NN kk g M I taxxt (1IN ks M)
m* (a1, ay) = T (atay) , m™ (a7, ay) = T (ajoay).

Since A is Arens regular, the mapping aj — afa} is weak*-weak* con-
tinuous for all af € A**. Also the mapping af — afoaf is weak*-weak*
continuous for all af € A**. Hence both mappings afy — T%*(aja3) =
m**(a,ay) and af — T**(a}oay) = m**(a,d}y) are weak*-weak*
continuous for all af € A* and aj € A**, respectively. We conclude
that Z1(m) = Za(m) = A™.
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ii) Let af € Z1(A*). Then the mapplng ay — afdy is weak*-weak*

continuous. Consequently, the mapplng aly — T**(afal) = m***(af,ad})
is weak*- weak‘* continuous. Hence af € Z1( ) = A.
iii) Let af € Z1(m). Then the mapping

" (df, ag) = T (a7)ag

is weak*-weak* continuous from A** into B**. It follows that T**(af) €
Z g (B**).

iv) If we set m(ai,as) = T'(ajaz) (respectively, = T'(aj)az) for all
ai,az € A, then m***(af,al) = T**(afay) (respectively, = T**(al)a})
for all al,a2 € A**. Thus, we conclude that T**(a{af) = T** (al)a2 for
all af,af € A**.

v) Let m be Arens regular and b, b5 € B** and let (b)), € B** such that
bl = wy by. We set aff,a € A* and (a)o € A™ such that T**(a}) = b ,
T**( ”) = b and T**(al)) = b’. Then

W = T ()T ) = T () = m™*(af, )

**(af ) = weak*—ling**(a'{ag)

ah —m

"
al,a

= weak™-limm o
e

= weak*-1im T (a{)T**(al) = weak™-1lim byb),
«Q Q

where by the open mapping theorem, we have a/, wy ay. Consequently
Conversely, let B be Arens regular and af,a € A** and (aq)o € A™

such that a!/ w ay. Then

m**(ay,ay) = T**(a'ay) = weak™ — 1im T**(aYal)

= weak™-limm™* (a7, al’).
«

It follow that Z;(m) = A**. Thus m is Arens regular. O

Example 2.7. Assume that T : cg — £°° is the natural inclusion map
and m : ¢y X cg — £ be the bilinear mapping such that m(f,g) = f *g,
forall f,g € cg. Since ¢y is Arens reqular, m is Arens reqular. Similarly
the bilinear mapping m : C(G) x C(G) — L*(G) defined by formula
(f,9) — fxg, foral f,g € C(G) is Arens regular whenever G is
compact.

For normed spaces X, Y, Z, Wletm; : X XY = Zandmg : X xW —
Z be bounded bilinear mappings. If h : Y — W is a continuous linear
mapping such that m;(x,y) = ma(z, h(y)) forall x € X and y € Y, then
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we say that mj factors through ma, see [2]. We say that the continuous
bilinear mapping m : X x Y — Z factors if m is onto Z, see [7].

Theorem 2.8. Let A and B be Banach algebras and B be a Banach
A-bimodule. Let T € B(A, B) be a continuous homomorphism. If T
is weakly compact, then the bilinear mapping m(ay,as) = T(aia2) from
A x A into B is Arens regular.

Proof. Let m' be the bilinear mapping that we introduced in Theorem
2.1. Then m(ay,as) = m'(a1,T(az)) for all a;,as € A. Consequently
m factors through m’. So by ([2], Theorem 2), we conclude that m is
Arens regular. U

Example 2.9. Suppose that T : LY(G) — M(G) is the natural inclu-
sion. Then the bilinear mapping m : L*(G) x LY(G) — M(G) defined
by m(f,g) = f g for all f,g € L*(Q) is Arens regular whenever G is
finite, see [18]. Also the left strongly Arens irreqularity of m implies that
LY(G) is also left strongly Arens irregular, see [10, 11].

3. Unital A-modules and module actions

In [11], Lau and Ulger showed that for a Banach algebra A, A* fac-
tors on the left if and only if A** is unital with respect to the first Arens
product. In this section we extend this result to module actions.

We say that A™ has a weak™ bounded left approrimate identity, ab-
brevaited as W*BLAI with respect to the first Arens product, if there
is a bounded net as (eq4)o C A such that for all a” € A** and o’ € A*,
we have (eqa”,a’) — (a”,a’). The definition of W*RBAI is similar
and if A** has both W*LBAI and W*RBAI, then we say that A** has
W*BAI.

Assume that B is a Banach A-bimodule. Then we define the set AB as
the linear span of the set {ab: a € A, b € B}. We say that B factors
on the left (right) if B = BA (B = AB) and B factors on both sides, if
B=BA=AB.

Definition 3.1. Let B be a left Banach A—module and e be a left unit
element of A. We say that e is a left unit (respectively, weak left unit)
for A-module B if wy(e,b) = b (respectively, (b, mi(e,b)) = (b',b) for all
b € B*) where b € B. The definition of right unit (respectively, weak
right unit) is similar.

We say that a Banach A-bimodule B is a unital as an A-module if B
has the same left and right unit. Thus in this case, we say that B is
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unital as A-module.

Let B be a left Banach A-module and (eq)o € A be a LAI (respectively,
weakly left approzimate identity, abbrevaited as (WLAI)) for A. Then
(ea)a 1s said to be a left approzimate identity, abbrevaited as (LAI) (re-
spectively, weakly left approzimate identity, abbrevaited as (W LAI)) for
B, if for each b € B, we have my(eq,b) — b ( respectively, mp(eq,b) = b).
The definition of the right approzimate identity (= RAI) (respectively,
weakly right approzimate identity, abbrevaited as (WRAI)) is similar.
We say that (eq)q s an approximate identity, abbrevaited as (AI) (re-
spectively, weakly approzimate identity, abbrevaited as (W AI)) for B, if
B has the same left and right approximate identity (respectively, weakly
left and right approzimate identity).

Let (eq)a € A be weak™ left approximate identity for A**. Then (eq)a
is weak™ left approzimate identity (W*LAI) as A**-module for B**, if

w*

for all b" € B**, we have m;**(eq, V") = b". The definition of the weak*
right approximate identity, abbrevaited as (W*RAI) is similar. We say
that (eq)a is a weak™ approzimate identity, abbrevaited as (W*AI) for
B**, if B** has the same weak™ left and right approximate identity.

Example 3.2. Let G be a locally compact group. We know that LP(G),
for 1 <p < oo, is a Banach M(G) — bimodule under the convolution as
multiplication. Thus LP(QG) is a unital M(G) — bimodule.

Theorem 3.3. Assume that A is a Banach algebra and A has a BAI
(éa)a- Then we have the following assertions.

i) Let B be a right Banach A-module. Then B factors on the left if and
only if B has a WRAI.

it) Let B be a left Banach A-module. Then B factors on the right if and
only if B has a WLAI.

i11) B factors on both side if and only if B has a W AI.

Proof. 1) Suppose that B = BA. Let b € B and b/ € B*. Then there are
x € B and a € A such that b = xa. Therefore
<b/7 WT(b? 60!)) - <b/7 WT(:Ba: ea)> - <7T:(b/, :B), aea> — <7T:(b/7 .’L‘), a)
= <b/?7TT(x>a)> = <b/> b>
It follows that m,(b, eq) — b, and so B has a WRAI.
For the converse, since BA is a weakly closed subspace of B, so by Cohen
factorization theorem, see [5], the result is immediate.

ii) The proof is similar to that of (i).
iii) This is clear. O
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In Theorem 3.3, if we set B = A, then we obtain Lemma 2.1 from
[11].

Theorem 3.4. Assume that B is a left Banach A-module and A** has
a right unit €”. Then, B factors on the left if and only if " is a right
unit for A™-module B**.

Proof. Since A** has a right unit e”, there is a BRAI (eq)q for A such

that eq % €, see [3]. Let BA = B and b € B. Thus, there is z € B and
a € A such that b = za. Then for all ¥ € B*, we have

(myr (", 0), b) = (", (Vb)) = lim({eq, 7 (b, D))
= lim(m}(V',b), eq) = lim(V/, m.(b, e4))
=lim(V, 7, (za, eq)) = lim(rw} (b, x), aey)

= (mi(,x),a) =V, 7 (z,a) = (VD).
Thus 7 *(e”,b') = V. Now let " € B**. Then we have
<7T***(b”,€”),b/> — <b//,7[':*(€//,bl)> — <b//,b/>.

T

We conclude that 7**(b”, ¢”) = b”. Hence it follows that B** has a right
unit.

Conversely, assume that e” is a right unit for B**. Let b € B and V' € B*.
Then we have

o (b €a)) = (T, D), €0)) = (T8, D), ) = (", 77 (1, b))
= (2 (€ ),B) = (b (1)) = (7 (b, ), 1)
= (W, b).

Consequently (b, es) — m,(b,e”) = b, and so b € BA”. Since BA is
a weakly closed subspace of B, so by the Cohen factorization theorem,

be BA. O

Definition 3.5. Let B be a Banach A-bimodule and a” € A*™. We
define the sets Z',(B**) (or Z',(x})) and Z,(B**) (or Zg(wt)) re-
spectively, as follows

Z(tzu(B**> — Zé//(ﬂé) — {b// c B** . Wé***t(a”,b”) — W;**(G”,b”)},
Za//(B**) — Za”(ﬂ'qt«) — {b// c B** . Wﬁ***t(b”,a”) — W:**(b”,a”)}.
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It is clear that
( Zi(B™) = Z4.(B™) = Z(r}),

alleA**

(| Za(B*) = Zs-(B*) = Z(m,).

aIIEA**

Theorem 3.6. Assume that A is a Banach algebra and A** has a mized
unit €. Then we have the following assertions.

i) Let B be a left Banach A-module. Then, B* factors on the left if and
only if B** has a left unit €.

ii) Let B be a right Banach A-module and Z.:(wt) = B**. Then, B*
factors on the right if and only if B** has a right unit €.

iii) Let B be a Banach A-bimodule and Z.(wt) = B**. Then, B* factors
on both sides if and only if B** has a unit €”.

Proof. 1) Let (eq)a € A be a BAI for A such that e, w3 e, Suppose
that B*A = B*. Thus for all i € B*, there are a € A and 2’ € B* such
that 2’a = b’. Then for all b € B**, we have

=1lim (", 7, (V, eq)) = im{b", 7} (z'a, eq))
= lim(V", 7} (2, aey)) = lim(m;* (V", 2'), aen)

= <7r2‘*(b",:5/),a> = <b//77r2<($/7a)> = <b//7b/>'

Thus 7;**(e”,0") = V". Consequently B** has left unit.
Conversely, Let ¢’ be a left unit for B** and ¥ € B*. Then for all
b € B**, we have

<b//7 b/> — <7rz<**(e/l’ b//)7 bl> — <€”, Wz*(b,/, b/)>
= lim(m* (b, 1), eq) = Hm(b", 75 (¥, ea)).

Thus we conclude that weak- lim, 7; (b, eq) = b'. So by the Cohen fac-
torization Theorem, the proof is immediate.

ii) Suppose that AB* = B*. Thus for all ¥ € B*, there are a € A and
x’ € B* such that ax’ =b'. Assume (e4)o C A is a BAI for A such that
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o U e”. Let b € B and (bg)s C B such that bg > 5. Then
(mr* (", €"), V) = h/gﬂ(’ﬁ:**(b,g, e”),b) = ligllién@’,m(bﬂ, €a))
= lim 1i£n<aa:', 7r(bg, €a)) = lién ligén@:', 7r(bg, €a)a)
= lién hgl(:(:’, 7 (bg, eqa)) = lién hgén(wj(m’, bg), eqa))

= lim(x(2/, by, 0)) = ¥, 1),

We conclude that
ﬂ_***(b// 6”) — b//

for all b € B**.
Conversely, suppose that 7;**(b”, ¢”) = b where V’ € B** and (bg)g C B

such that bg Y. Let (éa)a € A be a BAI for A such that e, W e,
Since Z.»(wt) = B**, for all i/ € B*, we have

<b,/, bl> — <7T:**(b,,, 6”), b/> — <b”,7r**(6//, b/)> — hén<ﬂ':*(€”7 b/)7 bﬁ>

= lim(e”, 7wV, bg)) = lim lim(r (b, bg), eq
e, mr (b, bg)) = lim lim({m (¥, bg), €a)
= lién lim(mf (0, bg), €ea) = lién lim (b, 7, (bg, €a))

= lim 1ién<b/, (b, €q)) = lim 11[511<7T***(b,8> €a),b’)

= lim lién<b5, 7 (ea, b)) = im(b", 75" (eq, b')).

It follows that weak-limy, 7 (eq, b’) = b'. So by the Cohen factorization
theorem, we are done.
iii) This is clear. O

In Theorem 3.6, if we set B = A, then we obtain Proposition 2.10
from [11].

Corollary 3.7. Let B be a Banach A-bimodule and A** has a mixed
unit €.

a) Let Zen(wt) = B**. Then we have the following assertions

i) If B* factors on the left but not on the right, then mp # wt.

ii) If B* factors on the left and 7, = 7’ , then B* factors on the right .
iii) €" is a right unit for B** if and only if (eq)a is a W*RAI for B**
whenever e, WS e

b) Let Z!,(w}) = B**. Then we have the following assertions
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i) If B* factors on the right but not on the left, then m, # mb.

i) If B* factors on the right and m, = 7, , then B* factors on the left .
iii) € is a left unit for B** if and only if (eq)a is a W*LAI for B**
whenever e, ENP

c) Let Z% (m) = Z7,(m,) = B**. Then we have the following assertions
i) If B* factors on the one side, but not on the other side, then m, #
and 7y # 7.

i1) " is a unit for B** if and only if (eq)a is a W*AI for B** whenever

w*
eo — €.

Proof. a) i) Let B* factor on the right but not on the left . By Theorem
3.5, ¢’ is a right unit for B**. Thus we have 7**(0",¢") = V' for
all ¥ € B*. If we set my = 7t, then 7;**(¢”,b") = nl™**(",b") =
T e = m (V' e") = b for all b € B**. Consequently, €” is
left unit for B**. Then by Theorem 3.5, B* factors on the left which is
impossible.

ii) The proof similar to that of (i).

iii) Since e, Yy ¢, weak*-lim, T eq) = w7, €") for all V' e
B**. Hence the proof is complete.

The proofs of (b) and (c) are the same and are immediately followed. O

Assume that Z%,(n}) = Zer(m,) = B**. Let m, = 7w, and mp = 7t.

Using Corollary 3.7, we know that if B* factors on the one side, then
B* factors on the other side. On the other hand, if we set m, = 7. and
Zen(mr) = B** where €” is a mixed unit for A**, then, by using this
corollary, B* factors on the right if and only if B factors on the left.

Questions.

Suppose that B is a Banach A-bimodule. Under which conditions the
following results hold?

i) B factors on the left if and only if B** has a left unit.

ii) B factors on the one side if and only if B* factors on the same side.
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