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ABSTRACT. In this study, properties of spectral characteristic are
investigated for singular Sturm-Liouville operators in the case where
an eigen parameter not only appears in the differential equation but
is also linearly contained in the jump conditions. Also Weyl func-
tion for considering operator has been defined and the theorems
which related to uniqueness of solution of inverse problem accord-
ing to Weyl function and two spectra have been proved.
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1. Introduction

We consider the boundary value problem L for the equation:

C
(1.1) (y)=—y"+—y+a@y=Xry, A=#

on the interval 0 < z < m, where X is spectral parameter; C' € R.
Let us define the boundary value problem L for the equation 1.1 with
the boundary conditions

(1.2) y(0)=0, y(r)=0
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and with the jump conditions

(d+0) =ay(d—-0)
(1.3) { g;/ (d+0) = ozz/’ly’ (d—0) + 2kBy (d - 0)

where a, B e R,a # 1,a > 0,d € (g,w) ,q () is a real valued bounded

function and ¢ (z) € Lo (0, 7).

The boundary value problems that contain the spectral parameter in
boundary conditions linearly were investigated in [8]-[11] . In [4],[6]-
[11], [14]-[16] ,[30] an operator-theoretic formulation of the problems
(1.1)-(1.3) has been given

The inverse problem of reconstructing the material properties of a
medium from data collected outside of the medium is of central impor-
tance in disiplines ranging from engineering to the geo-sciences. For
example, discontinuous inverse problems appear in electronics for con-
structing parameters of heterogeneous electronic lines with desirable
technical characteristics [25, 23]. After reducing corresponding math-
ematical model we come to boundary value problem L where ¢ (z) must
be constructed from the given spectral information which describes de-
sirable amplitude and phase characteristics. Spectral information can
be used to reconstruct the permittivity and conductivity profiles of a
one-dimensional discontinuous medium[18, 27]. Boundary value prob-
lems with discontinuities in an interior point also appear in geophysical
models for oscillations of the Earth [3, 19]. Here, the main discontinu-
ity is caused by reflection of the shear waves at the base of the crust.
Further, it is known that inverse spectral problems play an important
role for investigating some nonlinear evolution equations of mathemat-
ical physics. Discontinuous inverse problems help to study the blow-up
behavior of solutions for such nonlinear equations. We also note that
inverse problem considered here appear in mathematics for investigating
spectral properties of some classes of differential, integro-differential and
integral operators.

When ¢ (z) is a first order singular generalized function, singular
Sturm-Liouville operator which has a potential as ¢ = v’ by using con-
cept of generalized derivative shuch that w € L (0,1) has been defined
in [28, 29]. Also the equation

14 L) =y (@) + Sy@) +a@)y @), 0<z<m

:L‘CL
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was considered, where C' is a real number, ¢ (z) is a real valued bounded
function. The self-adjoint extensions of differential operators generated
by the differential expression ¢, (y) which has a potential ¢ = «’ such that
u € Lo (0,1) was studied. When a # 2,4,6, ... the generalized functions
are in correspondence with to the functions |z|”* sgnz by using the
method of canonical regularization [10]. When a < 3/2, the generalized
functions which are so obtained can be shown as generalized derivative
of functions from the space Lo. Therefore the Sturm-Liouville operator
which is given by the differential equation ¢, (y) is defined such that
it has a potential like g (z) = |z|”* sgnz. In particular, it has shown
in [12] that if ¢ (z) is known a priori on [0,7/2] then ¢ (x) is uniquely
determined on [7/2, 7| by the eigenvalues.

In this study, the case of a = 1 has been investigated. Then u (z) =
Clnz and (Ty) (z) = ¢ (z) —u(x) y (). The jump conditions (1.3) are
different from [2] and [31]. Because the eigen parameter appears not only
in the differential equations, but it also appears in the jump conditions.
In section 3, properties of characteristic function of Ly and asymptotic
behaviors of spectral characteristics of considering operator have been
given such that the remaining parts are in the space {2 as in [2].

In section 4, Weyl function for considering operator has been defined
and the theorem which is related to uniqueness of solution of inverse
problem according to Weyl function has been proved.

In section 5, it has been proved that the system of the eigenfunctions
of the boundary value problem L is complete and forms an orthogonal
basis in Lo (0,7) .

2. Representation for the solution

We define y1 (z) = y () ,y2 (x) = (Ty) (2) = ¢/ (z)—u(2) y (x),u(z) =
C'lnz and let us write the expression of left hand side of equation (1.1)
as follows:

(21)  £(y) =—[Ty) (@) = u(2) (Ty) () — w* (2)y + q (x)y = K’y
then equation (1.1) reduces to the system;
v+ Ky = —u (@) y2 — u? () y1 + q(2) 1

with the boundary conditions

(2.3) y1(0) = 0,41 (m) =0



On inverse problem for singular Sturm-Liouville operator 588

and with the jump conditions
(2.4) y1 (d+0) = ay (d—0)

' y2 (d+0)=a ly2 (d—0) +2[kB — a u(d)]y: (d - 0).
Matrix form of system (2.2) is

e ()= (Len B)(2)

r_ _ u(z) 1 Y1
ory—AysuchthatA—<_kz_u2<x)+q(x> —u(x) ),(y2 >
xz = 0 is a regular singular end point for equation (2.5) and Theorem

2 in [26] (see Remark 1-2, p.56) extends to interval [0, 7] .

Now let us consider the following theorem in [28].

Theorem 2.1 ([28]). Let A (x) be n x n matriz whose entires are func-
tions belonging to the space Ly (0,1), and let f € [L1 (0,1)]" be a vector-
function. Then for every c € [0, 1] the equation

y=A@y+f yl)=¢EeC,
has a unique solution y (x) and y' (z) is absolutely continuous on [0,1].
If a sequence of matrices A¢ (x) with entires from the space Ly (0,1), is
such that ||Ac (v) — A(z)|lp, — 0 as € — 0, then the solutions of the
equations

Ye=Ac(@)ye + [, ye(c)=E€Ch,
converge uniformly on [0, 1] (‘and even in the form of the space Wi [0,1])
to the function y (x). Moreover, the estimate

ly (@) = ye (2)| < Cfll, |Ac () — A ()],
holds, where the constant C does not depend on f and e.

If we apply this theorem to our equation, there exists only one so-
lution of the system (2.2) which satisfies the initial conditions y; (§) =
v1,y2 (§) = vy for each & € [0,7],v = (v1,v2)" € C2, especially the
initial conditions y; (0) = 1, y2 (0) = ik.

Definition 2.2. The first component of the solution of system (2.2)
which satisfies the initial conditions y1 (§) = v1,y2 (§) = (T'y) (§) = va

is called the solution of equation (1.1) which satisfies the same initial
conditions.

It was shown in [1] by the successive approximations method that (see
[24]) the following theorem is true.
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Theorem 2.3 ([1]). For each solution of system (2.2) which satisfies the
initial conditions ( zl ) (0) = ( zlk ) and the jump conditions (2.4)
2

the following expression is true: for x < d

y1 = e* 4 [T Ky (x,t) et
{ yo = ke + b () e + [T Koy (w,t) e¥dt + ik [* Koo (x,t) e™dt,
forax>d
Y1 = (a+ 4 6) etk + (a— _ ,3) ez‘k(2d—x) + f — 2K, (z’ t) ekt gt
Yo = ik (@Jreikx _ O[feik(Qdfx)) +ikf (eikx 4 afeik(dex))
+b (gj) [(Oé+ 4 /6) etk + (a— _ 5) 6ik(2d—$)]
+ ffx Ko (x,t) e*dt + ik ffx Ko (x,t) et*tdt

where
b(z) = —% /0 ’ [u2 (s) — ¢ (5)] e;f:”(t)dtds
Ky (2,2) = Wu (2)
Ko (2,2) = b (93)—% /szﬁ (s) — q(s)] Ky (5, 8) ds—% /OZ (5) Kox (5, ) ds
Ko (2, 2)= —W [u () + 2b ()]
Kt (2,2d — 2+ 0) — Ky (2,2d — @ — 0) = (a_2_ﬁ)u(:c)
aKigix, ) 8Kigix,.) (012

3. Properties of the spectrum

Let us denote problem L as Lg in the case of C' = 0 and ¢ (x) = 0.
It is easily shown that when C'= 0 and ¢ () = 0, the solution ¢q (x, k)
satisfying the initial conditions ¢ (0,k) = 0, (T'yg) (0,k) = k and the
jump conditions (2.4) is shown as

oo (x,k) = Yo (x, k) 2_iy0 (x, k)

_ { sin kx ,forz < d

(a™ —ifB)sinkx + (o~ +if)sink (2d — x) , for z > d
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Let Ag (k) be a characteristic function of problem L. Then the char-
acteristic equation of problem Ly is of the form
(3.1) Ag (k) = (et —if) sinkm + (a~ +iB) sink (2d — 7) = 0.

We denote characteristic function, eigenvalues sequence and normal-
izing constant sequence by A (k),{k,} and {a,}, respectively. Denote

(3.2) A(k) = (¥ (2, k), ¢ (z,k)),
where
(y(2),2(x)) =y (z)T2) (2) - Ty) (z) z ()
According to the Liouville formula, (¢ (z,k), ¢ (z,k)) does not depend

on x.

Definition 3.1. The functions y (z,\),z (z,u) € D (L) are called or-
thogonal, if following equality is valid:

z 2a8
/O (o) e+ s

Definition 3.2. For y(z,\) € D (L), the norming constants oy, are
defined as follows:

y(d—0,\)z(d—0,u)=0.

x

o8
= 2 T T
(3.3) an—o/y (@ hn) o+ 32

We shall assume that ¢ (z,k), C (z,k) and ¢ (z,k) are solutions of
equation (1.1) under the following initial conditions:
¥ (Oa k) =0, (FSO) (Oa k) =k,¢ (71‘, k) =0, (F¢) (777 k) = —1,
C(0,k)=1,(T'C)(0,k) =0
Clearly, for each x, (¢ (z, k), ¢ (z,k)) is entire in k and
(3.4) Ak)=V(p)=U®W)=yp(mk)=1(0k).

By using the representation of the function y (z, k) for the solution

o (x, k) :

> (d—0,\).

o (x, k) = po (z, k) +/ K11 (z,t) sin ktdt
0

is obtained. Therefore characteristic function of the problem L is ob-
tained as

(3.5) A (k) =Ag (k) + /Oz K1 (z,t) sin ktdt

where kll (a;,t) = K11 (a;,t) — K11 (.CC, —t) .
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Lemma 3.3. (Lagrange Fomula) Let y,z € D (L{). Then

(L) = [ ew)zdn = L) + 2] (1570 + [3o)

where

1921 (1370 + 170) = [(02) @)y (@) — (T9) (@) 2 @)] (1870 + 1720

Proof. We have
(L§y, z) = — foﬂ (v —u y)'?dm—foﬂ u(y —uvy) Edaz:—fgr (u2 —q (a:)) yzdx
— foﬂ (v —u y)(i— uz)dr — fOTr (u2 —q (x)) yzdx
— () (2) 2 (@) (187 + [70)

= Iy y0 @) oy, 2] (167 + [Tao) = (0 Li2)+w 2) (1570 + 3.0
(|

Lemma 3.4. The zeros {k,} of the characteristic function coincide with
the eigenvalues of the boundary value problem L. The functions ¢ (x, ky)
and ) (x, ky,) are eigenfunctions and there exists a sequence {vn} such
that

(3'6) (0 (:L', kn) = Yoo (z, kn) , T # 0.

Proof. 1) Let ko be a zero of the function A (k). Then by virtue of
equation (3.2) and (3.3), ¥ (x, ko) = Yo (z, ko) and the functions v (x, ko)
L (z, ko) satisfy the boundary condition (1.2). Hence, ko is an eigenvalue
and ¥ (z, ko) , ¢ (z, ko) are eigenfunctions related to kg.

2) Let ko be an eigenvalue of L, and let yy be a corresponding eigen-
functions. Then U (yo) = V (yo) = 0. Clearly yo (0) = 0. Without loss of
generality we put (I'yo) (0) = ik. Hence yo (z) = ¢ (z, ko) . Thus, from
equation (3.3), A (ko) =V (¢ (x,ko)) =V (yo (x)) = 0 is obtained. [

Lemma 3.5. The roots of characteristic equation Ao (k) = 0 are sepa-
rate i.e., inf |k —kD,| =a> 0.
n#m

Proof. Let us assume that sequence {/-cg} has two subsequences {kgp}
and {%gp} such that k’?z,, # %gp , k‘%p and E,Olp — 00 as p — 00

and lim kgp - %gp =0.

p—00

If we use orthogonality of eigenfunctions g (ac, k:gp) and (g (:1: K0 )

s iy,

of problem Ly in space Lg (0, )
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A s

/07r ©0 (907 /fgp) ©0 (%k%p)dﬂﬁ + /07r ©0 (90» kgp) [900 (%BL) = o (kagp)]dx
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(kofié% )" (4-0.55,) o (4= 0,45, )
’ (kﬁjjﬁ’iég ) w0 (4= 0.9, ) [ieo (4= 082, ) — w0 (4 =042, )]
- siHQi];EPd (k%jiﬂEQP) sin? KO, d
(3.7) + /0 "0 (2.2, ) [0 (2.2, ) — v (w48, )] da

From the representation of function ¢q (z,k), we get that
p — oolim ‘gpo (x,%ﬁp) — ©o (m, kgp)‘ =0,

ie., as p — oo, ‘goo (:U,Egp) — ©0 <x, k:gp)‘ uniformly converges to zero
with respect to z in the interval [0, 7] . For this reason, if we pass through

d
the limit as p — oo then inequality — < 0 is obtained.

This contradiction gives the proof of Lemma 3.5. 0

Lemma 3.6. Figenvalues of problem L are simple that is A (kn) # 0.
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Proof. Since ¢ (x, k) and 1 (x, k) are solutions of equation (1.1)
—¢" (2, k) + [ () + ¢ (2)] ¥ (2, k) = ky) (2, k)
—¢" (@, kn) + [0 (2) + ¢ (2)] @ (@, kn) = bnp (@, kn) -

If the first equation is multiplied by ¢ (x,k,), the second equation is
multiplied by 1 (z, k) and subtracting them side by side and finally in-
tegrating over the interval [0, 7], the equalities

% <'¢ (ZB> k) y P (l’, kn)> = (k - kn) (0 (xa k) ¥ (.I', kn)

(6 (@) 0 o) [0+ Fsa] = (k=) [ (@) () o

are obtained.
If jump conditions (1.3) and (3.3), (3.6), are satisfied then

/ U (z, ky) ky)dz = —A (kn) as k — ky is obtained.

From Lemma 3.4, we get that
(3.8) nn = —A (k) .
It is obvious that A (k,) # 0. So the lemma is proved. O

Now, consider the problems

y"+[' ) q(z)]y = Ay,
I'y) (0) — () 0
L: (Fy)()+Hy():0
y(d+0)=ay(d—-0)

(Ty) (d+0) = o' (Ty) (= 0) + 2 [VAB — a”u(d)] y (d - 0)

(

and
y”+[’() q(z)ly
| @y)(0) - ():0
L:S (Ty)(m)+ Hy(r) =
y(d+0)=ay(d— )

[ @) ([d+0)=a" (Ty)(d—0)+2[/if—a u(d)]y(d-0)
where H # H . Let {Antnso and {n},5( be eigenvalues of the problems
L(g(x),h,H)and L (q(2),h,H).
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Lemma 3.7. The eigenvalues of the problems L and L are interlace,
i.€.,

(3.9)
An < pn < Apg1, Of H>H and pp < Ay < ping1 ,4f H>H, n>0

Proof. As in the proof of Lemma 3.6, we get that

AR e ) = (= 0 (@) (m.p)

and so

™

A=p) | @@ N (@ u) de = (@A) o (@ m) [[57°+ [3.0]
@ (m,A) (Tp) (m, 1) — (Tep) (,A) @ (70, 1)
+2a8 (\5— \/ﬁ) @(d—=0,\)¢(d—0,un)

1 ~ ~
S A AG-Bwaw).

[e=]

Aspu— A
(3.10)
s 5 B 1 - B ~
/O N Aot S (=0, = —— {A () AN A()\)A()\)]
where A (\) = %A N, 5 (A = %3 (A) . From equation (3.10) —oo <

A <oo,if A(N)#£0

1 T aw oo 1 d (A
A2 (N [/0 o A dw et (d O’A)} H—H dA (&(A))

is obtained.
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~ A (A
If H> H then X E)\; is monotonically decreasing in the set of R\

A (A
{ptn,n >0} Thus it is obvious that lim — () =+o0
A= A (M)
When H > H if we write the equality (3.10) as
1 T, af 1 d (AN
- e N de+ 22 AN =—— o 2 (2
A% (N) [/o(p( ) ﬁ‘p( ) H-H dA(A(/\)
AN .
—00 < A < 00,A(N) #0, we get that the function A is monotoni-
o . AN
cally decreasing in R\ {\,,n > 0} and it is clear that lim ——= = +o00
A-a0 A ()
From here we obtain (3.9). O

Lemma 3.8. The eigenvalues of problem L have the following asymp-
totic behavior

dy 6
(3.11) kn:k2+@+é

where 6, € 2 and
(a* + B)cos (K +en) ™ — (@™ — B) cos (k) +,) (2d — )

dn, = -
27 (K9)

u ()

is a bounded sequence.

Proof. Denote
G = {k: k| = [KO] + % n=0,+1,+2, }
Gs={k:|k—kj| >0 n=0+1,+2,.,6>0]}

where ¢ is sufficiently small positive number (5 < %) .

As shown in [5] that for k € G5 , |Ag (k)] > CselImklT,
On the other hand [[24], Lemma 1.3.1], since

lim e M™FI™ (A (k) — Ag (k) =  lim / Ky (m,t) sin ktdt = 0,
|k| =400 |k|—+00 Jo

for sufficiently large values of n and k£ € G,,, we get

A (k) — A (k)] < %e\fmklﬂ
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Thus, for k € G,,,
Cs
(Do (k)| > Cael™Hm > =2 elmbim > A (k) — Ao (k)

such that n is a sufficiently large natural number.

It follows from that for sufficiently large values of n, functions Ag (k)
and Ag (k) + (A (k) — Ag (k)) = A (k) have the same number of ze-
ros counting multiplicities inside the contour G,,, according to Rouche’s
theorem. That is, they have the (n 4+ 1) number of zeros: ko, k1, ..., k.

Analogously, it is shown by Rouche’s theorem that for sufficiently
large values of n, A (k) has a unique zero inside each circle !k‘ - k2| < 6.

Since ¢ is a sufficiently small number, the presentation k, = k% + ¢,

is obtained where lim g, = 0.
n—o0

Since ks are zeros of the characteristic function A (k) ,
A (kn) = Ay (k‘g + z’fn) + / I?H (7T, t) sin (kg + 577,) tdt = 0.
0
On the other hand,
Ao (k) = aTsinkr 4+ o~ sink (2d — m) = 0,

Ag (lc?Z + sn) = AO (kg) en+o0(en).
In that case the equality
. ™ ~
(3.12) (AO (k) + o (1)) En + / K1 (m,t)sin (k) + e,) tdt = 0
0

is obtained.

Since Ay (k) is of type ”sine” [[20] ,p. 119], the number 5 > 0 exists
such that for all n, ’AO (k‘g)’ > s > 0.

if we use conclusions on [33] (see also [17]) is used then we get that
k% = n + h,, where sup |h,| < M.

n

Hence, when we apply certain methods [24, p. 67] in equality (3.11),
we get that g, € f5. If we use the expression of €,, and Theorem 2.3, then
(at +B) cos (K +en) m— (e — B) cos (k9 +n) (2d — 7) Sn ~

En = - u(m) + —, n € La.
2A¢ (k9) k9 kp

So for the eigenvalues k,, of the problem L, asymptotic formula (3.11)
is true. Therefore the lemma is proved. O

Lemma 3.9. The normalized numbers of problem L have the asymptotic
behaviour o, = a% + 6, where 6, € £5.
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Proof. Since

A (k) = A (k) + /O K11 (7, t) sin ktdt

A (k) = Ag (k:n)+/ tK1y (m,t) cos kntdt
0

it is clear that
Ao (kn) = Ag (kD +en) = Ao (k2)+0 (en), cosknt = coskDt+0 (ent),
where €, € £5 . Then,

anyn = — A (kn) = —Ag (K9) — [T K11 (m,t) cos kOtdt

—O (ent) [y tK11 (m,t) cos khtdt + O (e,)

Since €, € £ , K11 (m,.) € L2 (0,7) and kY = n + hy,

On, :—/tf?n (7, t) cos k2tdt—O (e,t) / tK1y (m,t) cos KOtdt+O (e,) € Lo,
0 0

QAnYn = agvg + 6,, where §,, € 5.
O

4. Inverse problem

Let @ (2, k) = ( g; gz;
U(®) =®1(0,k) =1and V(®) = & (7, k) = 0 and under the jump
conditions (2.4). We set M (k) := ®2 (0, k) .The functions ® (x, k) and
M (k) are respectively called the Weyl solution and the Weyl function
for the boundary value problem L.

Denote

> be solution of (2.2) under the conditions

(4.1) M (k) = L

where 0 (k) = 12 (0, k) . Clearly,
(4.2) O (x,k)=M(k)p(x,k)+C(x,k)

Weyl solution and the Weyl function are meromorphic functions of a
parameter k£ with poles on the spectrum of the problem L.
It follows from (4.1) and (4.2) that
¥ (z, k)

(4.3) O (z,k) = NG and @2 (0,k) =

7!}2 (07 k)
A (k)

= M (k)
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where
(4.4) ¥ (2, k) =2 (0,k) o (2, k) + A (k) C (, k)

Note that, by virtue of equalities (C (z,k),¢ (z,k)) =1, (4.2) and (4.3)
we have,

(4.5) (@ (2,k), 0 (z,k) =1, (@ (x, k), (k) = A(k)

for x < d and z > d.

Theorem 4.1. The following representation holds;

1 - 1 1
(4.6) M(k)=%(k_,m)+;{an(k—kn) +a2k2}

Proof. Let’s write a representation solution v (z, k) as ¢ (z, k) :
forx > d

{ Y1 (z,k) = —sink (r — z) —i—fﬂﬂ Ni1 (z,t) sin ktdt

V2 (v,k) = kcosk (r —x) —b(x)sink (7 — x) +f7r+xN21 (x,t) sin ktdt
—i—fﬂﬂ kNgg (x,t) cos ktdt

for x < d
Y1 (2, k) = (—a® + B)sink (r —x) + (o~ — B)sink (z + 7 — 2d)
+f7r+x Nii (z,t) sin ktdt
wg(azk)—k(oﬁ B)cosk (m —z)+k(a” + B)cosk (x + 1 — 2d)
+b(z) [(—a™ + B)sink (7 — x) + (o~ — B)sink (z + 7 — 2d)]

f7r+x Noj (z,t) sin ktdt—I—warx kNay (, t) cos ktdt

where Nij (x,t) = Nij (x,t)—Nyj (x,—t),1,5 =1,2. Inthe case C =0
and ¢ (z) = 0 the solution are vy (z, k) and g2 (x, k), so we have

{ (03 (ka) = W0 (:L‘,k) + f1
(> (.T, k) = Yoo (:IZ, k) + f2
where
fi= ﬂ+x N (l‘ t) sin ktdt
fg—b()[( T+ B)sink (r — ) + (= — B)sink (x + 7 — 2d)]
+ [t * Ny (,t) sin ktdt + Jre kNag (2, t) cos ktdt
On the other hand we can write

BN Y0k f
M (k) = Mo (k) = o6 = ook — A~ A g ®)-
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In view of lim e ™7l |f; (k)| =0, k € G5 and A (k) > CyelmkI7,
|k]—o0
(4.7) limsup |M (k) — My (k)| = 0.
|k| =00 kEGs

from (3.5) that the Weyl function M (k) is meromorphic with poles
k. Using (3.5), (4.2) and Lemma 3.4, we calculate that

0, ky, 1 1
ResM(k)Iwg( ikn) _ . =T
k=kn A (kn) A (kn) ¥2 (7[', kn) On
0, k0 1 1
Res My (k) = 1/)0? (0. k) = - =0
k=k) A (K9) Ao (kD) po2 (k) “n
Consider the contour integral
1 M — M,
I, (k) = — (1) 0 (1) du , k€ intl'y
2mi Jr, k—p

By virtue of limsup |M (k) — My (k)| =0, h_)m I, (k) = 0. On the other
hand, the residue theorem and (4.8) yield
1 1
I, (k) =—M(k)+ My (k - - -
B ==ME+ME* D THy T 2 wmeh
kEn€intl'y k9 eintl'y

and theorem is proved. ]

Let us formulate a theorem on the uniqueness of a solution of the
inverse problem with the use of the Weyl function. For this purpose,
parallel with L, we consider the boundary-value problem L of the same
form but with different coefficients ¢ (x). It is assumed in what follows
that if a certain symbol o denotes an object related to the problem L,
then a denotes the corresponding object related to the problem L.

Theorem 4.2. If M (k) = M(k) then L = L Thus the specification of
the Weyl function uniquely determines the operator.

Proof. Since

v (k) = O (K" exp (|Imk| (w - @)
(4.8) |A (k)| > Cs |k|exp (|[Imk| =), k€ G, v=0,1
then it follows from (4.9) and (4.5) that
(4.9) ]cp(v) (x,k)‘ < Cs |k|" Y exp (— |Imk| 7), k € Gs.
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Let us define the matrix P (z, k) = [Pji (2, k)], _, o by the formula

G\ _ (@
(4.10) P (z,k) < 62 &); ) = ( ml (1)12 >
Using (4.11) and (4.5) we calculate
Piy (2, k) = @1 (2,k) @3 (x, k) — ©1 (x, k) §a (2, k)
(4.11) Pia (z,k) = @1 (2, k) o1 (%, k) — ¢1 (2, k) 1 (2, k)
' P21 (.’L‘, k) = Y2 (.%', k) (DQ (l‘, k) — (I)Q (1‘, k) {é2 (x, k)
Py (z,k) = @o (2, k) ¢1 (x, k) — @2 (z, k) Py (2, k)
and
©®1 (l‘, k) = P11 (m, k) [ﬁl (.73, k) + P12 ((E, ]ﬁ) @2 (:E, k)
(4.12) w2 (x, k) = Py (x,k) @ (x, k) + Py (z,k) gg (z, k)
) P, (l’, k‘) =Pn (."L‘, k‘) ?1 (1‘, k) + Pio (l’, k‘) ?2 (."L‘, k‘)
(I)Q (37, k) = Pgl (:c, k) (131 (IL’, k) + PQQ (37, k) (132 (a:, k)
It follows from (4.11), (4.1) and (4.4)
Pit (@.k) = 1 5 (91 (2.8) (Ba (@) = 2 (2. 1)
—o1 (2, k) (s (2, k) — s (2, k))] ,
Pra (a, k) = Atk) (o1 (@K By (k) — 01 (2 8) B (2, B)]
P (a, ) = Atk) [0 (2.8) B (2. B) — 01 (2.6) s (2, B)]
Poo (k) = 1+ Atk) [m (z, k) (@1 (. k) — Uy (z, k))

=Wy (z, k) (p1 (2, k) — @2 (x,k))] -

According to (4.12) and (4.1), for each fixed z, the functions Pj (x, k)
are meromorphic in k with poles in the points k,, and En Denote Gg =
G5NGjs. By virtue of o) (z,k) = O (|k|” exp (|[Imk|z)), (4.8) and (4.9)
this yields

C C, .
(4.13) |P11($,k)_1ygﬁ, |P12(x,k)\gﬁ, keGY, |kl >k,

C C, .
(4.14) |P22($,k)_1ygﬁ, |P21(x,k)\gﬁ, keGY |kl >k
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According to (4.1) (4.2) and (4.9) we have

Py (2, k) = @1 (2,k) Ca (x, k) — C1 (, k) $a (x, k)
—%Mu M (k) @1 (2, k) Ba (2, )

Pyy (2,k) = &1 (2, k) Ca (z, k) — Cy (2, k) 1 (2, k)
—%MU M (k) o1 (. k) @1 (k)

Py (2,k) = @3 (2, k) Ca (x, k) — Ca (2, k) B2 (2, k)
+ (M (k) = M (R)) g2 (2. k) B2 (s, )

Pos (2, k) = @1 (z,k) Co (2, k) — C (2, k) 2 (2, k)
+ (M (k) = M (k) g2 (2, k) G1 (2, ).

Thus if M (k) = M (k) then the functions Pji, (x, k) are entire in k for
each fixed x. Together with (4.13) and (4.14), (4.15) this yields,
Py (z,k) =1, P2 (x,k) =0, Py (2,k) =0, Pag (z,k) =1
Substituting into (4.12) we get
¥1 (l’,k) = &1 (1’, k) ) P2 (ka) = 62 (l',k) )
0y (l‘a k;) = (’Iv)l (l’, k) , Po (fL‘, k) = 5)2 ($, k)
for all x and k. Consequently L = L. U

Theorem 4.3. If k, = %n, Qn = Qp, n > 0 then L = L. Thus, the
specification of the spectral data {kT“a”}nZO uniquely determines the
operator.

Proof.
1 = 1 1

4.1 Mk)=————
e %w—m+2;{%@—mﬁ@%ﬁ

—~ 1 1

M(k)= ———+ — +
Under the hypothesis of the theorem and in view of (4.15), we get that
M (k) = M (k) and consequently by Theorem 4.2, L = L . O

Theorem 4.4. : Ifk, = En, fy = fin ,n >0, then L = L.
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Proof. By the properties of functions A (k) and A (k), it is clear that
lim %(k) = 1. Under the hypothesis k, = k, and A (k) and A (k)
functions are entire we get that A (k) = A (k). From Lemma 3.4, we
have @Z (x,%n) = Yn (.%,En) = Ynp (z, ky) and v (x,%n) = (z,kp) =
Y@ (T, ky). Tt foll~ows Yn = n and so «a, = a&,. Consequently by
Theorem 4.3, L = L . ]

5. Properties of eigenfunctions

In this section, properties of eigenfunctions of problem L is considered.
We have representation of eigen functions as follows: for x < d

o (x, ky) =sink,x + / IN(H (z,t) sin k,tdt,
0

for x > d

¥ (.ZU, kn) =
(o + B) sinknz + (o™ — B) sink, (2d — z) + int§ K11 (z,t) sin kytdt.

Theorem 5.1. (i) The system of eigenfunctions {¢ (x,kn)},>q of the
boundary value problem L is complete in Lo (0, 7).

(i) Let f(x),z €[0,d)U(d, x| be an absolutely continuous function
and satisfy the jump conditions:
Jd+0)=af (d—0)
f(d+0)=a"tf (d—0)+2kBf (d—0)
Then

T

(51 F@) =Y g @)y an=— [ ot k) F () dt
n=0

[07%) 0
and the series converges uniformly on [0,d) U (d, 7].

Proof. (i) From Theorem 1, 3, 8 of [13] the system of eigenfunctions
{¢ (x,kn)}, > of problem L is a Riesz Bazis in Ly (0,7). Thus (i) is
proved. a

(i) Denote

_ 1 oz, k)Yt k), <t
G(x’t’k)__A(k){ o (t k)Y (e, k) , x>t
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and consider the function

Y (z,k) /G:Utk (t)dt

Kt @k [ een o

t (2, ) {/ W) | (t)dt+/dﬂ¢(t,k:)f(t)dt}.

The function G (z,t,k) is called Green’s function for L. G (z,t,k) is
the kernel of the inverse operator for the Sturm-Liouville operator, i.e.
Y (z, k) is the solution of the boundary value problem

(5.2) 0Y —\Y = f(z), A= k>
UY)=0,V()=
and satisfies the jump condition:

Y (d+0) = aY (d —0)
{ Y’ (d+0)=a 'Y’ (d—0)+2kBY (d —0)

this easily verified by differentation.

Let now f,z € [0,d) U (d,n] be an arbitrary absolutely continuous
function. Since ¢ (z,k) and 1 (x, k) are solutions of (1.1), we transform
Y (x,k) as follows:

Y (0.) == an g 19 @R[ 60+ (0 0+ a0) 061 O
(5.4)

(5.3)

d
o (. k) / [ (6, 1) + (o (£) + q (8) o (. K)] £ () dt

+o (z, k) /d ’ (=" (8, k) + (v () + q () ¥ (¢, k)] f(t) dt}

Integrating of the terms containing second derivates by parts, yields in
view of (3.2),

(5.5) v (o)=L % (21 (2. k) + Za (2, k)}

where )
Z (k) = A(k){ V(@ k) [ (6 k) g () dt + o (k) [0 (8,k) g (1) dt
+o (. k) [0 (t,k) g (t)dt}
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1 , )
gt)=f (), '
2y (@.k) = gy (@)Y (m. k) £ ()
+ﬁﬁ’ﬂ“’ﬂfo ) +q(t) et k) f(t)dt
+ﬁsﬂ(w7k) JE (6 +q () o (k) f (1) dt
Atk)w (x,k) [ (W' () +q®) v (& k) f (t) dt.
Using (4.8), we get for a fixed § > 0 and sufficiently large k* > 0 :
(56) Omax ’ZQ (CL’ k‘)| < ‘i’| k € Gj, |].€| > k*.
Let us show that
57) \kl\gnooogl:caé(w |21 (2, k)] = 0.

First we assume that g (x) is absolutely continuous on [0,d) U (d, 7]. In
this case another integration by parts yields of Z; (z, k) we infer

C
Jnax |Z1 (x, k)| < ke Gs, |k| > k.

k]’

Let now g (t) € L]0, n]. Fix € > 0 and an absolutely continuous function

ge (t) such that
€
/ lg (¢ ()| dt < —— 0T

where

1 x
Ct = max sup{ x, k / "t k)| dt + | (2, k
()ngﬂkGGg’A (k)| ’w( )’ 0 ‘90 ( )‘ ‘90( )’

(/gcdw’(t,k)\dwr/dﬂ\w’(t,k:)]dt>}.

Then, for k € Gs, |k| > k*, we have

C
jnax |Z1 (z, k)| < Jmax. |Z1 (x, k; g5)|+ max |Zy (2, k59 — ge)| < §+ |]i|5)

Hence, there exists ko such that jnax \Zl (x k)| < e for |k| > k°. Since

e > 0 is arbitrary, we arrive at (5.9).
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Consider the contour integral
1
I = — Y (z,k)dk
where
T, = {k: k| = |K] +%, n=0, £1, i2,...}.
It follows from (5.7)-(5.9) that

(5.8) Iy (z) = f(x)+en(x), lim max |ey (z)| =0.

N—oco0<z<m

On the other hand, we can calculate I (), with the help of the residue
theorem. Taking (3.4) into account and using Lemma 3.6 we calculate

1 €T

ResY () = = o) /0 ot k) £ (£) dt
1

A(kn)”

(e, k) {/xdw(t,kn)f(t) e+ [Tvan o)

_ M . i
il ,km/o o (6. k) £ (8) d,

by (3.7),
1 T
6:9)  ResY (0.h) = g (wh) /0 o (t.kn) £ (2) d.

And by (5.6),

1 ™

o Jo o (t,ky) f(t)dt.

N
Iy (z) = Zangp(x,kn), an =
n=0
Comparing this with (5.11) we arrive at (5.1), where the series con-

verges uniformly on [0,d) U (d, 7|, i.e. (ii) is proved. O

Acknowledgments

This work is supported by the Scientific Research Project Fund of
Cumhuriyet University under the project number F-223.



(1]

2]

[9]

[10]

[11]

[12]
[13]

[14]

[15]
[16]
[17]

[18]

On inverse problem for singular Sturm-Liouville operator 606

REFERENCES

R. Kh. Amirov and N. Topsakal, A representation for solutions of Sturm-Liouville
equations with Coulomb potential inside finite interval, J. Cumhuriyet Univ.
Natural Sciences 28 (2007), no. 2, 11-38.

R. Kh. Amirov and N. Topsakal, On Sturm-Liouville operators with Coulomb
potential which have discontinuity conditions inside an interval, Integral Trans-
forms Spec. Funct. 19 (2008), no. 11-12, 923-937.

R. S. Anderssen, The effect of discontinuities in density and shear velocity on
the asypmtotic overtone structure of torsional eigenfrequencies of the Earth,
Geophys, J. R. Astr. Soc. 50 (1997) 303-309.

F. V. Atkinson, Discrete and Continuous Boundary Problems, Academic Press,
New York-London, 1964.

R. Bellman and K. Cooke, Differential-Difference Equations, Academic Press,
New York-London, 1963.

P. A. Binding and P. J. Browne, Seddighi, Sturm-Liouville problems with eigen-
parameter depent boundary conditions, Proc. Edinburgh Math. Soc. (2) 37
(1993), no. 1, 57-72.

P. A. Binding and P. J. Browne, Oscillation theory for indefinite Sturm-Liouville
problems with eigenparameter-dependent boundary conditions, Proc. Roy. Soc.
Edinburgh Sect. A 127 (1997), no. 6, 1123-1136.

C. T. Fulton, Two-point boundary value problems with eigenvalue parameter
contained in the boundary conditions, Proc. Roy. Soc. Edinburgh Sect. A 77
(1977), no. 3-4, 293-08.

C. T. Fulton, Singular eigenvalue problems with eigenvalue parameter contained
in the boundary conditions, Proc. Roy. Soc. Edinburgh Sect. A 87 (1980), no.
1-2, 1-34.

I. M. Gelfand and G. E. Shilov, Generalized Functions I, Academic Press, New
York-London, 1964.

N. J. Guliyev, Inverse eigenvalue problems for Sturm-Liouville equations with
spectral parameter linearly contained in one of the boundary conditions, Inverse
Problems 21 (2005), no. 4, 1315-1330.

O. H. Hald, Discontinuous inverse eigenvalue problems, Comm. Pure Appl. Math.
37 (1984), no. 5, 539-577.

X. He and H. Volkmer, Riesz basis of solutions of Sturm-Liouville equations, J.
Fourier Anal. Appl. 7 (2001), no. 3, 297-307.

N. Yu. Kapustin, Oscillation properties of solutions of a nonselfadjoint spectral
problem with the spectral parameter in the boundary condition, Differential
Equations 35 (1999), no. 8, 1031-1034.

M. Kobayashi, A uniqueness proof for discontinuous inverse Sturm-Liouville
problems with symmetric potentials, Inverse Problems 5 (1989), no. 5, 767—781.
M. Kobayashi, An algorithm for discontinuous inverse Sturm-Liouville problems
with symmetric potentials, Comput. Math. Appl. 18 (1989), no. 4, 349-356.

M. G. Krein and B. Ya. Levin, On entire almost periodic functions of exponential
type, Doklady Akad. Nauk SSSR (N.S.) 64 (1949) 285—287.

R. J. Krueger, Inverse problems for nonabsorbing media with discontinuous ma-
terial properties, J. Math. Phys. 23 (1982), no. 3, 396-404.



607
[19]

[20]
21]

22]
23]
24]
[25]
[26]

27]

28]

[29]

[30]

31]

32]

33]

Amirov and Topsakal

F. R. Lapwood and T. Usami, Free Oscillations of the Earth, Cambridge Univ.
Press, Cambridge, 1981.

B. Ya. Levin, Entire Functions, MGU, Moscow, 1971.

B .M. Levitan and I. S. Sargsyan, Introduction to Spectral Theory, Amer. Math.
Soc., Providence, 1975.

B. M. Levitan, Inverse Sturm-Louville Problems, Nauka, Moscow, 1984, English
transl, VNU Sci. Press, Utrecht, 1987.

O. N. Litvinenko and V. I. Soshnikov, The Theory of Heterogeneous Lines and
Their Applications in Radio Engineering, Radio, Moscow, 1964.

V. A. Marchenko, Sturm-Liouville Operators and Their Applications , Naukova
Dumka, Kiev, 1986.

V. P. Meschanov, Feldstein, A. L., Automatic Design of Directional Couplers,
Sviaz, Moscow, 1980.

M. A. Naimark, Linear Differential Operators, Frederick Ungar Publishing Co.,
New York, 1967.

D. G. Shepelsky, The inverse problem of reconstruction of the medium’s con-
ductivity in a class of discontinuous and increasing functions, 209-231, Spectral
Operator Theory and Related Topics, Amer. Math. Soc., Providence, 1994.

A. M. Savchuk and A. A. Shkalikov, Sturm-Liouville operators with singular
potentials, Math. Notes 66 (1999), no. 5-6, 741-753.

A. A. Shkalikov, Boundary value problems for the ordinary differential equations
with the parameter in the boundary conditions (in Russian), Trudy Sem. I. G.
Petrovskogo 9 (1983) 190-229.

A. N. Tikhonov, A. A. Samarskii, Equations of Mathematical Physics, Izdatelstvo
Moskovskogo Universiteta Imeni, Moscow, 1999.

N. Topsakal and R. Kh. Amirov, Inverse problem for Sturm-Liouville operators
with Coulomb potential which have discontinuity conditions inside an interval,
Math. Phys. Anal. Geom. 13 (2010), no. 1, 29-46.

V. A. Yurko, Inverse Spectral Problems fo Differential Operators and Their Ap-
plications, Gordon and Breach, New York, 2000.

V. F. Zhdanovich, Formulas for the zeros of Dirichlet polynomials and quasipoly-
nomials, Dokl. Akad. Nauk SSSR 135 (1960) 1046-1049.

(Rauf Amirov) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CUMHURIYET,
58140, Sivas, TURKEY
E-mail address: emirov@cumhuriyet.edu.tr

(Niliifer Topsakal) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CUMHURIYET,
58140, S1vas, TURKEY
E-mail address: ntopsakal@cumhuriyet.edu.tr



	1. Introduction
	2. Representation for the solution
	3. Properties of the spectrum
	4. Inverse problem
	5. Properties of eigenfunctions
	References

