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ABSTRACT. A graph T is said to be vertex-transitive or edge- tran-
sitive if the automorphism group of I' acts transitively on V(T')
or E(T), respectively. Let I' = Cay(G, S) be a Cayley graph on
G relative to S. Then, T" is said to be normal edge-transitive, if
Nauy(r)(G) acts transitively on edges. In this paper, the eigenval-
ues of normal edge-transitive Cayley graphs of the groups D2, and
Tur are given.
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1. Introduction

Throughout this paper, all graphs are finite, simple, undirected and
connected. For a graph I', we denote the vertex set, the edge set and
the automorphism group of I' by V(I'), E(I') and Aut(I"), respectively.
Let G be a finite group and S a subset of G such that 1 ¢ S, § = S~1
and G = (S)5. The Cayley graph I' = Cay(G, S) on G is a graph with
vertex set V(I') = G and two vertices z,y € G are adjacent if and only if
ry~t € S. The Cayley graph I' = Cay(G, S) is normal if G is a normal
subgroup of Aut(T").

Recently, edge-transitive Cayley graphs of small valency are consid-
ered by mathematicians. In [7], all edge-transitive Cayley graphs of
valency four and odd order are characterized.

Normal edge-transitive Cayley graphs on the groups Z,,, where p and
g are distinct primes, are classified by Houlis [6]. In [1] the authors
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studied normal edge-transitive Cayley graphs on some abelian groups of
valency at most 5 and in [2] edge-transitive Cayley graphs of valency 4
on non-abelian simple groups are considered.

In this paper, we compute the eigenvalues of normal edge-transitive
Cayley graphs on the groups Da, and Tj,. It should be noted that for
the group Ty, we will investigate all cases for which the Cayley graph
I' = Cay(Tyn, S) is normal edge-transitive of valency four.

In the next section, we give necessary definitions and some preliminary
results. Section 3 contains the main results, i.e., the explicit formulas
for eigenvalues of normal edge-transitive Cayley graphs Cay(Tyy, S) and
Cay(D2n7 S) :

2. Definitions and preliminaries

Our notation is standard and mainly taken from the standard books
of graph theory such as [5]. A graph I' is said to be vertex-transitive
if Aut(I") acts transitively on V(I'), that is, for every pair of vertices
u,v € V(I') there exits an automorphism « € Aut(I") such that a(u) = v.
An edge-transitive graph can be defined similarly.

Given any element g € G, we define the permutation p, on G by
pg(x) = xg for all x € G. Then R(G) = {py|lg € G} is a permutation
group isomorphic to G, which is called the right regular representation
of G. Then the subgroup Aut(G, S) of Aut(G) is defined as Aut(G, S) =
{a € Aut(G), S = S}. In [1] it is proved that Aut(G,.S) is a subgroup
of Aut(Cay(G,S))1, the stabilizer of the vertex 1 in Aut(Cay(G,S)).

Given a positive integer s an s—arc is a sequence (vg, v1, ..., vs) of s+1
vertices of V' (I') such that (v;—1,v;) € E(T') and v;—1 # v;41 for all i.

Definition 2.1. A Cayley graph I is called normal edge-transitive or
normal arc-transitive if No(R(G)) acts transitively on the set of edges
or arcs of I', respectively. If I' is normal edge-transitive, but not normal
arc-transitive, then it is called a normal half- arc-transitive Cayley graph.

Let I" be a graph with vertex set V(I') = {v1,va,--- ,v,}, the adja-
cency matrix A(I") of I' is the n x n symmetric matrix [a;;], such that
a;; = 1 if v; and v; are adjacent and 0, otherwise. The characteristic
polynomial ¢(I", z) of the graph I is defined [5] as:

oI, z) = det(xl — A).

The roots of the characteristic polynomial are the eigenvalues of the
graph G and form the spectrum of this graph.
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A circulant matrix is a matrix whose rows are a cyclic permutation
of the first row. Thus,

ai az az - an
anp, ap a2 -+ Ap-—1
A= Gp—1 A4n Q1 -+ (Ap—2

a9 az Qa4 --- al
is a circulant matrix, denoted by [[a1, a2, - ,a,]]. The eigenvectors of a
circulant matrix are given by

P2 n—1)jy
vj:(LwJ’wJ’...’w( 3y, j=0,1,--- ,n—1,

where w = e ¢ are the n—th roots of unity and ¢ = y/—1 is the imaginary
unit. The corresponding eigenvalues are then given by

Aj=ai+ agwj + a3w2j + -+ anw(nil)j-

A block matrix M is a matrix whose entries are again a matrix. Sup-
pose A, B,C, and D are matrices of dimension (n x n), (n xm), (m xn),
and (m x m), respectively. Then

det A0 = det(A)det(D).
(& B )= dettaieen)

cC D
Motivated by the above results, we can prove that for the matrix
0 A
(4 5)

the characteristic polynomial is

H(C,N) = |\ — C| = |AI — AA|.

3. Main results

In this section we present the eigenvalues of some normal edge-transitive
Cayley graphs. Throughout this paper, the following results are crucial
and play a significant role in computing the eigenvalues of Cayley graphs.

Lemma 3.1. [8] Let I" = Cay(G, S) be a connected Cayley graph on
S. Then

(1) T' s normal edge-transitive if and only if Aut(G,S) is either

transitive on S, or has two orbits in S in the form of T and

T=Y, where T is a non-empty subset of S such that S = TUT 1.
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(2) T is normal arc-transitive if and only if Aut(G,S) is transitive
on S.

Corollary 3.2. Let I' = Cay(G,S) and H be the subset of all involu-
tions of the group G. If H # G and I' with respect connected normal
edge-transitive, then its valency is even.

Let Ty, = {(a,b,a®® = 1,b®> = a",bab™! = a~!). It is easy to prove
that the elements of Ty, are

La, - ,a® L bba, -, ba®" L.

We can also prove that for 1 < i < 2n — 1, ba'ba’ = b2 and so
o(ba") = 4.

Theorem 3.3. We have
|Aut(Tyy)| = 2nep(2n),
where, @ is Euler function.

Proof. Consider the map f; ; : Ty, — Tay, where

awai
fw'{bwbaj

and set Y = {f;;[(7,2n) = 1,0 < j < 2n — 1}. All elements of Y are
automorphism. Conversely, let a be an automorphism of Ty,. Since,
(a) is characteristic subgroup of T}, then necessarily, under every au-
tomorphism of T},, a maps to a’,(i,2n) = 1, and b maps to an ele-
ment of order 4, e.g. ba’. This implies that & € Y. On the other
hand, assume that f;;, frs € Y. By definition, f; jof,s(a) = a™ and
fijofrs(b) = fij(ba®) = ba**J. This means that f; jofrs = firsi+;(0 <
si+j <2n-—1,(ir,2n) = 1) and so Y is closed respect to multiplica-
tion. One can also prove easily that all elements have an inverse and
this completes the proof. O

Theorem 3.4. Let S = {ba',b, (ba’)~1,b1}, then T = Cay(G, S) is a
normal edge-transitive Cayley graph.

Proof. Assume that f; j(b) = ba so that ba’ = ba, then j = 1. On the
other hand, f; j(ba) = b implies that i = 2n — 1. Hence, fon—1,1(b) = ba
and fon—1,1(ba) = b. Further, if f.4(b) = b1, then ba® = b~! and thus
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s = n. Since f,s(ba) = (ba)~!, one can conclude that r = 1. This
implies that f.s = fi,. By continuing this method one can see that

id = f1,0, fn-1n+15 fat1n, fni1,05 fam11 € Aut(G, S).
Suppose now

. 1 2 3 4

id = < 1 2 3 4 >>f2n—1,12 <
N 3 4

fl,n— 1 2

s W

2
4 7fn+1,0 = <

R —
e NG
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o N

fnfl,nJrl

> 7fn+1,n =

)

2
3
3

fr—11 = ( 43 9 1 >>f2n1,n+1 = )

By using a GAP program, we can prove that Aut(G,S) = D,, and
Aut(G, S) acts transitively on S. O
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Corollary 3.5. Let S = {ba’,bal, (ba’)~!, (ba') =1}, where 1 <i,t < 2n
and i # t, then I' = Cay(G, S) is a normal edge-transitive Cayley graph.

Proof. Similar to the last theorem, we have

{id, fon—1t+i» fin: fon—1n+itt} C Aut(G,S)
and so S =T UT~!, where T = {ba’, ba'}. O

Corollary 3.6. The tetravalent Cayley graph I' = Cay(G, S) for S =
{b,b=1, ba, (ba) "'} is normal arc-transitive.

Theorem 3.7. For S = {b,ba,b=!, (ba)~'}, the spectrum of T = Cay(G, S)

is
-4 +a 4
Spec(l") = ( 1 1a 1 > ,

wherew:e%i, a=1l+4+w+w +0™D" gndr=1,---,2n—1.

Proof. Let S = {b,ba,b~!, (ba)~'}. We claim that the Cayley graph
I' = Cay(G, S) be a circulant bipartite graph. Let
X={l,a,---,a® Y = {b,ba,--- ,ba®""'}.

The vertices of X are not adjacent, since for all integers n, a" & S
and similarly, all vertices of Y are not adjacent. This implies that I' =
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Cay(G, S) is bipartite and so, the adjacency matrix of I' can be written
as the following form
O B
A= ( Bt O > )
SN

where B is the circulant matrix [[1,1,0,0,---,0, 1 , ,0,--+,0]].
Hence, ¢(I',\) = det(\2I — B?) = det(Al — B)det(\ + B). Since B

is a circulant matrix, its eigenvalues are

n n+1

2n
Ar = 1+Zw(j—1)7“’ r=0,1,---,2n—-1, w =en'.
j=2
If » = 0, then A\g = 4 and so +4 are eigenvalues of I', because it is
bipartite. If r > 1, then A\, = 1 4+ w + w™ 4+ w7 and the proof is

completed.
O

It is well-known fact that the dihedral group Ds,, can be presented as
follows:

Doy =(a,b:a” =b*>=1,bab ' =a™!)
Similar to group Tj,, we compute the eigenvalues of I' = Cay(Day,, S),

where I is normal edge-transitive. First let us recall the following lemma
which present conditions that I' is normal edge-transitive:

Theorem 3.8. [9] Let I' = Cay(Day,S) is a Cayley graph on the
dihedral group Da, of valency four. If S = {b,ba,ba’,ba'~"} such that
(n,2t — 1) = 1,2i(1 — i) = 0(mod n), then T is normal edge-transitive.

We claim that the Cayley graph I' = Cay(Da,,S) be a circulant
bipartite graph. Let

X={l,a,--,a" '}, Y = {b,ba,--- ,ba""1}.

Similar to the proof of Theorem 3.7, one can prove that the elements of
X and Y are not adjacent with themselves. Hence, I' = Cay(Day,, S)
is a bipartite Cayley graph. It should be noted that 1 is adjacent with
all elements of S. If ba’ be adjacent with a’, then ba’~" € S and thus,
j—i=0,1,i or 1 —i(mod n). This implies the adjacency matrix of I is

as follows,
O B
A= ( B O > )
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. i1
where B is the circulant matrix [[1,0,---,0, 1 ,0,---, 1 ,0,---,0]].

Hence, ¢(I', \) = det(\2I — B?) = det(\ — B)det(\ + B). Since B is

a circulant matrix, its eigenvalues are
n
Ar=14Y W™ =01, 20 -1, w=en",
j=2

If 7 = 0, then A9 = 4 and so +4 are eigenvalues of I', because it is
bipartite. If » > 1, then A\, = 1 + " + w™ + w7 D7" and we have
proved the following theorem.

Theorem 3.9. Let S = {b,ba,ba’, ba' ="} and T = Cay(Day, S) be nor-
mal edge-transitive Cayley graph on Da, respect with S, then the spec-

trum of I is
-4 +5 4

wherew:e%”,ﬁ: 1+wh +wk o=tk gpd kb =1,--. ,n—1.
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