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ABSTRACT. In this paper, some categorical properties of the cate-
gory Cpo, .. g of all cpo S-acts, cpo’s equipped with actions of a
monoid S on them, and strict continuous action-preserving maps
between them is considered. In particular, we describe products and
co-products in this category, and consider monomorphisms and epi-
morphisms. Also, we show that the forgetful functor from Cpoy ¢ g
to the category of cpo’s has both a left and right adjoint.
Keywords: Directed complete partially ordered set, product, co-
product.
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1. Introduction

The categories Dcpo (and Cpo) of directed complete partially or-
dered sets (with a bottom element) and (strict) continuous maps be-
tween them play an important role in domain theory and in theoretical
computer science. It has been shown (see, for example [1,9,11]) that
these categories are complete and co-complete.

The action of a monoid on a set is an important algebraic structure
in mathematics as well as in computer science. For example, computer
scientists use the notion of a projection algebra (sets with an action of
the monoid (N°°, min)) as a convenient means of algebraic specification
of process algebras (see [8]). Combining the notions of a poset and an
act, many algebraic and categorical properties of the category of actions
of a monoid on a poset have been studied (see for example [2,3,7]).

Article electronically published on February 15, 2015.
Received: 30 July 2013, Accepted: 27 December 2013.
*Corresponding author.

©2015 Iranian Mathematical Society
159



Cpo S-act 160

In this paper, considering actions of a monoid S on a set, namely
S-acts, as unary algebraic structures, are investigated as algebras in the
category Cpo. We describe products, and co-products in this category
and show that they are both complete and co-complete. We find free and
co-free objects over cpo’s, and show that this category is not cartesian
closed. Also, monomorphisms and epimorphisms in this category are
considered.

2. Preliminaries

In this section, we briefly recall the preliminary notions about the
actions of a monoid on a set and on a poset. For more information,
see [3,12].

2.1. The category Act-S. In this subsection, we briefly recall the pre-
liminary notions about the action of a monoid on a set. For more infor-
mation, see [6,12].

Definition 2.1. Let S be a monoid with 1 as its identity. A (right)
S-act (also called S-set, S-polygon, S-system, S-transition system, S-
automata) is a set A equipped with an action A : A x S — A, (A(a,s)
is denoted by as) such that al = a and a(st) = (as)t, for all a € A and
s, t€S.

Remark 2.2. (a) Let A be an S-act with the action A x S — A. Then,
we have the following right and left translations:

(Right translation) For each s € S, Ry : A - A, Rs(a) = as.

(Left translation) For each a € A, Ly : S — A, Lo(t) = at.

(b) Let S be a monoid, A a set, and Ax S — A a function. Then, A is
an S-act if and only if (A; (Rs)ses) is a unary algebra with Rso Ry = Ry
and R =idy.

(c) Each monoid S can clearly be considered as an S-act with the
action given by its binary operation S x S — S. Note that the unary
algebra related to this S-act is (S; (Rs)ses), where Rs : S — S is defined
by Rs(t) = ts.

Definition 2.3. An S-map f : A — B between S-acts is an action-
preserving map, that is f(as) = f(a)s for each a € A,s € S. The
category of all S-acts and S-maps between them is denoted by Act-S.

Definition 2.4. An element a of an S-act A is said to be a zero (or a
fized) element of A if as = a, for all s € S.
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Note that if S is a monoid with a zero element z, then for each S-act
A and a € A, az is a zero element of A.

In the following, we recall some categorical ingredients of Act-S
needed in the sequel (for more information, see [6]).

Theorem 2.5. (1) The product in the category of S-acts is the cartesian
product with the component-wise action. In particular, the terminal S-
act is the singleton S-act.

(2) The equalizer of a pair f,g : A — B of S-maps is given by E =
{a € A: f(a) = g(a)} with the action inherited from A.

(3) The pullback of S-maps f : A — C and g : B — C is the sub
S-act P ={(a,b): f(a) =g(b)} of A x B.

(4) The co-product in Act-S is the disjoint union with the natural
action. In particular, the initial S-act is the empty S-act.

2.2. The category Pos-S. In this subsection we recall the definition
and give some categorical ingredients of Pos-S needed in the sequel. For
more information, see [3].

For a monoid S we have three functions: the binary operation S x5 —
S and the right and the left translations R, Ls : S — S, for each s € S.
Using these functions we have the following ordered monoids (borrowing
some terms from topological semigroups).

Definition 2.6. Let S be a monoid with a partial order <. Then:

(a) (S, <) is a pomonoid if the partial order < is compatible with the
monoid operation; that is, for s,¢, s, ¢ € S, s <t, s <t imply ss’ < tt'.
In other words,

(s,8) < (t,t') = s’ <tt.

(b) (S,<) is a semi pomonoid (or separately pomonoid) if for each
s € S, both the right and the left translations Rs,Ls : S — S are
order-preserving.

(c) (S,<) is a right (left) semi pomonoid if for each s € S, the right
(left) translation Ry (Ls) is order-preserving.

Remark 2.7. Note that (S5, <) is a pomonoid if and only if it is a sems
pomonoid. This remark also shows that a right or a left semi pomonoid
is not necessarily a pomonoid.

Similar to Definition 2.6, one has the following.

Definition 2.8. Let S be a pomonoid, A an S-act, and < a partial
order on A. Then:
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(a) (A, <) is an S-poset if the action on A is order-preserving; that is,
(a,s) < (b,t) = as <bt.

(b) (A, <) is a semi S-poset (or separately S-poset) if for each s € S
and a € A, both the right and the left translations Ry : A — A, L, :
S — A are order-preserving.

(c) (A, <) is a weak semi S-poset if for each s € S, the right translation
R, : A — A is order-preserving.

Remark 2.9. (a) Let S be a pomonoid, A an S-act, and < a partial
order on A. Then A is an S-poset if and only if it is a semi S-poset.

(b) Let S be a pomonoid, A an S-act, and < a partial order on A.
Then, A is a semi S-poset if and only if (A; (Rs)ses) is a unary algebra
in the category Pos of posets, satisfying Rs; o Ry = R;s and Ry = id4.

(c) Notice that if (S, <) is a left or right semi pomonoid or (A, <) has
some extra properties, then the above remarks may change accordingly.
For example, as in this paper, < may be the equality on S and each
S-poset A may have the smallest element | 4, in which case the action
may preserve the smallest element (L 4, L g) but the right translations
may not preserve Lg, and vice versa (see Remark 3.2).

Definition 2.10. An S-poset map f : P — @ between S-posets is
an action-preserving monotone map. The category of all S-posets with
action-preserving monotone maps between them is denoted by Pos-S.

Recall from [3] that products, terminal object, equalizers, pullbacks,
and co-products of S-posets are as in Act-S with the obvious order.

3. Acts in Cpo

In the following, we first recall the category Cpo of cpo’s (see [11])
and then introduce the category of acts in Cpo.

Recall that a nonempty subset D of a partially ordered set P is called
directed, denoted by D C¢ P, if for every a,b € D there exists ¢ € D
such that a,b < ¢, and P is called a directed complete poset, or briefly a
depo, if for every D C¢ P, the directed join | | D exists in P. A dcpo P
which has a bottom element 1 p is said to be a cpo.

A continuous map f : P — @Q between dcpo’s is a map with the
property that for every directed subset D of P, the subset f(D) of Q
is directed and f(| |D) = || f(D). By a cpo map between cpo’s, we
mean a continuous map which is strict ; that is, it preserves the bottom
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element. We denote the category of all cpo’s with cpo maps between
them by Cpo.

Recall from [1] that the product of a family of cpo’s is their cartesian
product, with component-wise order and ordinary projection maps. In
particular, the terminal object of Cpo is the one element poset. Also,
the co-product of a family of cpo’s is their coalesced sum. Recall that
the coalesced sum of the family {A; : i € I} of cpo’s is defined to be

a=LolJ_ @\ (La)
el
In particular, the initial object of Cpo is the singleton poset {0}.

Now, by Remark 2.2, an S-act can be considered as a unary algebra
in the category Set of sets. In the following, we consider S-acts in the
category Cpo, the category which will be studied in this paper.

Definition 3.1. Let S be a monoid with identity 1. By a cpo S-act we
mean an S-act in the category Cpo. In other words, a pair (A4; (Rs)secs)
is called a cpo S-act if A is a cpo and each Rs: A — A, Rs(a) = as, is a
cpo map, called an action, such that for all s,t € S, Rso Ry = Rys, R1 =
id4. That is, a(st) = (as)t,al = a.

By a cpo S-map between cpo S-acts, we mean a cpo map which is
also an S-map. The category of all cpo S-acts with cpo S-maps between
them is denoted by Cpoact.g-

Remark 3.2. (1) First, note that in the definition of a cpo S-act, S
need not be a pomonoid. Thus, S itself need not be a cpo S-act.

(2) Notice that a cpo A which is also an S-act whose action A :
A x § — A is strict continuous, need not be a cpo S-act. For example,
take S = {1, a} with the identity 1, the order 1 < a, and binary operation
aa = a. Then, S is a cpo which is also an S-act whose action is its binary
operation which is clearly strictly continuous. However, S is not a cpo
S-act, because al = a and so R, : S — S is not strict.

(3) The converse of (2) need not be true as well. That is, the action
of a cpo S-act is not necessarily continuous. For example, consider the
monoid S = (N U {oo}, min) with the usual order of natural numbers,
and n < oo for all n € N. Then, S is a cpo, and a monoid whose binary
operation is strict continuous. In fact, for every subset X of S, we have
| ] X = maxX if X is a finite set and | | X = oo if X is an infinite set.
Now, take A to be the chain 2 = {0, a} with the right translations defined
by On = 0 for all n € NU {oco} and aco = a and an = 0 for all n € N.
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Then, A is a cpo S-act but the action A : A x S — A is not continuous.
Notice that the right translations Rs : A — A are strict (by definition),
and are continuous since for n € N, (| [{0,a})n = an = 0 = | [{On, an},
and (V{0,a})oo = aco = a = | [{0o0,acc}. But the action A x S — A
is not continuous, since a(| JN) = aco = a and | |,cyan = [ J{0} = 0.

(4) If we define the notion of a depo S-act by replacing cpo by dcpo
in Definition 3.1, then the above Remarks (2) and (3) do not hold.
This is because a map g : A x B — C is continuous if and only if it
is separately continuous in each of its component (that is the induced
maps g, : A — C, and g, : B — C are continuous), and this gives that
an action is continuous if and only if the right and the left translations
are continuous.

Notice that both the terminal and the initial objects in the category
Cpopt.g are the one element cpo S-act. In the following, we consider
products and co-products in the category Cpop.i.g- To describe the
products of cpo S-acts, we need the following lemma.

Lemma 3.3. [5,11] Let {A; : i € I} be a family of depo’s. Then, the
directed join of a directed subset D C% [L;cr Ai is calculated as | | D =
(L] Ds)icr where

Di:{CLGAiIHd: (dk)ke] ED’a:di}
for alli e 1.

Theorem 3.4. The product of a family of cpo S-acts is their cartesian
product with componentwise actions and order.

Proof. Let {A; : i € I} be a family of cpo S-acts, and A =: [[;; 4.
Then, we show that A with the right translations defined by (a;)iers =
(a;s)ier is a cpo S-act. Recall from preliminaries that A is a cpo and an
S-act. Now, to see that A is a cpo S-act, it is enough to show that the
right translations on A are continuous. Let D C? A and s € S. Then
we show that (| |D)s = | | ,cpzs. By Lemma 3.3, | |[D = (||D;)ier,
where D; = {a € A; : I(dp)ker € D, d; = a} is a directed subset of
A;, for all ¢ € I. Thus we have (| |D)s = (|| Di)iers = (| Di)s)ier =
(L] Di$)icr, where the latter equality is true, because the action on each
Aj; is continuous. Now, we see that (| |D;s)icr = | |,cpxs. Firstly,
notice that (| | D;s);er is an upper bound of the set {xs: x € D}, since
for x = (d;)ier € D, we have d; € D;, foralli € I, and so xs = (d;s)ier <
((UDi)s)ier = (LU Dis)ier- Secondly, if ¢ = (¢;)ier is any upper bound
of the set {xs : x € D}, then for i € I and a € D;, taking = = (d;)ier
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with d; = a, we have as = d;s < ¢;. Thus (| | D;s)ier < ¢, as required.
Also, since A with the ordinary projection maps p; : A — A; is the
product in the category of S-acts and in the category of cpo’s, we have
that they are cpo S-act maps. The universal property of products in
the category Cpogt.g, follows from the universal property of A as the
product in the categories Cpo and Act-S. U

Since the underlying set of the co-product of S-acts is different from
that of cpo’s, the description of the co-product in Cpop.t_g is not as
straight as that of products. To describe it, first we see the following
lemmas.

Lemma 3.5. Let A be a depo. Then D C A = L & A is directed if
and only if D = {1} or D={L}UD' or D= D" where D' C* A.

Proof. 1t is clear that all of D = {1}, D = D’ and D = {L}U D’ where
D' C? A are directed subsets of A|. Conversely, let D C¢ A,. Then
in the case that L ¢ D, we have D = D' C? A, and in the case where
1L € D, we have D = {1} U D’ with D’ C? A, because for z,y € D',
there exists z € D such that z,y < z, and this gives z £ 1. ([l

Lemma 3.6. The coalesced sum of a family of cpo S-acts is a cpo S-act.

Proof. Let {A; : i € I} be a family of cpo S-acts. It is known that
the coalesced sum A =: |#,.; 4; is a cpo (see Proposition 3.2.8 of [1]).
Define the action on A as

_Joas it as# Ly,
a5 = L if as= Ly,

il

forae A;,i€1,s€e S, and La.s = L. In particular, 1 4.1 = 1L 4.
Also, for a # 1 4, we have a.1 = a. This is because, for some i € I,
a € A;, and so a.1 = al = a. Also, a.(st) = (a.s).t, for a € A, s,t € S.
This is because, L 4.(st) = (L 4.s).t, by the definition. Also, for a # L 4,
a € A; for some i € I. First, if a(st) # L4,, then as # L4, (otherwise,
since 1 4, is a zero element, a(st) = (as)t = Lt = L4,), so (as).t =
(as)t. Also, (as)t = a(st) #La,. Therefore, (a.s).t = (as).t = (as)t =
a(st) = a.(st). Secondly, if a(st) = Lg4,, then a.(st) = L4. Now, if
as = 14, then a.s = L 4 and so (a.s).t = La.t = L4. Also, if as # L4,
then a.s = as, and since (as)t = a(st) = Lga,, (a.s).t = La. Thus
(a.s).t = (a.s).t = L4, as required.

Now, we show that the right translations are continuous. Let D C¢ A
and s € S. Then, by Lemma 3.5, D C A is directed if and only if
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D C? A;, for some i € I, or D = D' U {14}, where D’ = () or D' is a
directed subset of A;, for some ¢ € I. Now, two cases may occur:

Case (i): D C? A;, for some i € 1.

Subcase (i1): If (| |D)s # La,, then we have (| |D).s = (| |D)s =
||,cp s, where the last equality is true because A; is a cpo S-act. Now
we claim that

|_| rs = |_| x.s (%)

zeD zeD

Let K ={x € D :xs # L4,}. Then we have

(1) K # 0, because otherwise (| |D)s = | |,cpxs = La,, which is a
contradiction.

(2) For all z € K, x.s = xs, by the definition of right translations on
A.

(3) For all x € K and 2’ ¢ K, there exists 2’ € K with = < 2"
and 2’ < z”. This is because D is directed. Then zs < z”s, and hence
2" € K, since v € K.

Now to prove (x), first we see that | | ., zs is an upper bound of the
set {x.s: 2 € D}. Also, for all z € K, v.s = xs < || cpxs. Forx ¢ K,
w.s = La <|],cpws, as required. Secondly, if ¢ is an upper bound of
the set {z.s : € D}, then for all z € K we have z.s = s < ¢. For
r ¢ K and 2/ € K (which exists, since K # (), there exists, by (3),
z” € K such that x < 2” and 2/ < 2”. This gives zs < 2”’s = 2".s < c.
Then, for all z € D, we have xs < ¢, and so | |,.p s < ¢, as required.

Subcase (i2): If (|| D)s = L 4,, then again we have (| | D)s = | |,.p s.
This is because the action on A; is continuous. Also, (| |D)s = L4, gives
xs = Ly, for all z € D. This is because L, = (| D)s = | |,cpos.
Hence, by the definition of the action on A, (| |D).s = ||, cpz.s = La.

Case (ii): D = D' U {1}, where D’ C¢ A;, for some i € I.

By case (i), we have (| |D').s = | |,/cps @.s. Also, we have (| |D).s =
UD).s = Upep 's = Upep @' sV La = Upep @' sV Las =
Ll,cp -5, as required. Therefore, the right translations on A are strict
continuous, and so A = |#),.; A; is a cpo S-act. O

Theorem 3.7. The co-product of a family of cpo S-acts is their coa-
lesced sum.
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Proof. Let A = ),c; A;. By Proposition 3.6, A is a cpo S-act. It is
known that the injections u; : A; — A, i € I, defined by

' )z it o # 1Ly,
UZ($)_{J_A if I’ZJ—AZ-

are cpo maps (see [1]). In addition, we show that w; : 4; — A, i € I,
are action-preserving. First, notice that u;(La,s) = w;i(La,) = La =
Las=mwui(La,).s. Now,let L4, #x € Ajands e S. If vs = L 4,, then,
by the definition of the action on A, x.s = L4, and so u;(xs) = L4 =
x.s = ui(x).s. If zs # L4,, then x.s = xs, and so u;(xs) = zs = z.s =
u;(x).s. Moreover, for every cpo S-act B with cpo S-maps f; : A; — B,
i € I, the unique cpo map f: A — B given by
- fz(a) if acA;
f(“)_{ lp if a=lg4
which exists by the universal property of co-products in Cpo, and sat-
isfies fou; = f; for all ¢ € I, is action-preserving. First notice that
f(La.s) = f(La) = Lp = Lps = f(La)s, for all s € S. Now, let
a # L. Then a € A;, for some i € I. If as = L4, then a.s = Ly,
and so f(a.s) = f(La) = Lp = fi(La,) = fi(as) = fi(a)s = f(a)s. If
as # L4, then a.s = as, and so f(a.s) = f(as) = fi(as) = fi(a)s =
f(a)s. O

4. Adjoint relations for Cpoj.i.g

In this section, we show that the forgetful functor U : Cpopci.g —
Cpo has both a left and a right adjoint. In other words, we find the
free and co-free cpo S-acts over a cpo.

Theorem 4.1. Free cpo S-act over a cpo exists.

Proof. For a given cpo P, we show that the free cpo S-act over P is
F =F(P)=(P\{Lp}xS), with the order defined by (z, s) < (y,t) <
x <y and s = t and the right translations given by (z,t).s = (x,ts)
and L.s =1, forallz € P\{Llp} and s,t € S. Also, we see that the
unit of the adjunction, namely the free map, is 7 : P — F given by
x+ (xz,1)and Lp+— L.

First, we see that (P \ {Lp}) x S being the product of dcpo’s is
a dcpo and so F' is a cpo. Also, the right translations on it work
since (z,s).(tt") = (x,stt’) = (x,st).t = ((z,s).t).t’ and (x,s).1 =
(x,s1) = (x,s) for all s,t € S and z € P\ {Lp}. Furthermore,
the right translations are strict continuous. To see the continuity, let
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D C? (P\ {Lp} x S)1. Then, by Lemma 3.5, D = D' x {t} or
D = {1} U (D' x {t}) where D' C* P\ {Lp} and t € S. Now
LD = (D t), and

([ D)s = (||D't)s=( |D'ts)= | | (z.ts)
zeD’!
= || (zt)s) =] |Ds

zeD’

Therefore, F'is a cpo S-act.
Secondly, we see that the defined map 7 : P — F' is a universal strict
continuous map. It is strict by its definition. For continuity, let D C¢ P.

Then
D)= |p.1)=||@=1) =] |rD).

xeD
To prove the universal property, let f : P — B be a strict continuous
map to a cpo S-act B. Then the map f : (P \ {Lp} x S), — B
defined by f(z,s) = f(z)s and f(L) = Lp is the unique cpo S-map
with f o7 = f. It is strict by its definition. To prove continuity, let
D C?(P\{Lp} xS)i. If D=D"x {t} where D' C? P\ {Lp}, then

o = ryooy=r o= rlnt

xeD’
= | U@t =[] f@) =] |FD)
xzeD’! zeD’

where the third equality is true because f is continuous and the fourth
equality follows from the fact that B is a cpo S-act. If D = L @&(D' x{t})
where D’ C? P\ {Lp}, then

FUoy=r ooy =Nt = r@Ne= | ] (fl))

xzeD’
- |_| ?(mvt): |_| ?(mvt)\/J—B: |_| ?(mJ)v?(J-):I_l?(D)
xzeD’ zeD’ zeD!

The proof of the fact that f is action-preserving, and is unique, is
straightforward. O

Now, the assignment P — F'(P), which maps a cpo P to the free cpo
S-act, defines a left adjoint to the forgetful functor, and the free map is
the unit of the adjunction.
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Corollary 4.2. The forgetful functor U : Cpoaci.g — Cpo has a left
adjoint.

Theorem 4.3. Co-free cpo S-act over a cpo exists.

Proof. For a given cpo P, we show that the set K = PS, of all maps
from S to P with the pointwise order and the right translations given
by (fs)(t) = f(st), for s,t € S and f € P® is the co-free cpo S-act over
P. Also, we show that o : P¥ — P, given by o(f) = f(1), is the co-unit
of the adjunction, or in other words the co-free map.

Firstly, we show that P% is a cpo S-act. It is clear that P° is a
cpo in which the supremum of each directed subset D C P9 is given
by (LID)(s) = Uysep f(s) for all s € S and the bottom element is the
constant mapping f, : S = P, s — Lp for all s € S. To see that the
right translations defined above are strict continuous maps, let D C¢ P°
and s € S. Then

(D))= D)ty = | £ty = L] (Fs)(8) = (L] fo)@®)

feb febD febD

where the third and the last equalities hold because the supremum in
P9 is calculated pointwise. Also (f1s)(t) = fi(st) = Lp = fi(t), for
all s,t € S, so the action is strict.

Secondly, we see that the co-free map o : PS — P is a universal strict
continuous map. It is strict by its definition. To prove continuity, let
D C4 P9, Then

ol | H=]no=L]ra=1[]as0p.

feb fep fep febD

Finally, given a strict continuous map g : A — P from a cpo S-act A, it
is routine to see that the map g: A — P9, given by g(a)(s) = g(as), is
the unique cpo S-map which satisfies 0 0 g = g. ]

Corollary 4.4. The forgetful functor U : Cpopci.g — Cpo has a right
adjoint.

Remark 4.5. (1) Notice that the forgetful functor U : Cpopgs.g — Set
does not have a right adjoint. This is because it does not preserve the
initial object. Recall that the initial object in Cpoj.t_g is the singleton
cpo whereas in Set is the empty set.
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(2) Notice that the free cpo S-act on a dcpo S-act A is proved directly
to be A with the right translations defined by:

_Joas if acA
“ETY L i a=1

forallae A and s € S.

Regarding the adjoint functors, we show that the product endofunctor
A x — of cpo S-acts does not necessarily have a right adjoint; that is:

Theorem 4.6. The category Cpopqi.g @S not cartesian closed.

Proof. For a non trivial cpo S-act A, since A x {1} 22 {L}, the functor
A X —: Cpopci.g = Cpoact.g does not preserve the initial object, and
so it does not have a right adjoint. O

5. Monomorphisms and epimorphisms in Cpop;._g

In this section, we show that monomorphisms in Cpoy ;g are exactly
one-one morphisms while its counterpart is not true for epimorphisms.
It is shown for morphisms whose images are Scott-closed, being epic is
equivalent to being onto.

Remark 5.1. Recall from [4] that monomorphisms in the category
Dcpo are exactly one-one morphisms. The same is true for the cat-
egory Cpo. In fact, since the inclusion functor from Cpo to Dcpo has
a left adjoint (see [1]), it preserves monomorphisms, and consequently
monomorphisms in Cpo are monomorphisms in Dcpo, and hence they
are one-one.

Theorem 5.2. Monomorphisms in Cpoaci.g are exactly one-one cpo
S-maps.

Proof. Having the adjunction given in 4.2, and the fact that right ad-
joints preserve limits, and in particular monomorphisms, we get that
monomorphisms in Cpoy ;g are exactly cpo S-maps which are monomor-
phisms in Cpo. Then the result follows by the above remark. O

In the following remark, we consider epimorphisms in Cpog.g-

Remark 5.3. Epimorphisms in Cpoyt.g are not necessarily onto. For
example, take S to be an arbitrary monoid, A = L & N in which the
order on N is discrete, and B = L ®N® T in which the order on N is the
usual order. Then, A and B with the identity right translations are cpo
S-acts. Define the map h : A — B by h(L) = L and h(n) = n for all
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n € N. We show that h is a cpo S-act epimorphism which is not onto.
It clearly preserves the action. To see that h is (strict) continuous, let
D C? A. Then D = {1}, or there exists n € N such that D = { L, n} or
D = {n}. For the case that D = {L,n}, n € N, we have

W D) =h(n)=n=| [{Ln} =] {a(L),h(n)} =| |W(D).

The other cases are clear. To show that h is an epimorphism, let f1, fo :
B — P be two cpo S-maps with f; o h = fs o h. Then, we have

fi(L) = fi(h(L)) = fa(h(L)) = fa(L),
fi(n) = fi(h(n)) = fa(h(n)) = fa(n)

for all n € N, and

AM =AN =[] A0 =] fo(n) = FLN) = fo(T).

neN neN
Therefore, f| = fo.

In the following, we show that epimorphisms f: A — B in Cpopqig
are onto if f(A) is a Scott-closed subset of B. Recall that (see [1]),
C C B is Scott-closed if and only if B\ C' is an upper closed subset of
B, and for D C¢ Bif | |[D € (B\ C) then DN (B\ C) # 0.

Lemma 5.4. Let B be a cpo S-act, and I be a nonempty Scott-closed
subact of B. Then

(i) B* = (B\I)U{L} is a cpo S-act.

(ii) The mapping g : B — B* defined by g(x) = L forxz €I, g(x) ==
forxz ¢ I is a cpo S-map.

Proof. (i) First we show that B* with the order defined by b < ¥’ if and
only if b < ¥ in B or b = L, is a cpo. We show that the supremum of
every directed subset of B* exists. For this, let D C% B*. Then, two
cases may OCCur:

Case (1): L ¢ D. In this case, D C% B and | | D exists in B. Also,
L|D ¢ I and so | |D € B*. This is because, if | |D € I then D C I
which is a contradiction.

Case (2): L € D. In this case, D' = D\ {L} is a directed subset of
B, and so | | D = | | D’ exists in B*. This is because, if | | D’ € T then
D'’ C I which is a contradiction.

Now, we define the right translations on B* as

_Joas if as¢ I
5= 1 if aselora= 1
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for a € B* and s € S. We show that for s, € S and a € B*, we
have a.(st) = (a.s).t. If a(st) € I, then a.(st) = L. Now, if as € I,
then (a.s).t = L.t = L; and if as ¢ I, then (a.s).t = (as).t = L, since
(as)t = a(st) € I. Also, if a(st) ¢ I, then as ¢ I, since I is a subact,
and so a.(st) = a(st) = (as)t = (a.s).t. The right translations are also
continuous, since for D C? B* and s € S, (| |D).s = yep y-s. This
is because, if | |D = ¢ and ¢s € I, then ys € I for all y € D. Thus,
c.s = L =|l,cpy-s, as required. Also, if cs ¢ I, then c.s = cs and
cs is an upper bound of y.s for all y € D (this is because y.s = ys or
y.s = L). Further, if b € B* is an upper bound of the set {y.s: y € D},
then taking K = {y € D : ys ¢ I}, we have K # () (since otherwise
ys € I for all y € D, and so I—IyED ys € I which gives the contradiction
that cs = (|| D)s = | |,cp ys € I). Therefore, there exists y’ € K. Now,
since D is directed, for y ¢ K there exists yg € D such that y,y" < yo.
We show that yo € K. To get this, we show ygs ¢ I. On the contrary,
let yos € I, then ys € I (since I is a down-set) which is a contradiction.
z.s = zs < bfor all z € K, and for all y ¢ K there exists yp € K such
that y < yo and so ys < yps < b. So b is an upper bound for the set
of {ys:y€ D,y # L}, and c.s = cs = Ll(yeD\{i}) ys < b, as required.
Hence B* with the action and order defined above is a cpo S-act.

(ii) We see that g is strict by its definition. To show that g is contin-
uous, let D C% B. We consider two cases:

Case (1): | |D € I. In this case, g(| |D) = L = [ |g(D), where the
last equality holds because D C I.

Case (2): | |D ¢ I. In this case, ¢g(| | D) = || D. Now, using the fact
that for y € D, g(y) = y or g(y) = L, we have | | ., g(y) = [UD, as
required.

Finally, to prove that ¢ is action-preserving, let b € B and s € S.
Then two cases may occur:

Case (a): bs € I. In this case, g(bs) = L. If b ¢ I, then g(b).s = b.s =
L. Alsoif, b € I, then g(b).s = L.s = L. Therefore g(bs) = g(b).s.

Case (b): bs ¢ I. In this case, b ¢ I and g(bs) = bs. Also g(b).s =
b.s = bs. Therefore g(bs) = g(b).s. O

Theorem 5.5. Let f: A — B be an epimorphism in Cpopet.g- Then,
f is onto if and only if its image is a Scott-closed subset of B.

Proof. Let f(A) be a Scott-closed subset of B. Consider the cpo S-act
B* with I = f(A), and the cpo S-map h : B — B* defined in Lemma
5.4. Also, consider the constant cpo S-map k: B — B*, b+ 1. Then
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hof=ko f. Since f is an epimorphism, h = k and so f(A) = B, as
required. The converse is clear. O

6. Completeness and co-completeness of Cpop;.g

In this final section, applying the results of the above sections, we
show that the category of cpo S-acts is both complete and co-complete.

Proposition 6.1. The category Cpop.t.g @S complete.

Proof. Applying Theorem 3.4, it is enough to show that equalizers exist
in the category Cpoa.t.g. Let f,g: A — B be cpo S-maps. Then, from
the fact that

E={zecA: f(z)=g(x)}
is their equalizer in both categories Cpo and Act-S, we get that it is
the equalizer of f and ¢ in the category of cpo S-acts. U

In the following, we show that the category Cpopct.g is co-complete.
To this end, applying Theorem 23.14 of [10], it is enough to show that
Cpopct.s has a coseparator and is well-powered.

Recall that an object C' of a category C is called a coseparator (or
cogenerator) if the functor hom(—,C) : C°? — Set is faithful; in other
words, for each distinct arrows f,g : A — B there exists an arrow
h:B — C such that ho f #hog.

Lemma 6.2. The category Cpopct.g has a coseparator.

Proof. We show that for each cpo P with |P| > 2, the co-free object
PS described in Proposition 4.3 is a co-separator. Let P be a cpo with
|P| > 2, and f,g : A — B be cpo S-maps with f # g. First, we define
a cpomap k: B — P such that ko f # ko g. Since f # g, there exists
a € A with f(a) # g(a). Three cases may occur:

(1) fla) <g(a) (2) g(a) < f(a) 3) f(a) [l g(a)
Let f(a) < g(a). Then, taking B" = {b € B | b < f(a)}, define

k:B — P by
B 1lp ifbe B’
h(b) = { y otherwise

where y € P is chosen with y # L p (such y exists since |P| > 2). First,
we show that k is order-preserving, and hence it take directed subsets
to directed ones. Let bi,by € B with by < by. If by € B’, then for
the case where by € B, Lp = k(b1) = k(bz); and for the case where
bo € B', Lp =k(bi) <y =k(ba). Also, if by ¢ B’, then by ¢ B’ and so
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k(by) = k(ba) = y. To prove the continuity of k, let D C¢ B. It is clear,
by the definition of B’, that | |D € B’ < D C B'. Now, if | |D € B/,
then D C B" and so k(| |D) = Lp = | |,cpk(2). Also, if | |D ¢ B,
then k(| | D) =y and D € B’. Thus D\ B’ # (), and

| | k(z) = | ] k(z)=yV1lp=y

2€D 2€(D\B')U(B'ND)

as required. Finally, since P® is the co-free cpo S-act on P, there exists
a unique cpo S-map h : B — P® such that o o h = k, where ¢ is the
co-free map defined in Proposition 4.3. This gives that ho f # h o g,
and so P° is a co-separator.

The case (2) is proved similarly. And about case (3), take B’ = {b €
B:b< f(a)} or B={be B:b<g(a)} in the proof of case (1). O

Recall for instance from [10] that a category is well-powered if for each
of its objects, the class of its subobjects (considered up to isomorphisms)
forms a set. Also, for the categories in which monomorphisms coincide
with one-one morphisms, the class of subobjects of an object B would
be a subset of the power set of B, and therefore is a set. This also holds
for the category of cpo S-acts, by Lemma 5.2. Therefore,

Lemma 6.3. The category Cpop.i.g 45 well-powered.
Proposition 6.4. The category Cpop.i.g @5 co-complete.

Proof. By Theorem 23.14 [10] and Lemmas 6.2, 6.3 and 6.1, the category
is co-complete. O
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