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1. Introduction

An n-tuple of operators is a finite sequence of length n of commuting
continuous linear operators 11,75, -- ,T, acting on an infinite dimen-
sional separable Banach space X. If T' = (11,T»,--- ,T,) is an n-tuple
of operators, then we let

F=Fr={ThTr. . .Tk . };>0,i=1,2,---,n}

be the semigroup generated by T. If x € X, the orbit of z under the
tuple T is denoted by

Orb(T,x) ={Sx: S € F}.

A vector x € X is called a hypercyclic vector for the tuple T if
Orb(T,x) is dense in X and in this case the tuple T is called hyper-
cyclic. Also, a vector x is called a supercyclic vector for T if COrb(T, x)
is dense in X and in this case the tuple T is called supercyclic. Similarly,
a vector x is called a cyclic vector for the tuple T if the linear span of
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Supercyclic tuples 122

Orb(T, ) is dense in X and in this case the tuple T is called cyclic.
From the definition, supercyclicity is an intermediate property among
the hypercyclicity and the cyclicity.

Moreover, the tuple T" becomes a single operator when n = 1. Thus
the above definitions generalize the hypercyclicity, supercyclicity and
cyclicity of a single operator to a tuple of operators.

Supercyclicity was introduced in the sixties by Hilden and Wallen [5].
They proved that every unilateral weighted shift is supercyclic. Since
1991, this property has been studied, for example, see Godefroy and
Shapiro’ work [4]. The first example of supercyclic operator in infinite
dimensional Banach spaces (moreover hypercyclic) was discovered by
Rolewicz [9] in 1969. Apart from supercyclicity, the other properties
have also been studied in recent years. Such as, Liang and Zhou [7]
characterized the hereditarily hypercyclicity of the unilateral (or bilat-
eral) weighted shifts and gave some conditions for the supercyclicity of
three different weighted shifts. Zhang and Zhou [17] studied disjoint
mixing weighted backward shifts on the space of all complex valued
square summable sequences. We refer the readers to these papers and
their references.

In the present paper, we want to extend some properties of super-
cyclicity from a single operator to a n-tuple of operators. But for sim-
plicity, we only prove our results for the case n = 2. That is, we consider
the tuple T' = (11, T»), a pair of commuting continuous linear operators.
In this case, we still let

F={THTs: k;>0,i=1,2}.
For x € X, the orbit of x under the tuple T is the set
Orb(T,x) = {Sz: Se F}y={THhTkz: k>0,i=1,2}.

The notation TC% we will refer to the set of two copies of an element of
F, that is,

T?={S®Sy:8 €F,i=1,2y={TPTy @ TFHTy : k; >0, i=1,2,3,4}.
We say that Tg is hypercyclic provided there are x1, 9 € X such that
{W(l‘l ) 3:2) W e TdQ}

is dense in X @ X, and similarly we say that TC% is supercyclic provided
there are x1,x9 € X such that

(C{W(xl D CEQ) W e Tg}
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is dense in X @ X. Also, we say that T 5 is cyclic provided there are
x1,x2 € X such that the linear span of {W(x1 ®x3) : W € Tg} is dense
in X X.

We denote D the open unit disc in the complex plane C. In the follow-
ing, let ‘H be an infinite dimensional separable Hilbert space of analytic
functions defined on ID such that for each A € D, the linear functional of
point evaluation at A given by f — f(\) is bounded. In the following, a
Hilbert space of analytic functions H we mean one satisfying the above
conditions. Moreover, the constants and the identity function f(z) = z
are in the Hilbert space H.

For any A € D, let ey denote the linear functional of point evaluation
at A on H, that is, ex(f) = f()A) for every f € H. Since ey is a bounded
linear functional, the Riesz representation theorem states that

ex(f) = (f,kx)

for some ky € H.

The weighted Hardy space is the well-known example of such Hilbert
space H. Let (5(n)), be a sequence of positive numbers with 5(0) = 1.
The weighted Hardy space H2(3) is defined as the space of analytic

functions f =322 f(n)z" on D satisfying
1113 =D 1F ) PIBMm)]* < .
n=0

From the book [2] we know that the classical Hardy space, the Bergman
space and the Dirichlet space are weighted Hardy spaces with (n) =
1, B(n) = (n+1)"2 and B(n) = (n+ 1)'/2, respectively. These spaces
are Hilbert spaces with the inner product defined by

(f.9) = F(m)a(n)(B(n))?
n=0

for each f, g € H%(B).

A complex-valued function w on D for which wf € H for every f € H
is called a multiplier of H and collection of all multipliers is denoted by
M(H). A multiplication operator M, defined on H is denoted by

Myf=wf, feH.
Also, note that for each A € D,

M:_:k)\ = w()\)k)\.
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It is known that each multiplier M, is a bounded analytic function on
D (see, e.g. [6, P552]), that is, M(H) C H*.

If w e M(H) and ¢ is an analytic mapping from D into D such that
fop € H for every f € H, then from the closed graph theorem we
obtain that the weighted composition operator C , defined by

Cup(f)(2) = MuCo(f)(2) = w(z) f((2))

is bounded. The mapping ¢ is called the composition map and w is
called the weight. From now on, we always suppose w1, wa € M(H) and
©1, Yo satisfy these properties.

For a positive integer n, the nth iterate of ¢;, denoted by (¢;), for
1 = 1,2, is the function obtained by composing ¢; with itself n times;
also, ¢ is defined to be the identity function. Besides, if ¢; is invertible,
we can define the iterates (p;)_, = api_l o ‘Pi_l o..0 goi_l(n times) for
i=1,2.

Now for w € M(H) and an analytic function ¢ : D — D, since

Ci.o(kx) = w(N)ky for every A € D, it follows that

G tn) = (020w 00) ) g

for each f € H, A € D, where k) is the reproducing kernel of the H.
The holomorphic self-maps of the unit disc D are divided into classes
of elliptic and nonellptic. In this paper, we pay more attention to the
elliptic type. The elliptic type is an automorphism and has a fixed point
in D. It is well-known that this map is conjugate to a rotation z — Az
for some complex number A with |A| = 1. The maps that are not elliptic
are called of nonelliptic type. The iterate of a nonelliptic map can be
characterized by the Denjoy- Wolff Iteration Theorem as following,

Proposition 1.1. [2, Theorem 2.51] If ¢, not the identity and not an
elliptic automorphism of D, is an analytic map of the disc D into itself,
then there is a point a € D so that the iterates @, of ¢ converge to a
uniformly on compact subsets of .

Recently, there has been a great interest in studying the dynamical
properties of a single adjoint weighted composition operator Cf, , on
the Hilbert space H, see for example monographs [3,6,8,14,16], which
are good resources for our understanding. We list a result which char-
acterizes the supercyclicity of a weighted composition operator for the
convenience of the readers.
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Proposition 1.2. [6, Theorem 3] Let ¢ be a disc automorphism. Set

E = {)\ eD: {H’;:_(}w o (pj(/\)} is a bounded sequence},

F = {)\ eD: {(wop_n(\)"'}, is not a Blaschke sequence},

G= {)\ €D : {wown(N)}n is not a Blaschke sequence},

H= {)\ eD: {(H?le o <p_j()\))_1}n is a bounded sequence}.

If one of the following conditions holds then Cy, , is a supercyclic oper-
ator.

(i) The sets E and F have limit points in D; moreover, {ky, ) }n
and {kwn(/\z)}n are bounded sequences for all \y € E and A9 € F.

(ii) The sets G and H have limit points in D; furthermore, {ky, () }n
and {ky_, () }n are bounded sequences for all \y € G and A3 € H.

For the tuple of adjoint weighted composition operators (Cy, ,,C5, .,)
the very recent paper [10] gives the sufficient conditions for its hyper-
cyclicity on the Hilbert space H. In 2011, Yousefi characterized the su-
percyclity of multiple weighted composition operators in [11]. From [11],
we know the pair (M, Cyp)*, (M.,C,)*) can satisfy the Supercyclicity
Criterion under some conditions. We list in the following, under the
prerequisite M, C,M,,Cy, = M,,Cy M, Cyp.

Proposition 1.3. [11, Lemma 2.2] Let ¢(z) = €z for some 6 € [0, 27]
and every z € D. Also, let w; : D — C be such that the sets

Ei={\eD: nlggo H?;&wl(e(ﬂn)i@)\) - wa(el)) = 0},
and

E | = {)\ cD: {(H}L:lwl (ejie/\).wg(e*(ﬁrn)i@)\))—1}

is a bounded sequence},
n

have limit points in D. Then the pair ((My,Cyp)*, (M,,Cy)*) satisfies
the Supercyclicity Criterion.

Proposition 1.4. [11, Theorem 2.3] Let ¢ be an elliptic automor-
phism with interior fixed point p and w; : D — C satisfies the in-

equality: |wi(p)| < 1 < Hlim inf |w;(z)| for i = 1,2. Then the pair
z|—1—
(M, Cp)*, (M, Cp)*) satisfies the Supercyclicity Criterion.
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Building on these foundations, we continue to investigate the super-
cyclicity of the tuple (C, ,,,Cs, »,) on the Hilbert space H. We gen-
eralize the results in [6] and [11] to a certain extent. The proofs of the
present paper are partially based on the work, but some properties are
not easily managed, we need some new methods and calculating tech-
niques. The paper is organized as follows. In Section 2, we list some
lemmas. In Section 3, we show some sufficient conditions for the super-
cyclicity of the tuple (CF, ., Cg, »,)-

As we all know, linear continuous operators T and S on a separable
infinite dimensional Banach space X are quasiconjugate (quasisimilar), if
there exists a continuous map ¢ on X with dense range such that To¢ =
¢ o S. Moreover, if ¢ can be chosen to be a homeomorphism, then T
and S are called conjugate (similar). The quasisimilarity and similarity
preserve supercyclicity and hypercyclicity. In this paper, we mainly
use the similarity preserves supercyclicty. For general case, S satisfies
the Supercyclicity Criterion if and only if T satisfies the Supercyclicity
Criterion when T is similar to S.

2. Some lemmas

Firstly, we give a necessary and sufficient condition for two weighted
composition operators C,, ,, and C, ,, to commute. In the proof of
the Lemma, we use the fact that the constant and the identity function
f(2) = z are in the Hilbert space H.

Lemma 2.1. [10, Lemma 1] If wi(z) and wa(z) are nonzero for all
z €D, then Cy, p, and Cy, o, can commute if and only if

(2.1) propa=p20¢p1 and w - (w20¢1) =ws - (W10 p2).
Remark 2.2. In the following, we will always assume that wi(z) and
wa(z) are nonzero for all z € D and 1, @o satisfy

(22) prop=gr00p1, wi=wiop: and wy = w20 1.

It is clear that the condition (2.2) is a special case of (2.1). Thus, the
weighted composition operators C,,, ,, and Cy, ,, can commute under
the assumption (2.2). There are some examples in [10] satisfying the
condition (2.2). We show them for the convenience of the readers.

Suppose that ¢, (z) = "™z where r = %, p and ¢ are integers so that
(p,q) = 1. Define the weight w,(z) = > ", a,z", where

1 2k
an:{ o (NZquOrsome keZ),

0, otherwise;
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then w, € H*. Moreover, w, 0@, (z) = w,(z) for all z € D and ¢, 0ps =

Ps © Pr-
In the following we denote T; = Cj, ,, for i = 1,2. By easy computa-
tion

T‘inkz = (H;L;Ol(wz 0 ((pz)j)(z))k(ga,)n(z)a 1=1,2, n>1
Thus using (2.2) it follows that
(2.3) T3TV'k,

= [ (o () - @20 (2203 | Bignateam(e)

Next, we first present the Supercyclicity Criterion for a single operator,
similarly we list the Supercyclicity Criterion for tuples.

Proposition 2.3. (Supercyclicity Criterion for a single operator) Let X
be a separable infinite dimensional Banach space and T be a continuous
linear mapping on X. Suppose that there exist two dense subsets Y and
Z in X, a sequence (nk)ken of positive integers, and also there exist
mappings Sy, : Z — X such that

(1) T"kS,, z — z, for every z € Z.
(2) ([T y|[||Sn,2]| = O for every y €Y and every z € Z.
Then T is supercyclic.

If an operator 1" holds in the assumptions of Proposition 2.3, then we
will say that T satisfies the Supercyclicity Criterion.

Lemma 2.4. (Supercyclicity Criterion for tuples) [12, Definition 2.1]
Suppose X is a separable infinite dimensional Banach space and T =
(Th,T>) is a pair of continuous linear mappings on X. We say that T
satisfies the Supercyclicity Criterion if there exist two dense subsets Y
and Z in X, and a pair of strictly increasing positive integer sequences
(mi)ken and (ng)ren, and a sequence of mappings Sk : Z — X such
that
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(1) T"*T5* Syz — z, for every z € Z.
(2) 1T T3 y||||Skz|| = O for every y €Y and every z € Z.

For a bounded linear operator 1" on a Hilbert space H, we refer to

| Ker(T™)

n=1
as the generalized kernel of T, where Ker(T") = {f ¢ H: T"f = 0}.
The following lemma comes from [1, Corollary 3.3].

Lemma 2.5. Let T be a bounded linear operator on a separable Hilbert
space H with dense generalized kernel. Then, the following conditions
are equivalent:

(1) T has a dense range.

(2) T is supercyclic.

(3) T satisfies the Supercyclic Criterion.
Remark 2.6. (1) We refer the interested readers to [15, Theorem 2.3]
to get the proof for this lemma.
(2) The generalized kernel of the tuple T = (T1,T3) is defined as follows
(see, e.g. [18, P392]), by a polynomial p(.,.) we will mean

m n

p(z,w) = ZZcijziwj, z,w € C.

i=1 j=1

We will denote the generalized kernel of the pair T = (11,1) by GK(T),
that is defined as,

GK(T) = U{Ker(p(Tl,Tg)) : p(.,.) is a polynomial }.
It is obvious that the set |J,~ | Ker(T3TY)") is a subset of GK(T).

Similarly, the range of the tuple T' = (71, T>) on H can be represented
as follows,

U{p(Tl,Tz)g : p(.,.) is a polynomial ,g € H}.

Lemma 2.7. [12, Theorem 2.2] Let X be a separable infinite dimen-
sional Banach space and T = (T1,T>) be a pair of operators Ty, Ts. Then,
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the following are equivalent,
(i) T satisfies the Supercyclicity Criterion.
(i3) T3 is supercyclic on X@X.
Remark 2.8. In the following, we will use these operators:
T = (T1,T) = (C] Cr o)s

W1,P17 T w2,$2
T3 ={TFTP @ T/ - k>0, i=1,2,3,4}.
Then from Lemma 2.7, T} is supercyclic on H @ H, when (Cf, ., Ck, )
satisfies the Supercyclicity Criterion.

3. Supercyclicity of the tuple (C cr

w1,P17? W27‘P2)

In this section, we give some sufficient conditions for the supercyclicity
of the tuple (C CY. ,.) on the Hilbert space H. Firstly we give the

Ww1,P17? T wW2,p2

following four sets A, B, C, D,

A= {z € D : the sequence{H?;()l (w1 o (¢1)j(2) - w2 o (p2); (z))} is bounded}7

B= {Z eb: lim ITj, (wl o (p1)-j(z) w20 (%02)—.7(2))71 = 0},

C={zeD: lim W=} (w0 (p1);(2) w20 (#2);(2)) =0},
(=

D= {z € D : the sequence{H?Ll (wl o (p1)—j(z) - w20 (p2)—; (z)) }is bounded }

n

Theorem 3.1. Let w(z),wa(z) be two nonzero complex-valued functions
for all z € D and p1(z), p2(z) be two automorphisms on the unit disc D
satisfying (2.2). Suppose

(3.1) M = supsup [[K(p,),0(p2)() || < 0.
zeD nezZ

If one of the following holds:

(i) The sets A and B have limit points in D.
(73) The sets C and D have limit points in D.

Then the tuple (C} Cr. ) 1is supercyclic on H. Moreover, TC% 18

W1,P17 T wW2,p2

supercyclic on HEP H.
Proof. We will use Lemma 2.3 to prove the tuple (C Cr ) is su-

w1,p17 T wW2,p2
percyclic. Firstly, we suppose the condition (i) is true.

Take S4 = span{k, : z € A} and Sp = span{k, : z € B}. Then, the
sets S4 and Sp are dense in Hilbert space H, that is, S4 = Sp = H.
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In fact, if f € H is orthogonal to k. for every z € S4, then f(z) =
(f, k). From the condition (7), the set A has the limit point in D, hence
the identity theorem for holomorphic functions implies that f vanishes
identically on H. Thus (S4)* = {0}. That is Sy = H. By the similar
argument, we can obtain that Sp = H.

If we take Y = S4 and Z = Sg. Then Y and Z are two dense subsets
of the Hilbert space H.

Since ¢1 and @9 are two automorphisms on the unit disc D, thus gol_l
and @5 " exist on D. Then from (2.2), it follows that

(3.2) gpfl o 902’1 = @51 ogpfl, w1 = wi ocpgl and wy = wy ocpfl.

We still denote T; = Cj, ,, for i = 1,2. From (2.3), we have that

(33) TR = [ (o (e @2 (22))(2) )]
’ k(@l)no(s@)n(z% n > 1.

To find the desired right inverse of T57T;. Next, we divide the proof
into two cases by the fact that the set Ggp = {k, : z € B} is linearly
independent or not.

Case (I) Suppose that Gp is a linearly independent set. Define the
operator S : Gg — H by

Sk: = (@101 (2)) - (@2005 (D] o101y, 7 €D

Thus, we can define S™ on Gp for all n > 1 by (3.2). That is,

(3.4) Snka = H?:1[W1 e} (gpl),j(z) * w9y O ((pQ),j(Z)]*lk:(<p2)7no(¢1)7n(z).

Since G p is linearly independent, then we can extend S by linearity on
Sp = span{k, : z € B}. Therefore S™ is well-defined on Sp for all
n > 1.

In this case, by the following conditions from (3.2)

P1O0 P2 = Y20PY1, W= Wz0Y1,
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it is clear that

TTiSk. = BT ([0 (2) - @2 005 ()] ki)

= wy(2)|we(2)] k,
— k.

From which it follows that 75715 is the identity on Sp. Therefore,
T3T]'S™ is the identity on Sp for every n > 1. That is

(3.5) T3T7'S"z — z for every z € Z = Sp.
On the other hand, by condition (i) and (3.1) it follows that
(36)  lim [T3T]H,| Sk |

= lim {1055 (w10 (p1),) W) - @2 0 (2))®)) [Fiootearnto |
i for e (21)—52) w2 0 (22) 5 BT Kpa) ot (o)
< M sup I3 (Con © (1)) (9) - (2 © (22),)(9))

i [y for 0 (p1) () - 22 0 (22) (2]
=0, for VyeY, Vze Z
From (3.5), (3.6) and Lemma 2.3, it follows the tuple (C Ck )

w1,p17 T w2,p2
satisfies the Supercyclicity Criterion. By Lemma 2.5, T 5 is supercyclic

on HEPH.

Case (II). Now suppose that Gp = {k, : z € B} is not necessarily
linearly independent. In this case, we use the method which has been
used by Godefroy and Shapiro in [4, Theorem 4.5]. For the convenience
of the readers, we include this method. Consider a countable dense
subset

By ={w,eD: n>1}
of the set B. Next we will use induction to choose a sequence z,. Take
z1 = wi, denote

By = By \ {w € By : ky € span{k;, }}.
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Denote the first element of By by 29 and let
Bs = By \ {w € By : ky, € span{k,,, k., } }.

The infinite dimensionality of H insures the process never terminates.
Then we can obtain an infinite subset L = {2z, € D : n > 1} of the set B,
for which the corresponding set of kernel functions Hy, = {k, : z € L}
is linearly independent and is dense in H. Now the operator S can be
defined exactly as above, just with Hp in place of Gp. Therefore, the
Supercyclicity Criterion holds too in this case.

To sum up, in both cases, the tuple (C3, ., ,C5, ,,) satisfies the Su-
percyclicity Criterion, thus it is supercyclic and Tg is supercyclic on

Similarly, if the condition (i7) holds, we can also give the proof for the
supercyclicity of the tuple (C C%. ). This completes the proof. [

Ww1,P17 T wW2,P2
From Theorem 3.1, we can easily obtain the supercyclicity of the tuple
(M}, M3,).

wi?

Corollary 3.2. Let wi(z),ws(2) be two nonzero complex-valued func-
tions for all z € D. Denote the sets

A= {z €D : the sequence {(w1(2)wa(z))" }n is bounded},
- ' 1
BE={:eD: nlg’%om:o}’
C = {z eD: nli_}ngo(wl(z)wg(z))” = O},
1

D= {Z €D : the sequence {W

}n 18 bounded}.

If (i) or (ii) holds,
(i) The sets A and B have limit points in D.
(ii) The sets C and D have limit points in D.
then the tuple (M3 , M3,) is supercyclic on H. Moreover,

{M:”flMZfZ D M:)/lf;aM*kz;. ki > (), — 1’ 2’ 3’4}

w2

is supercyclic on HE@P H.

Proof. Let v1(z) = ¢2(z) = z in Theorem 3.1. It is clear that M :=

sup ||kz|| < oo defined in (3.1) holds. Then the desired result easily
zeD
follows from Theorem 3.1. O
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We give a simple example for understanding the Corollary 3.2.
Example 3.3. Let wi(z) = z and we(z) = z + 4. It is obvious that
{z:0<z<Vb—2} C{zeD: the sequence {(z(z + 4))"},, is bounded};

and

1
{r:-1<z<-2+V3}C{zeD: lim

Gy

That is, the sets A and B have limit points in D. Hence by Corollary
3.2, it follows that the tuple (M} , M},) is supercyclic on H.

If ¢1 and @y are two elliptic disc automorphisms (note every one of
them only has unique fixed point in D) satisfying 1 o oo = @2 0 ¢1,
then they have the same interior fixed points. In fact, suppose that
v1(z1) = 2z1 € D and pa(z2) = 22 € D. Then

p1opa(22) =p2001(22) = w1(22) = Pa(w1(22)) = @1(22) = 22 = 21 = 20.

Remark 3.4. For general case, when both o1 and po have interior fized
points in D and satisfy 1 0 pa2 = @a 0 1, the interior fixed points are
the same one.

For a € D, an automorphism ¢,(z) of D is defined by
(37) (ba(Z) = 701, z € D.

As we all know that there are so many spaces that contain ¢,, such as
the Hardy space, Bergman space and Dirichlet spaces and so on. We
call such spaces the automorphism invariant.

Theorem 3.5. Suppose that H is automorphism invariant. Let wi(z),wa(z)
be two nonzero complex-valued functions for all z € D and @1, w2 be two
elliptic disc automorphisms with an interior fived point a € D satisfying
(2.2). If one of the conditions (i) and (i1) in Theorem 3.1 holds, then the
tuple (Cwmm’ 052,502) is supercyclic on H. Moreover, TC% is supercyclic on

Proof. Case (I) Suppose that a = 0. Then there are 61, 65 € [0, 27]

such that

p1(2) = €7z, ga(2) = 2.

It is obvious that
indq 6m92

(p2)no(p1)n(z) =e Z.
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Thus the iterate {(v2)n © (p1)n : n € Z} C z0D. Since 20D is compact
subset of D, thus for every f € H, f is analytic on the unit disc I, then

(£(e2duo o))

is a bounded sequence. Thus, by the uniform boudedness principle, it
follows that
(3.8) M = supsup [|k(py),0(p0), | < 00
zeD nez

Employing (3.8) and Theorem 3.1, it follows that the tuple (C, .., C%, ,)
satisfies the Supercyclicity Criterion.

Case (II) The general case a # 0 is a fixed point of ¢. We notice
that H is automorphism invariant. Let

Pl=0a0p10d,", G2 =aop208,
be two automorphisms with the interior fixed point zero, and let
DI =wi0¢, , 2 =wrop,"

be two multipliers of H, where ¢, is the automorphism defined in (3.7).
It is clear that the tuple (C%7ﬁ, 0%7@) is supercyclic on ‘H from Case
(I), where Cg, 5 = C ' © Gy, © Cy, for i = 1,2. Finally, taking into
account that Cy, o, is similar to Cg, 5; for i = 1,2 and the similarity
preserves supercyclicity, the result follows. This completes the proof. [
Example 3.6. Take two elliptic disc automorphisms p1(z) = iz, pa2(2) =
—iz with an interior fived point a = 0 € D and wi(z) = 24, wa(z) =
2* 4+ 3. It is obvious that the conditions of Theorem 8.5 are true. The
sets A and B mentioned in Theorem 3.1 are

A= {z € D: the sequence {24”(24 + 3)”} is bounded},

n
and

. 1

It is easily to show that [0, 3) C A and (%, 1) C B. Hence (C, C

w1,p17? UJ2,4P2)
is supercyclic on H from Theorem 3.5.

Theorem 3.7. Suppose that H is automorphism invariant. Let wi(z), wa(2)
be two nonzero complez-valued functions for all z € D and 1, s be two
elliptic automorphism with an interior fized point a € D satisfying (2.2).
Moreover wi, wy : D — C satisfy the inequality |wi(a)w2(a)| < 1 and
there is 0 < 0 < 1 satisfying |wi(2)w2(2)| > 1 for all |z| > 1 -4, then the
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tuple (Cothm’cotmm) is supercyclic on H. Moreover, TC% is supercyclic
on HPH.

Proof. The same argument as in Theorem 3.5 can be applied. Since H
is automorphism invariant, we can assume a = 0. Thus
02

p1(z) = ez, pa2(z) = €2z

for some 61,02 € [0,27]. By the similar proof in Case (I) in Theorem
3.5, (3.8) is true.

On the other hand, since |w;(0)w2(0)| < 1, there is a constant 0 <
r < 1 and a positive number § € (0,1) such that

wi(2)wa(2)] <7 < 1, whenever |z| < 4.
Since |@;(2)| = |2| for i = 1,2. Thus if |2| < 8, it follows that

‘H;L:_&wl o) ((pl)J(Z) L Re (@2%(2)‘ <r" - 0, n — Q.
Thus the set {z € D: |z| < d} is a subset of C' in Theorem 3.1.

On the other hand, there is 0 < § < 1 satisfying |wi(z)wa(z)| > 1 for
all [2| > 1 — 4. And since |p; '(2)| = || for i = 1,2, then we have that

|17 yw1 0 (p1)—j(2) - wa o (2)—j(2)| " <1,

for all n > 1.
Therefore, the set {z € D : |z| > 1 — J} is a subset of D in Theorem

3.1. Since both {z € D: |z| < ¢} and {z € D : |z| > 1 — J} have limit
points in D, then both C' and D have limit points in D. Besides by (3.8)
and from Theorem 3.1, we obtain that the tuple (Cj, ., Cy, ,,) satisfies

the Supercyclicity Criterion. This completes the proof. O

Remark 3.8. It is easy to check that Example 3.6 holds for Theorem
3.7, Since w1 (0)wz(0)] = 0 < 1 and there is 0 < § = 1 — %\/ﬁ <1
satisfying |wy(2)wa(2)| = |22 + 3] > 2|43 — 1) = 2|z|* > 1 for all
|z| > 1 — 0. Hence the tuple (C}, ,,,Cs, ,,) is supercyclic on H from
Theorem 3.7.

Now if ¢ is an elliptic automorphism, a rotation through a rational
multiple of 7, then there is m € N such that ¢,,(2) = 2 for all z € D.
Now, we consider two general analytic self-maps 1, s on D with the
properties (3.9) or (3.10).
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Theorem 3.9. Let wi(z), wa(z) be two nonzero complex-valued func-
tions for all z € D and @1, p2 be two analytic self-maps of D satisfying
(2.2). For A € D, let {\m}men be a sequence in D satisfying the follow-
ing conditions

(3.9) (01)mAm) =, m=1,2,3...; and wi(A) =0,
or
(3.10) (02)mAm) =X\, m=1,2,3...; and wa(A) =0.
Also, suppose that the set {\p, : m > 1} has a limit point in D
and (3.1) holds. Then, the tuple (C}, c* s supercyclic on H.

w1,p1? wz#’z)

Moreover, TC% is supercyclic on H P H.

set in H. In fact, suppose that (f,ky_ ) = f(Am) = 0, m = 1,2,3, ...,
since the set {)\,, : m > 1} has a limit point in D, then the identity

theorem for holomorphic functions implies that f = 0. Thus K = H.
On the other hand, we still denote T; = Cj, . for i = 1,2. From (2.3) it
follows that

TPk, =
[0 (@ o ) - @20 @) [Fouyaotoarney 2 €D, n> 1.
We suppose that (3.9) holds. Hence, using (3.1) and (3.9), it follows
that, for every positive integer n
(3.11) TPT ey, =0, m=0,1,2,...,n— 1,

where \g = A. Then k), € Ker(T31]"), m=0,1,2,...,n — 1.
Since K = span{ky,, : m = 1,2,3,...} is a dense set in H, then the
set

o0

U Ker(T31)

n=1
is dense in H. As we all know that the set | ;7 ; Ker(T3'T7") is the subset
of GK(T), which is the generalized kernel of the tuple (71, 7%). Hence,
the generalized kernel of the tuple (T, T5) is dense in ‘H. By Lemma 2.5
we only need to prove the tuple (71,T3) = (Cj, ,,,C, ,»,) has a dense
range.

If for every g € H such that

T} (9) = [IG5 (w10 (o) - w2 (o)) |9 (1) (2)n = 0.
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Since wy and ws are two nonzero complex-valued functions for all z € D.
Then we have g = 0. Hence the set {1377'g : g € H} is a dense set
in ‘H. However, {I9'T]'g : g € H} is a subset of the range of the
tuple (71, T%). Therefore the tuple (71, T2) = (C C%. ,,) has a dense

wi,p1? w2,$2
range. Employing Lemma 2.5, the tuple (C} CY. ) satisfies the

Ww1,p17? T w2,p2

Supercyclicity Criterion on H. This completes the proof. O

Theorem 3.10. Suppose that H is automorphism invariant. Let wi, wo
be two nonzero complex-valued functions for all z € D and 1, P2 be
two elliptic automorphisms with interior fixed point a € D satisfying
(2.2). Further suppose that (3.1) is true. If (i) or (ii) holds for some
e D\ {a},

(1) @1 is conjugate to a rotation through an irrational multiple of w

and wy(A) = 0.
(13) 2 is conjugate to a rotation through an irrational multiple of w
and wa(A) = 0.

Then the tuple (C} Cs, .,) is supercyclic on H. Moreover, T3 is

W1,P17 T wW2,p2

supercyclic on H P H.

Proof. Since H is automorphism invariant. Similarly, we suppose that
a = 0. Assume (i) holds, then ¢;(z) = €™ 2 for some irrational number
0, € [0, 27‘(]. Let

A = MY iy =1,2.3..,
Then (¢1)m(Am) = A. Note that the set

{ei(=m)m01 : @, is irrational number , m > 0} = OD.

Since A\ID is a compact subset of D. Thus {\,, };men has a limit point in
D. Since similarity preserves supercyclicity, then by Theorem 3.9 it fol-
lows that the tuple (Cg, ., Cy, ,,) satisfies the Supercyclicity Criterion
under the condition (7).

Similarly, the tuple (Cj, ., Cg, ,) also satisfies the Supercyclicity
Criterion under the condition (¢7). This completes the proof. O

Remark 3.11. Our results are also valid for n-tuples of the adjoint of
the weighted composition operators on H. The interested readers can try
to prove them.
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