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ABSTRACT. A mapping f: V™ — W, where V is a commutative semi-
group, W is a linear space and n is a positive integer, is called multi-
additive if it is additive in each variable. In this paper we prove the
Hyers-Ulam stability of multi-additive mappings in 2-Banach spaces. The
corollaries from our main results correct some outcomes from [W.-G. Park,
Approximate additive mappings in 2-Banach spaces and related topics,
J. Math. Anal. Appl. 376 (2011) 193-202].
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1. Introduction

Let us recall that a mapping f : V* — W, where V is a commutative
semigroup, W is a linear space and n € N (here and subsequently, N stands
for the set of all positive integers), is called multi-additive or n-additive if it is
additive (satisfies Cauchy’s functional equation) in each variable, that is

f(l‘l,...7$i,1,l‘i +:E2,:Ei+1,...,$n) = f(xl,...,xn)
+f(x1a-~-axi—l7x;7xi+la' ..,l‘n),
ie{l,...,n}, 1, T, T, T Ty, Ty €V

Some basic facts on such mappings can be found for instance in [23], where their
application to the representation of polynomial functions is also presented (see
also [24,25]).

The below lemma from [10] reduces the original system of n Cauchy equa-
tions to a single functional equation.
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Lemma 1.1. Let V be a commutative semigroup with an identity element and
W be a linear space. A mapping f: V"™ — W is multi-additive if and only if
it satisfies the equation

(1.1) F@in 4212 Tt F Tm2) = > (@10, i),
i1,..,0n €{1,2}

(1‘11, ...,.13n1), (l‘lg, ...,.THQ) e V™

Let us also recall (see for instance [9,16,26]) that by a linear 2-normed space
we mean a pair (X, |-, -]|) such that X is at least a two-dimensional real linear
space and ||-,-|| : X x X — R is a function (called the 2-norm) satisfying the
following conditions:

lz,y|| =0 if and only if « and y are linearly dependent, z,y € X,
IIx,yII = ||y7x||7 xz,y € X,
laz,yl| = lal|z,yll, a€R,z,yeX

and
e,y + 2l < =yl + [z, 2], 29,2 € X.
If (X, ||-,-|) is a linear 2-normed space, then the function |-, -|| is non-negative
and
n n
i=1 i=1
A sequence (z,,)nen of elements of a linear 2-normed space (X, ||+, -||) is called

a Cauchy sequence if there are linearly independent y, z € X such that

lim ||z, —2m,y[|=0=lim |z, — 2m, 2|,
n,m—>00 n,m—>00

whereas (2, )nen is said to be convergent if there exists an € X (called the
limit of this sequence) with

lim ||z, —z,y| =0, y e X.
n—oo

Every convergent sequence has exactly one limit. If z is the limit of the se-
quence (&, )nen, then we write lim,,_,, x,, = z. For any convergent sequences
(zn)nen and (yn )nen of elements of X, the sequence (z,, +yn )nen is convergent
and

lim (zp, +yn)= lm z,+ lim y,.
n—7o0 n—> 00 n—> o0

If, moreover, (a,)nen is a convergent sequence of real numbers, then the se-
quence (@, - Tn)nen 1s also convergent and

lim (o, - 2z,) = lim @, - lim z,.
n—aoo n—roo n——oo
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A linear 2-normed space in which every Cauchy sequence is convergent is
called a 2-Banach space.
In what follows, we shall also use the following lemmas from [26].

Lemma 1.2. Let (X, |-,-]|) be a linear 2-normed space and © € X. If
eyl =0, yeX,
then x = 0.

Lemma 1.3. Let (X, ||-,-||) be a linear 2-normed space and (x,)nen be a con-
vergent sequence of elements of X. Then

Im |z, y|| = Um z,,y], y e X.
n—o0o n—oo

Speaking of the stability of a functional equation we follow the question
raised in 1940 by S.M. Ulam: “when is it true that the solution of an equation
differing slightly from a given one, must of necessity be close to the solution
of the given equation?”. The first answer (in the case of Cauchy’s functional
equation in Banach spaces) to Ulam’s question was given by D.H. Hyers (see
[21]). After his result a great number of papers (see for instance [2,3,6,7,13,15,
20,22,27,28] and the references given there) on the subject have been published,
generalizing Ulam’s problem and Hyers’s theorem in various directions and to
other functional equations (as the words “differing slightly” and “be close”
may have various meanings, different kinds of stability can be dealt with). In
particular, the stability of multi-additive mapings was investigated in [1,4,10-
12,17,29] (see also [8,23]), whereas the stability of some functional equations
in 2-Banach spaces was studied for example in [14,18,26].

In this paper we deal with the Hyers-Ulam stability, in the spirit of D.G.
Bourgin (see [5]) and P. Gavruta (see [19]), of equation (1.1) in 2-Banach spaces.
The corollaries from our main results correct some outcomes from [26].

2. Results

In this section, we prove the Hyers-Ulam stability of equation (1.1).

Theorem 2.1. Let V' be a commutative semigroup with an identity element
and W be a 2-Banach space. Assume also that o : V*"* — [0, 00) is a function
such that for any (w11, T12, ..., Tn1, Tn2) € V2" we have

(2.1) P(T11, T12, oy Tn1, Tn2)
> 1 , , : ,
= ZO m(p(2jx11, 2J$127 ey ijnla 2].73”2) < 00.
=
If f : V™ — W is a mapping satisfying
(2.2) [f(z11 + @12, o0 Tt + Tn2) — Z f(@1iys e i), Yl

i1,ee,0n €{1,2}
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2n
< o(x11, T12, ooy Tn1, Tn2),  (T11,T125 -0, Tnl, Tn2) € V", y € W,

then there exists a unique multi-additive mapping F : V"™ — W for which

(2.3) If (211, oy Xn1) — F(@11, ooy Zn1), Yl < @(211, X114 ooy Tty Tn1),
(X115 ey n1) €V, y € W

The mapping F' is given by

(2.4) F(z11, .00y Tn1)

1 . .
= hm %f(2j1311,...,2]$n1), (Ill,...,Inl) (S Vn
j—so00 2MJ

Proof. Fix (z11,...,2,1) € V", y € W and j € NU {0}. Putting x;2 := xz;; for
ie{l,..,n}in (2.2) we get

£ (211, 2201) = 2" f(@115 0y Tna), Yl < @(@11, T115 0 i1, T )-
Dividing both sides of the above inequality by 2”U+1) and replacing z;; by
202, for i € {1,...,n} we see that

1

, . 1 . ,
Hmf@ﬁ_lxlh e 2P ) — — f(2 211, P ), Y

ALY

S m@(ylﬁla 2jx117 ceey 2]*%.77,17 2]37”1),

whence by (1.2) for any non-negative integers [ and m with | < m we obtain

1 1
(25) Ilﬁf(mell, ceey menl) — Wf(lella ceny 2ll'n1), yH
m—1 1
<> oD (2111, 2211, 0y 281, 2T ).
g=l

Therefore from (2.1) it follows that (ﬁf@jmn,...ﬂjxm))jeN is a Cauchy
sequence. Since W is a 2-Banach space, this sequence is convergent and we
define F': V" — W by (2.4). Putting | = 0, letting m — oo in (2.5) and
using (2.1) and Lemma 1.3 we see that (2.3) holds.

Next, fix also (212, ..., Tp2) € V™ and note that according to (2.2) we have

1 )
||ﬁf(2j (11 + T12)5 -y 27 (Tp1 + Tn2))

1 :
— Z %f(2jfE1il,...,2J-'L'nin)>y||

2nJ
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Letting j — oo in the above inequality and using (2.1) and Lemma 1.3 we see
that

(26)  F(z11+ 212, o @t + 2n2) = > F(@1i, 000 ni )yl =0,
i1yeenin€{1,2}
and therefore from Lemma 1.2 it follows that the mapping F' satisfies equation
(1.1). Lemma 1.1 now shows that F' is multi-additive.
Finally, assume that F’ : V® — W is another multi-additive mapping
satisfying (2.3) and fix a k¥ € NU {0}. Then, using the multi-additivity of F’
and F’, (1.2), (2.3) and (2.1), we have

|F(z11, oy @n1) — F' (@11, ooy Tn1 ), Y|

1 1
= HWF(2]CJZ11, ...,Qkxnl) — WF/(2I€$117 ...,2k$n1),y”
1 1
S ||2WF(2]€$11’ ceny 2k$n1) — Wf(Qk.’L'll, ceey 2k$nl)ay”
1

1
g F@ 011,00, 250m1) = oo

< 2,7@(2%1172%11, oy 251,25 01)

o]
1 ) ) . .
=2. E 72n(j+1)(p(23$11,2ja?117...72j$n1,2jl‘n1),
j=k

whence letting &k — oo we obtain
(27) ||F(l’11, "'7xn1) - F/(xlla (X3} 'Tnl)vyn = 07
and Lemma 1.2 now shows that F' = F”. |

Putting in Theorem 2.1, n := 1 and
(2.8) p(z11,712) = Ollz11|[Plz12)? @122 €V
we obtain the following corollary which corrects Theorem 2.1 from [26].

Corollary 2.2. Let V be a normed linear space and W be a 2-Banach space.
Assume also that 8 € [0,00) and p,q € (0,00) are such that p+q < 1. If
f:V — W is a mapping satisfying
(2.9) [f(z1 +22) — f(21) = f(22), 9l

< Ollzaf[Pllze]l?, 21,22 €V, y €W,
then there exists a unique additive mapping F : V. — W for which

1f(2) — Pa), gl < D™

m, .ﬁEV,yEW
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Theorem 2.3. Let V be a real linear space and W be a 2-Banach space.
Assume also that o : V2" — [0,00) is a function such that for any (x11, 12,
ey T, Tp2) € VW we have

(2~10) {5(1'1171'12;'“)5671171'712)
> x x T x
L nj 11 12 nl n2
.7202 cp(2j+1,2j+1,...,2j+1,2j+1)<oo.
j=

If f : V™ — W satisfies (2.2), then there exists a unique multi-additive map-
ping F : V™ — W for which (2.3) holds. The mapping F is given by

(211) F(xu,...,xnl)
. i prT11 Tnl
— nj =t |46
.—thIl 2 f( Y g ey Y ), (1’11,...,.%"1) S .

Proof. Fix (z11,...,21) € V", y € W and j € NU{0}. Since

ni s T11 Tnl n(i 211 Tni
27 £ ) =2 (G )l

?7 seey 27‘7
i 211 T11 Lnl  Tnl
nj
SZ <p(2j+1’2j+17"'7 2j+172j+1))
for any non-negative integers I and m with | < m we have
Z11 Tn1 e 11 Tn1
(212 207 F(G e G2 = 2, T2
iy x z x x
nj 11 11 nl  Tnl
= Z; 2V 5T g i e
J:

and from (2.10) it follows that (2" f(%L, ..., Z81)) en is a Cauchy sequence.
Since W is a 2-Banach space, this sequence is convergent and we define F' :
V"™ — W by (2.11). Putting [ = 0, letting m — oo in (2.12) and using (2.10)

and Lemma 1.3 we see that (2.3) holds.

Next, fix also (x12, ..., Tn2) € V™ and note that according to (2.2) we have
i o T11 T T12 Tpl + Tn2 i Tl Tni
nj _ nj 1 n
||2 f( 2] PR 2] ) Z 2 f( 2] LS 2] )7y||
i1,...,in €{1,2}
< 2"%0(5811 Z12 Tnl Sﬂnz)

27 937 95 9i

Letting j — oo in the above inequality and using (2.10) and Lemma 1.3 we

see that (2.6) holds. Lemmas 1.2 and 1.1 now show that F' is multi-additive.
Finally, assume that F’ : V® — W is another multi-additive mapping

satisfying (2.3) and fix a k € NU {0}. Then, using the multi-additivity of F’

and F’, (1.2), (2.3) and (2.10), we have

||F((E117 ~~7xn1> - F/(xlh "'7xn1)7y||
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< HznkF(@ ‘r"l) _2nkf(x11 xnl),y”

ok 7,_,727 ?7...727
11 Tni 11 Tni
2" (s ) = 2 (G 5 )0

oo
<9. Zan‘p( L1l T11 Tnl  Tni )
- Q4+17 9j+17 77 9j+17 95417
J=k

whence letting & — oo we get (2.7), and Lemma 1.2 now shows that F =
F. |

Putting n := 1 and defining ¢ by (2.8) in Theorem 2.3 we obtain the follow-
ing corollary which corrects Theorem 2.2 from [26].

Corollary 2.4. Let V' be a real normed linear space and W be a 2-Banach
space. Assume also that 6 € [0,00) and p,q € (0,00) are such that p+q > 1. If
f:V — W is a mapping satisfying (2.9), then there exists a unique additive
mapping F .V — W for which

0|z||P+a
op+a — 2’

1f(z) = F(2),yll < zEV,yeW.
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