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ABSTRACT. Let A be a C*-algebra and Z(A) the center of A. A se-
quence {Ln}52  of linear mappings on A with Lo = I, where I is the
identity mapping on A, is called a Lie higher derivation if L,[z,y] =
2itjenllim, Ljy] for all 2,y € A and all n > 0. We show that {Ln}5%,
is a Lie higher derivation if and only if there exist a higher derivation {Dn, :
A — A}, and a sequence of linear mappings {An : A — Z(A)}22,
such that Ag =0, An([z,y]) =0 and L, = Dn + Ay, for every z,y € A
and all n > 0.
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1. Introduction

Let A be an algebra and [z, y] = 2y — yx the commutator (the Lie product)
of the elements z,y € A. A linear mapping d : A — A is called a derivation if
d(zy) = d(x)y + zd(y) for all z,y € A. A linear mapping [ : A — A is called
a Lie derivation if [([x,y]) = [l(x),y] + [z,1(y)] for all z,y € A. Clearly, every
derivation is a Lie derivation. Johnson [4] proved that every continuous Lie
derivation from a C*-algebra A into a Banach A-module M is standard, that
is, can be decomposed as the form d + &, where d : A — M is a derivation and
4 is a linear map from A into the center of M vanishing at each commutator.
Mathieu and Villena [7] showed that every Lie derivation (without continuity)
on a C*-algebra is standard. In [11], Qi and Hou proved that the same is true
for Lie derivations of nest algebras on Banach spaces. For other results, see [3].
A sequence {D,,}22, of linear mappings from A into A with Dy = I is called
a higher derivation if Dp(zy) = 32, ;_, Di(x)D;(y) for all z,y € A and all
n > 0. Let d be a derivation on A and define the sequence {D,,}22, of linear
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n

mappings on A by Dy = I and D,, = % Then the Leibnitz rule ensures
that {D,,}5%, is a higher derivation. Higher derivations were introduced by
Hasse and Schmidt [1], and algebraists sometimes call them Hasse-Schmidt
derivations. In [8], higher derivations are applied to study generic solving of
higher differential equations. For more information about higher derivations
and its applications see [2], [5], and [14]. The last author [9] characterized higher
derivations in terms of derivations. A sequence {L,}>2, of linear mappings
from A into A with Ly = I is called a Lie higher derivation if L,[z,y] =
> +j:n[Liz, Ly forallz,y € Aand alln > 0. Clearly, every higher derivation
is a Lie higher derivation but the converse is not true in general. Let Z(A) be
the center of A and {D,,}22, be a higher derivation on A. For any n > 0, let
L, = D, + A,,, where {A,, : A — Z(A)}22, is a sequence of linear mappings
such that Ag = 0 and A, ([z,y]) = 0 for each z,y € A and all n > 0. It is easily
checked that {L, }22, is a Lie higher derivation and not a higher derivation if
A, # 0 for some n. Lie higher derivations of the above form are called proper.
The natural problem that one considers in this context is whether or not every
Lie higher derivation is proper. In [10], the author discussed the properties
of Lie higher derivations. In [12], Qi and Hou showed that each Lie higher
derivation is proper on nest algebras. In [6], Li and Shen proved that the same
is true for triangular algebras. In this paper we are going to show that every Lie
higher derivation on C*-algebras is standard. This is an extension of Johnson’s
result in [4].

2. Main results

In the following theorem we give a representation of Lie higher derivations
in terms of Lie derivations.

Theorem 2.1. Let {L,,}>°, be a Lie higher derivation on A. Then there exists
a sequence {1,}52, of Lie derivations on A such that for every n > 1, we have

n . 1
2.1 L, = I _ A
@1 S X (B )

i=1

Go1Ti=n

where the inner summation is taken over all positive integers r; with Z;Zl r; =
n.

Proof. Let {L,}52, be a Lie higher derivation on A. First we show that there
exists a sequence {l,}5°, of Lie derivations on A such that (n + 1)L, =
Z.Z:O lg+1Ly—k for every n > 0. We use induction on n. For n = 0, We have

Li(fz,y]) = > [Liw, Ly = [Lax,y] + [2, L1y
i+j=1
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Thus if I; := L1, then [y is a Lie derivation on A. Suppose that [ is defined
and is a Lie derivation for k < n and (r+1)L,11 = Z};:O lks1 Ly, for r < n.
Define I, 41 := (n+1)Lpy1 — Zz;é lk+1Ln—1. We are going to show that l,11
is a Lie derivation on A. For x,y € A, we have

n—1
iz y) = (4 DLppa(lz,y) = > g Lo k([z,9)
k=0
= Z (n+1)[L;x, Ljy] — Zlk+1 Z [L,z, Lsy])
i+j=n+1 r+s=n—=k
= > (i+)|Lix, Ly
itj=n+1

— >0 Y liksrLez, Loy) + Lo, lia Loy))

k=0 r+s=n—k

- Z i[Liz, Liy] — Z Z lk+1L z, Lsy]

i+j=n+1

+ Z JjlLiz, Ljy] — Z [Lrx, lgy1Lsy]
i+j=n+1 =0 s=n—

R“

3

K + Ko.

Note that for 0 < k < n—1and r+s =n —k if we put u := r + k, then
0<usn,ut+s=n,0<k<wuandk #n. Thus by Ly = I, we have

Ky = > il Lyl -

>
i+j=n+1 k=0 r+
= Y il Lyl -y

Z [lk-&-lLrIv Lsy}

Ukt1Lu—r, Ly

i+j=n+1 u=0 k=0,u+s=n,k#n
n—1 u
= E i[Liz, Ljy] — Ikt 1Lu—rz, Lsy]
i+j=n+1 u=0 k=0,u+s=n,k#n
n—1

- Z[lk+1Ln—k$a Loy].
k=0
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Thus
n—1
Ky + Z[lk—i-l[/n—km;y]
k=0
= Z i[Lix, Ljy] — Z Z U1 Lu—rz, Ly
i+j=n+1 u=0 k=0,u+s= nk#n
= Y (utD[Lunr, L) - Z Z (k1 Lu—k, Lsy]
u=0,u+s=n u=0 k=0,u+s=n,k#n
n—1 u
= [((n+DLppzyl+ Y. [((wtDLypre =Y lprlugr), Lsy):
u=0,u+s=n k=0

The second equality above is obtained by replacing i, by v+ 1 and r, respec-
tively, in the first summation. By our assumption we have (u + 1)L, 12 —
S heolbt1Ly—pz =0for 0 <u<n—1and z € M. Therefore,

I
—

n

Ki = [(n+1)Lppz,yl — > [lkt1Ln—rz,y)
k=0
n—1
= [((n+D)Lpprz =Y leyr Lo ), y]
k=0
= [ln+1$7 y]

By a similar argument we have

Ky = ) jlLiw, Lyl - Z > (Ll Lsy]

i+j=n+1 k=0r+s=n—k
= [xvln-ﬁ-ly}'
Thus

ln1([,y]) = K1 + K2 = [ln112,y] + 2, lh119].

Whence I,,11 is a derivation and clearly, (n + 1)L,11 = ZZ:O lk+1Ln—k. Now,
Theorem 2.3 of [9] implies that for n > 1 we have

: 1
L, = W)l by, ),
' Z( Z < J—1r1+r2+...+n> v )

=1 3 L
j=1Ti=n

where the inner summation is taken over all positive integers r; with Z;Zl r; =
n.

The following lemma is our key to prove our main result.
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Lemma 2.2. ( [13]) Every derivation on a C*-algebra annihilates its center.

Theorem 2.3. Let A be a C*- algebra and {L,}22 a sequence of linear map-
pings from A into A with Lo = I. Then {L,}5% is a Lie higher derivation if
and only if there exist a higher derivation {D,, : A — A}, and a sequence of
linear mappings {A,, : A — Z(A)}>2, such that Ao = 0, A, ([z,y]) = 0 and
L, =D, + A, for every x,y € A and all n > 0.

Proof. Let {L,}22, be a Lie higher derivation on A. Define Ag,dy : A — A
by Ay = 0 and dy = I. Lie derivations [, satisfying (2.1) can be decomposed
as dy, + 0, where d,, : A — A is a derivation and §,, : A — Z(A) vanishes at
each commutator, see [7]. Therefore, for n > 1 we have

L > ( > (Hj:1m>(dn + 0r, ) (dry + 0ry)..(dr; + 5n-))

(3

Moy |drdry ;| + A
Z( LZ (]71T1+r2+...+ri>d1d2 d1>+

=1 L
ri=n

Jj=1

If we define

D, = I _ ddy,..dy. ),
g Z( ZZ < J_1T1+7“2+---+7"i> 172 7'>

i=1 rj=n

j=1

then Theorem 2.5 of [9] implies that {D,}>2, is a higher derivation. Clearly,
A; = 67 and by Lemma 2.2 for n > 2 we have

A, = Z( iz <Hj_1T1+T2+_._+r‘>57ﬂ15r2...5n_15m>

i=1 v

I _ Opy OpgeeiOp_ . ).
jlej:TL

Therefore, A,, : A — Z(A) is defined for every n > 0, A,([z,y]) = 0 and
L, = D, + A, for every z,y € A and all n > 0. The converse is easy to
verify. O
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