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EXPECTED NUMBER OF LOCAL MAXIMA OF SOME
GAUSSIAN RANDOM POLYNOMIALS

S. REZAKHAH* AND S. SHEMEHSAVAR{

Communicated by Fraydoun Rezakhanlou

ABSTRACT. Let Qn(z) =) ., Az’ be arandom algebraic polyno-
mial where the coefficients Ao, A1, -+ form a sequence of centered
Gaussian random variables. Moreover, assume that the increments
A]‘ = Aj - A]'_l, j = 07 1,2, Tty with A_; = 07 are independent.
The coefficients can be considered as n consecutive observations of
a Brownian motion. We study the asymptotic behaviour of the ex-
pected number of local maxima of @, (z) below level u = O(n"),
for some k > 0.

1. Introduction

The theory of the expected number of real zeros of random alge-
braic polynomials was addressed in the fundamental work of Kac [5].
The works of Wilkins [10], Farahmand [4] and Sambandham [9] are
other fundamental contributions to the subject. For various aspects
on random polynomials, see Bharucha-Reid and Sambandham [1], and
Farahmand[3].

There has been recent interest in cases where the coefficients form
certain random processes; see Rezakhah and Shemehsavar [6], and Reza-
khah and Soltani [7].
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Let Ag, A1,--- be a mean zero Gaussian random sequence for which
the increments A; = A; — A;_1, i = 1,2,---, with A_; = 0, are in-
dependent. The sequence Ag, Aj--- may be considered as successive
Brownian points, that is, A; = W(t;), j =0,1,---, where tyg <ty < ---
and {W(t), t > 0} is the standard Brownian motion. In this physical in-
terpretation, Var(A;) is the distance between successive times t;_; and
tj. Let

n
= ZAiaji, —00 < 7 < 00. (1.1)

We note that A; = Ag+ Ay +---+A;,  j=0,1,---, where A; ~
N(0,0?) and A;, i = 0,1,--- are independent. Thus,
Qn(r) = >4 0( Sk ) A = Yiog ar(x) A, Qn(r) = Yh_o br(x) Ay
and Q' (z) = > 7_ Odk( )Ag, where,

ij bi(x ijj Ldy(x Zj(j—l)xjﬁ,k:O,-",n

=k
(1.2)
Here, we study the asymptotic behavior of the expected number of
local maxima of Q,(x). We say Q,(z) has a local maxima at ¢t = t; if
Q. (z) has a down-crossing of the level zero at ¢;. A local maxima, which
we consider here, is a maxima that occurs when @, (x) is below level u.
The total number of down-crossing of the level zero by @', (z) in (a,b)
is defined as M (a,b), and these occur at the points a < t; < to < --- <
tr(ap) < b. We define M, (a,b) as the number of zero-down crossing by
Q.,(z) at those points t; € (a, b), where Q(t;) < u
Rice [8, p 71] showed that for any function of the random variables
Ap, A, -+ Ay and z, say U = Qp(z), the expected number of maxima of
U in the interval (a,b) is equal to

b proo 0
// / (t|pa(r, 0, t)dtdrdz, (1.3)

where p,(r,s,t) is the joint probability density function of U = Q,(z),
V = 0Qu(z)/0z, and W = 8?Q,(x)/0x?. We denote the covariance
matrix of (U, V, W) by ¥ and we find that

det(X) = A2B?D? — A?F? — BE? — C?D? 4+ 2CEF,

A% = Var(Qn(x z”: a2 (x)o}, B% = Var(Q! (z)) = z”: b2 (x)os,

k=1 k=1



Expected number of local maxima of some Gaussian random polynomials 47

E = Cov(Qn(2), Qn(x)) = Y ax(x)dy(x)o},

F = Cov(Q,(z), Qn(x)) = 3 b(x)di(x)ot,

where ay(x), bp(x) and dg(z) are defined as in (1.2).

Using (1.3) and the above notations we find that the expected num-
ber of local maxima of @, (z) below level u, and inside any interval
(a, b), EM,(a,b) is equal to

b u 0
EMu(a,) = [ fula)de, where ful@)= [ [ lpatr,0, Ot
(1.4)
where,
—Lr? —2Mrt — Kt?
palr,0,¢) = SRCLE 2Vt~ KU
(27)3/2 det(20)1/2
AQBQ_ 2 B2D2_F2
e et (15)
2det(X) 2det(X)
_ B2 2
_CF-BE M
2det (%) 4L
By simultaneous change of variables as s = —t and ¢ = —r, the

integrand in (1.4) is unchanged. So, the expected number of maxima
below a level u is exactly equal to the expected number of minima above
level —u in any interval (a,b). Thus, our result is valid for the expected
number of minima above a level —u as well.

Using (1.4), (1.5) and the function erf(t) = 2®(t/2) — 1, we find
that

EM,(a,b) — / (@), (1.6)
where,
fol(z) := (4m)~1 [Gl(erf(GQ) +1) — G1G3 (erf(G4) + 1) exp(Gg))} ,

in which,
-1

Gy = <2S\/2Ldet(2)> , Gs=|M| (\/LK>_1, Gy = uw/K M2,

Gy =uVL, Gs=—-K 'LSu>
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Farahmand and Hannigan [4] obtained a similar formula for the case
where the coefficients are independent with standard normal distribu-
tion.

2. Asymptotic behaviour of EFM,

Here, we obtain the asymptotic behaviour of the expected number
of local maxima of @,(z) = 0 given by (1.1). We prove the follow-
ing theorem for the case that the increments Aq,---, A, are indepen-
dent and have the same distribution. Also we assume that a,% =1, for
k=1,---,n.

Theorem 2.1. Let Q,(z) be the random algebraic polynomial given by
(1.1) for which Aj = A +...+A;, where A;,i = 1,...,n are independent
and Aj ~ N(0,1). Then the expected number of local mazima of Qn(x)
below level u satisfies:

o For u=0(n%%):
i) EM,(1,00)= 020013074 4 (0.0350055)u O(n=1/2),

47 2(nm)3/2
if) EM,(0,1)= 25 lm("?’f> —0.001648 — 2B 4 O(p-1/2).

o For u=0(n'*):
111) EMu(—OO, _1) _ 0.0162552 + (0.0997677)u + O(n_1/2),

dr 2my/nm
iv) EMu(~1,0) = 2({?;1)1"(#)*'0735255_(&317%% oM7)

Proof. The asymptotic behaviour is treated separately on the inter-
vals 1<ax<oo, —co<z<—1, 0<zr<l and —1<2x<0.

For u = O(n®/*) and 1 < x < oo, make the change of variable z =
1+ £ and the equality (1+ )" = ¢! (1 — %) + O (n™?). Using (1.6),
we find that

t

EM,(1,00) = :L/OOO full+ )t

where by (1.5) and (1.6), and a tedious manipulation we have,

n~lGy (1 + :L) =Hy;(t) +0(n™1), Gs (1 + 2) =Hi3(t) +0(n™ 1Y) (2.1)



Expected number of local maxima of some Gaussian random polynomials 49

t 2u —5/4
Go <1+n> n3/2fH12( )+ O(n / ),

t —5/4 t _ —1/2
Gi (14 1) = M) +0(~). Gs (14 %) = 10017,

where Hyj(t) = qn(t), with
p11(?)
1
qu (t) = 02 ( — 4+ (32t + 16 + 32t) €' (2.2)

+ (3267 + 208t" + 472t + 124 4 1040t* + 736" ) ¢**
—32 (9—6t"+24t—8t>+36t) €*' +4 (5—20t> + 4t +44t* —16t° —176t°) "'

+ (272 + 224t + 160¢%) ®" + (—140 + 24¢) eﬁf)

X {35—32 (1 —t+5t2) e' — (294 — 588t —324¢> +600t> +216t* +80¢>) e

+32(17 — 51t + 33t + 16t — 6t1)e™
1/2
—4(253/4—253t+3501% — 184¢3 +-43t* —41°) e

)

(t) = 15 Z+§t2—gt
L 192 \s"12" 7%

733 485 523 , 1073 5 5., 73,
ot P St

( 48 TTaa T T3 T2
1043 232 125 364 , 34
| = = SR - o ot - 8 1627 — 144°
8 3 3
32777 2161 . 31, 507, 5177, 1239 1049 . 1043
t7 t5 71&8 = t4 t6 3 4t
+(3 DR R S A TR A TR ST RS T I
6887 7153 12731, 5627 ;2335 173 1697 5\
t —96tT 4 22y 200y D90
( 24 2 T 6 Tyttt
20383 68 o 4023, 8. 72T 20851 3907, 547 3975\ g
S0 S [2 32l
+< 48 16 3 FREY A
018 2141 527 6749 1243 , 401
- 2——+—t4+6t6+—t——t3 ) e
2 8 6 6
12155 6281 L1885, 10097 5 g TET 205\
t 240 - Ol 2y t
+( 192 6 Tt T 2" )"
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and Hyo(t) = Zig with

253 46,5 35, 5, 43, 253
) =—80 (=2 - = T i S iaid
qi2(t) =-80 <( 50 5L Tt Ut — 5

47 27, 147

t)e 2 (2.3)
(= + ot 1 — 8o 15/2t% — —t)e~
0 T 10 20 0
102 34 66, 32 12 7
7t_7_7t —7153 t -3t _ ° —6t
Hg =53 Ftrgtle 16°
+(2t* — 2/5t +2/5)e %) 7,
176 > — 20t* — 16t° + 44t* + 4t + 5) ™

P12

184¢% + 260t + 52t* + 31 + 118t + 8t5) A

) =((-
+
+ (64> — 192t — 288t — 72 + 48t*) e~
+

56t 4+ 68 + 40t%) e " + 6t — 35 — e %" + (8¢ + 8% +4) e5t).

Also, Hig(t) = ~138)_ e
p13(t)

qi3(t) = (5 + (44 36t—8t%) ' — (12t — 24t* — 52° + 78—150¢%) **  (2.4)

— (120> —124—24¢7 + 156t) ** + (132t —58t> + 8t>—55) e‘“),

p13(t) =/ (253 — 736t> + 172¢* 4 1400¢> — 1012t — 16t°) e
+(294— 324t — 588t +600t +80t° +216t") e

— (512°+1056t>+544—1632t —192t*) €3 — 35+ (160t> +32—32t) et>
X ((15 — 4t)e™ — (32 + 24t)e® + (36t + 18+ 12t +8t7) th—8ett—1>,

and

Hoa() = -4 e
P14(t)
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qua(t) =((—78 4 150> + 52> — 12t 4 24 %) e~ (2.5)
+ (—120£% — 156t + 124 + 24¢%) e
+ (132t +8¢% — 582 —55) e "+ 5e ' + (361 +4 — 8t7) e M) 3/2,

pua(t) = <(4t—15)+(32+24t)et—(18+36t+12t2+8t3)ezt + 8te3t+e4t)

<6t35+(68+56t+40t2)et+(5+14t20t2176t3+44t416t5)62t
H64t% — 72192t +48t* —288¢2) e 3

H(314+ 118t +260t2+ 18413+ 8¢5+ 52t )& 1t (4 + 8t 4-8t%)e 5 66t> )

As t — 0o we have that asymptotically qi1(¢) ~ t35e3 /2, p11(t) ~ t7e®,
q12(t) ~ 16t8e72 and p1a(t) ~ 6t. Also, qi3(t) ~ St3ett, p13(t) ~ 64153,
qia(t) ~ 8t*5e~t and py14(t) ~ 24t%. These asymptotics are the terms of
the biggest degree of each function. Thus as t — oo,

Hii(t) His(t) ~ 1, Hia(t) = O(t72e™), Hiy(t) = O(t7%e™).

1
Tt
These calculations show that the following integrals are finite. One can
also use mathematical softwares like Maple to obtain these and next
asymptotic results. For more on asymptotic calculations see Bingham
et al. [2].

Now using (2.1), (1.6), the fact that exp(a/n) ~ 1+ a/n + O(n=?)
and erf(a/n) ~ 2a(ny/7)~t + O(n=3), we have,

1 [ t
EM,(1,00) = —/ fn<1+>dt
n Jo n
1 o0
= — Hq1(t)|1 — Hyg(t)|dt
= [T O - )
u o0
——— [ Hu(t)[Hio(t)— Hiz(t) Hia(1)]dt+O(n /2
gz ) F et~ His) (0] +06r?),
where by (2.2)-(2.5) and by numerical calculations we find,

/ Hi1()[1 — Hys(t)]dt = 0.0013074,
0

/0 Y Hu(8)[Hs() — Hus(£) Hia(£)]dt = 0.0350655.
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This gives the first assertion of the theorem.

For u = O(n'/*) and —oco < # < —1, let z = —1 — % Then, by
1 fo° t
(1.6), EMy(—00,—1) = 5/ fn <—1 - n) dt. Using (1.5) and (1.6),
0
we have,

n Gy <_1_7t2> =Ho (t)+0(n 1), Ga <‘1_t> = 2 Hyo 1)+ O,

n) /nm
(2.6)
Gs (—1 —~ Z) = Hys(t)+0(n ), Gs (_1 _ 2) C1+OmV),

Ha(t) :% ((-3/8—207—9/2 243 4+ 3/2¢4 = 3/21) ' (27)

9 3 9 3 3 1 1
5,94, 9 3,92, 9 2,9 6t,, L g L
+<t +2t +4t+7t +2t +8) e +4e t+8€ 8)

[3—1—(121&—6— 12t? — 56t — 5611 — 16t°) e

1/2
H(3— 12t +241% 432t — 44t* + 16t5)e4ﬂ

T 221, 1, 11 259, 7., 35. 257, 292) it
[(3t+12t+8t+32+48t+4t+3t+12t+16t e
15 4 55,

11
— -2 —1/24t —5/4tt — 1 3t5—> 2
+( 8 8 / / / 8)°€
13, 1, 49, 51, 8, 8. 211, 11 32> o
SO0y 23 205 Oys Oy Sl 0 0y
+<6 Y I L L VLR R Tl
-1
11 (55 1,2, g 13, 11 25754)@&] |

— (- =
T2 2" T2 s 6 192 16
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Hoo(t) —2\/2(3 — (16t + 56t 4+ 561> + 12t% — 12t + 6)e* (2.8)
1/2
+(16t5 — 44t* + 3263 + 2412 — 12t + 3)e4f)
X [(1 + 6t)eS 4 (12t — 16t° — 16t — 3612 — 12t — 3)e™

-1/2
+(3 4 6t + 36t2 + 56t + 36t* + 87)e — 1} ,

and
1
Has(t) =3 <1—|—(8t4—|—20t3—|—14t2—|—4t—2)e2t—|—(1 —4t— 10t2+8t3)e4t>
x [ ((=26% =38 =t = 1/2)e* + 1/4 4+ (1/4+ )™ (2.9)
x ((t5 — 11/4¢* +3/16 + 2> + 3/2t> — 3/4t)e™ + 3/16

—1/2
+(3/4t — 3/4t% — 7/2t3 — 7/2t1 — 5 — 3/8)62t) } :

Hou(t) =2/t <1+(8t4+20t3+14t2+4t—2)e2t+(1—4t—10t2+8t3)e4t>
X [((1 + 6t)e% — (16t° — 12t + 161> +-36t> +12t+3)e™  (2.10)

+(3+6t—|—36t2—I—56t3—|—36t4—|—8t5)62t—1)

~1/2
><(1—(2+4t—|—12t2—|—8t3)62t+(1+4t)e4t)} .

As t — oo, we have,

1 _
Hon (1) ~ oz Hos(t) ~ 1, Ha(t) = O(t°2e™"), Hay(t) = O(t>/%e7).
Thus, by (1.6) and (2.6) we have,

EM,(—o0, —1) = i/ooo F(—1— %) - % /OOO Hon(t) [1 — Has(1)] dt

U

+27r\/% /OOOHgl(t) [Hao(t)— Hos(t)Hay(t)] dt + O(n—l/Q)’
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where by (2.7)-(2.10) and by numerical calculations we find,

/ Hou (1) [1— Has(t)] dt =0.01625525,
0

o0
/ Hy (t) [Hoo(t)— Has(t)Hay(t)] dt = 0.09976775.
0
This gives the third assertion of the theorem.

For u = O(n®*) and 0 < z < 1, let . = 1 — n%rt Thus, by (1.6),

EM,(0,1) = ( pEmR )fo fn( - n+t> dt, where by (1.5) and (1.6) we
have,

G (1) = Hul) + 067,

a (1 _ nit) — Hay(t) + O(n™Y),

¢ 2u —5/4
Gy (1— n—i—t) n3/2fH34( )+ O(n ),

where using (2.2)-(2.5) one can verify that
H3i(t)=Hi1(-t), Hzo(t)=Hia(-t), Hs3(t)=Hy3(-t), Hz4(t)=Hy4(-t).

As t — oo, we have,

4+/35 5
Ha (t) ~ 4v35 Hs3(t) ~ ——, Hso(t) ~ V35132, Hsy(t) ~ 5t3/2.

115t ° V35
For any real numbers A and B we have,
A BVt A BVt

-3
t n32 ot n3/2+(B/A)t3/2 +0(n™"). (2.12)
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Let a = % , b= 2317?;‘/2, c = 23% and d = 2;7f?f‘/2. Now by (1.6),

(2.11), (2.12), and above calculations we have,

EM,(0,1)= W/O ful )t

B % /OOO(Hll(—t)[l — Hiz(—t)]— 4(\/371_1552 fiezy )dt
+2(#)3/2 /OOO<H11(—75)H12(_t)_2&/Z[21]> "

_2(7“)3/2 /OOO (Hll(—t)ng(—t)HM(_t) _ 20\/25?211> ”
+/100(Z_W t—/lmi—mdw()(n—l/z)

where by (2.2)-(2.5) and by some numerical calculations we find,

/000<H11(_t) [1 = Hiz(=1)] - 4(ﬁ1;5i)1[t21]

) dt=—0.0460436,

~ 8\/51[@1}) "
2

/OOO (Hu(—t) [Hi2(—t) — Hiz(—t)H1a(—)] 3

= —2.033388159.
The assumed values for a, b, ¢, and d lead to:

/OO o WL 2aln<an3/2+1) & 35111(”35%3/%1)
Lt 324 b3 3 3457\ 50u ’

b
> fc dv/t 2¢. (¢ 4
s — 2 Zp3/2 1):
/1 (t n3/2+(d/c)t3/2>dt 3“(d” *

2 N
—— In(X=n??+1).
697 n(14un + )

This gives the second assertion of the theorem.

For u = O(n'/*) and -1 <z <0, let z = —1 + nLH Thus, by (1.6),

EM,(~1,0)= (ﬁ) 1t (—1+%+t) dt, where by (1.5) and (1.6) we
have,
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Ga () = Haalt) + 00/,

n+t) /nm
Gs3 (—1+n - t) =Hu(t)+0(n ), Gs (—1+nit> =140(n (1/2) |
2.13

t 2u
- o Hualt —5/4
Gy ( 14 —I—t) NG 14(t) + O(n ),

where using (2.7)-(2.10) we find,
Hyi(t)=Ho1(—t), Hyo(t)=Hoa(—t), Haz(t)=Has(—t), Hu(t)=Hoa(-1).
As t — oo, we have,

44/3 1
11t’ 43(%) V3’

For any real numbers a and b we have,

a b \/i a b \/E B
t 71/1/2 - t nl/2 +/(b/a)t1/2 +O(n 1)~ (2.14)

Now, let az%, bzllilriz/?’ c:ﬁand d:llljigfm. We know
that the expected number of local maxima and thus the whole integral
is finite. Thus by subtracting some terms we make the integrands inte-
grable. Finally, we add these terms to the whole integrand by using the
equality (2.14). This way, we can break the whole integrand to different
integrable parts. Thus, by (1.6), (2.13), (2.14) and above calculations

we have,
EM,( 1oy~—ll—i/mf(—1+gf—qm
ST n+ )2 e " n+t

— % /Oo (Hgl(—t)[l — Has(—t)] — 4(\[3111)1[7521]> p

gmmW/ le [Hm()—fbﬂ%ﬂbd%ﬂ—fﬁEOdt

+/ a_b/\[dt_/ E_”/—\[”dt+0( —1/2)
1t nl/24(b/a)tl/? 1t nlt/24(d/e)tt/
where by (2.7)-(2.10) and some numerical calculations we find,

o A3 - 1)I
jﬁ (fﬂn(—tﬂl-fhg(—tﬂ-—(”/112”>”><ﬁ::-—0133651168&

H42(t) ~ 2@, H44(t) ~ 2\/{5.

Hy(t) ~
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/oo <H21<—t)[H22(—t) _ H23(—t)H24<—t)]_ 16I[t21]) dt
0

11Vt
= —0.6777048198.
The assumed values for a, b, ¢, and d lead to:

/ 4 Lﬁdt = 2aln<2n1/2 + 1) = 2\/§In<37rnl/2 + 1),
1

t  npl/2 4 byl/2 T 1lx 4u

© (¢ d/\Vi _ C 19 2 VT 1
/1 <tn1/2+(d/c)t1/2>dt_an(dn +1>_117T1n<12un +1)'

Thus, we get to the last assertion of the theorem.
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