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ABSTRACT. Let Cp(c) denote the class of concave univalent functions de-
fined in the open unit disk D. Each function f € Co(a) maps the unit
disk D onto the complement of an unbounded convex set. In this paper,
we study the mapping properties of this class under integral operators.
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1. Introduction

Let A denote the class of functions f(z) of the form
(1.1) fR) =2+ arzh,
k=2

which are analytic in the open unit disk

D={zeC:|z| <1},
and satisfy the following usual normalization condition

f(0) = f'(0)—1=0.
Further, by S we shall denote the class of all functions in A which are univalent
in D. Also, let p be the class of all functions which are analytic in ID and satisfy
p(0) =1, Rep(z) > 0.
In 1915, Alexander [1] introduced the first integral operator defined by

A(z) = -/OZ @dt,
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while the Libera operator [24] is defined by

2 z
L) =2 [ s
ZJo
and the Bernardi operator [5], which generalizes the Libera operator, is defined
fory=1,2,3,...,

1+~

L,(z) = ()t tdt.

Many authors have studied special integral operators by employing different
methods (see [12,20,25,27]). All of these special integral operators are the
particular cases of the other general operator of the form

(12) 1) = | 525 [ reor -t >dt} ,

27¢(

where ¢, ¢ € D, v, 8, , a are complex numbers. Note that, the operator I given
in (1.2) was defined by Miller, Mocanu and Reade [26] in 1978. In 2002, Breaz
and Breaz [8] defined the following operator:

(1.3) Fulfl(z) = /O <f1t(t)>% <f"t(t))% dt,

for fi(z) e Aand v; >0, for alli € 1,2,3,....n

By using the concept of convolution, many authors had generalized the operator
by Breaz and Breaz (1.3) in several directions (see [2,9,11,28]). Frasin [21] (see
also, [7]) introduced and studied a generalized operator I(f;, g;) as follows

(1.4) I(fi 90)(2) = /0 (W) gt i1 ..m.

The operator I(f;, g;) reduces to many well-known integral operators by varying
the parameters «; and by choosing suitable functions instead of g;(z). For
example if we take m = 1,91(2) = %, 01 = a € [0,1] in (1.4), we obtain the
integral operator studied in [26] given as

0 [0

Other types of integral operators are also studied by researchers in this area.
For example, integral operators of the types J(z), H(z), F(z), G(2), Fupn and
G n(z) which were also proved by Breaz et al., [10]. In addition, Ibrahim and
Darus [19] defined and studied integral operator as follows:

k,a,B
JIy's
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—1

=< P(2) % e * P(2) * a ZBZ)Z K L.k a ZBZ)2 *(1_5)(6“) * f(2)
hotimes ak—times
an N

!
+
NE

Y

z
= (B2 + (n = 1)(82)°N* C(6.n)
where k,a € Ng =NU{0},6>1,A>0,§ >0 z € D.
Many results were obtained by the authors of [14]- [31] related to this integral
operator.
In 2013, Frasin [23] obtained the general integral operator Bg(z) defined by

ﬂ/oz tﬁlﬁ <ft(t)>V pfi(t)dt] ’ ,

where f; € A, p; € p,8 € C* =C\{0} and v;,; € Cfor alli =1,2,...,n.
Note that the integral operator B generalized special operators introduced
and studied by several authors including [8] and [22].

(L6) Bp(z) =

The aim of this work is to investigate some mapping properties of the integral
operators (1.5) and

(1.7) F(z) = Zil /Oztkf(t)dt,A >0,

for the class of concave univalent functions.

Remark 1.1. Note that when A =0 in (1.7) we get Libera operator.
We need the following definition in the sequel.

Definition 1.2. A function f : D — C is said to belong to the family Co(c) if
f satisfies the following conditions:

(i) f is analytic in D with the standard normalization f(0) = f'(0)—1=0. In
addition it satisfies f(1) = oo.

(i) f maps D conformally onto a set whose complement with respect to C is
convez.

(iii) The opening angle of f(D) at oo is less than or equal to ma, o € (1,2].

The class Cp(«) is referred to as concave univalent functions and for a detailed
discussion about concave functions, we may refer to [3,4,13] and the references
therein.
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We recall the analytic characterization for the functions in Cy(a), a0 € (1,2] :
f € Co(a) if and only if R (P(.)(2)) > 0,z € D, where

2 [(a+1)142 1"(2)
Pf(z)_a—l 2 1—2_1_zf’(z)

In [6], the authors used this characterization for their work.

2. Main results

One of our main results is contained in the following theorem:

Theorem 2.1. If a € (1,2] and f € A satisfy the inequality

(2.1)

zf'(z) ’
e 1| <1,2eD,

then for all A € R

(2.2) Pz) = /0 (@)Adt € Cola).

Proof. Our aim is to prove that for any complex number w we have (see [10])

1 1
2. —-1l<1 — > .
(2.3) |lw—1| < @?Rw>2
If we let
12 a—i—ll—i—z_l_ZF”(z)
w a-—-1| 2 1-=z Fr(z) ]’
then

22(1=2)F"(z) = (1 + a)F'(2))
(a4+az+32—1)F'(z) —22(1 — 2)F"(2) |

(2.4) w— 1] =

From (2.2), we obtain

and
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We substitute F’(z) and F”(z) in (2.4), and make a simple computation to get
2M17@(ﬁ$)794%1+®
(a+a%Hk—D—2M1—@<#g)—Q
ﬁg)—w+u+a)

2A|[1 = =]

e+ az43z—1] —2/\|]1 - 2|

201 =2+ (14 )
T lat+az+3z -1 =2\l — 2|’

TG
o A

where
zf'(2)
f(2)

Taking z — 17 (by the maximum principle theorem), yields

2M1—@(ﬁ5)—g—41+@

—1’<1.

1
, <<l
m+fw+3z7nfzm1f@(ﬁgffg 2
In view of conclusion (2.3), we have F(z) € Cy(a). This completes the proof.

O

When A\ = 1, we obtain the next result.

Corollary 2.2. If A = 1 in Theorem 2.1, then the Alexander operator is a
concave univalent function.

Theorem 2.3. Let f € A and o € (1,2]. If f € Cy(a), then the integral
operator

(2.5) F) = Zfﬂ /0 TR fd A0,

satisfies the inequality

(2| (0— DA +2)
%{ F(z) }< 2

whenever

2F"(2)

(2.6) Ry 1> 0
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Proof. Since

we have

By taking the derivatives, we obtain

A+1 z

TF(Z) + §F/(Z) = f(2),
which implies that

A+ 2
2.7) %F’(z) +IFE) = ()
We deduce
(28) A3+ ) = 1),
Since

2 a+1l+4z 1(2)
Mo (T g)) e

this is equivalent to
a+1ll+z 1" (2)
R -1- 0.
(T )

a+11+z
R -1 <
( 2 1-z )_

by letting z — 0, we conclude that

%<a+11+z—1> ga;l.

Since
a+11+z

2 1—=z

)

2 1—=z
Hence we obtain
a+11+z2 7(2) a—1 1"(2)
0<® —-1- <R —
( 2 1-2 )= \2 )
which yields the inequality

z2f"(2) a—1

Substituting (2.7) and (2.8) in (2.9), we have
RA(T =+ 20 F"(2) + 2:F"(2)} < (a - 1><A+2>§R{¥}.

Consequently, we have

1090
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(T—a+2\) 2zF"(z)  22F"(2) (a—1H)(A+2)
%{ > P | FG) }< 2

Since for a € (1,2], A > 0 and 3 — a4 2\ > 0, we have

7T— o+ 2\
— - >2

then, by the assumption (2.6), we conclude that

5 {QzF”(z) N z2F’”(z)} R { (7T —a+2X) 2F"(2) z2F”’(z)}

F(z) Fr(z) J— 2 F'(z) F'(z)
This completes the proof. O
Acknowledgments

This work was supported by AP-2013-009 and DIP-2013-001. The authors also
would like to thank the referee for the comments to improve the contents of

our

(1]
2]

(3]

work.

REFERENCES

J. W. Alexander, Functions Which map the interior of the unit circle upon simple regions,
Annals of Math. (2) 17 (1915), no. 1, 12-22.

M. Arif, K. I. Noor and F. Ghani, Some properties of an integral operator defined by
convolution, J. Inequal. Appl. 2012 (2012) 6 pages.

F. G. Avkhadiev, C. Pommerenke and K. J. Wirths, Sharp inequalities for the coefficient
of concave schlicht functions, Comment. Math. Helv. 81 (2006), no. 4, 801-807.

F. G. Avkhadiev and K. J. Wirths, Concave schlicht functions with bounded opening
angle at infinity, Lobachevskii J. Math. 17 (2005) 3-10.

S. D. Bernardi, Convex and starlike univalent functions, Trans. Amer. Math. Soc. 135
(1969) 429-446.

B. Bhowmik, S. Ponnusamy and K. J. Wirths, Characterization and the pre-Schwarzian
norm estimate for concave univalent functions, Monatsh. Math. 161 (2010), no. 1, 59-75.
D. Breaz and N. Breaz, Some convexity properties for a general integral operator, JI-
PAM. J. Inequal. Pure Appl. Math. 7 (2006), no. 5, Article 177, 8 pages.

D. Breaz and N. Breaz, Two integral operators, Studia Univ. Babes-Bolyai Math. 47
(2002), no. 3, 13-19.

N. Breaz, D. Breaz and M. Darus, Convexity properties for some general integral oper-
ators on uniformly analytic functions classes, Comput. Math. Appl. 60 (2010), no. 12,
3105-3107.

D. Breaz, M. Darus and N. Breaz, Recent studies on univalent integral operators, Editure
Aeternitas, Alba Iulia, 2010.

S. Bulut, A new general integral operator defined by Al-Oboudi differential operator, J.
Inequal. Appl. 2009 (2009), Article ID 158408, 13 pages.

W. M. Causey and M. O. Reade, On the univalence of functions defined by certain
integral transforms, J. Math. Anal. Appl. 89 (1982), no. 1, 28-39.

L. Cruz and C. Pommerenke, On concave univalent functions, Complex Var. Elliptic
Equ. 52 (2007), no. 2-3, 153-159.



Some concavity properties 1092

[14] M. Darus, R. W. Ibrahim and I. H. Jebril, Bounded turning for generalized integral

operator, Int. J. Open Problems Complex Analysis 1 (2009), no. 1, 1-10.

[15] M. Darus and R. W. Ibrahim, On subclasses of uniformly Bazilevic type functions in-

volving generalised differential and integral operators, Far East J. Math. Sci. (FJMS)
33 (2009), no. 3, 401-411.

[16] M. Darus and R. W. Ibrahim, Integral operator defined by k-th Hadamard product,

ITBJ. Sci. 42 (2010), no. 2, 135-152.

[17] M. Darus and R. W. Ibrahim, Multivalent functions based on a linear integral operato,

Miskolc Math. Notes 11 (2010), no. 1, 43-52.

[18] M. Darus and R. W. Ibrahim, On new subclasses of analytic functions involving gen-

(19]
[20]
(21]
(22]
23]
(24]
25]
[26]
(27]
28]

29]
(30]

(31]

eralized differential and integral operators, Fur. J. Pure Appl. Math. 4 (2011), no. 1,
59-66.

M. Darus and R. W. Ibrahim, On classes of analytic functions containing generalization
of integral operator, J. Indones. Math. Soc. 17 (2011), no. 1, 29-38.

E. Draghici, Convexity and close-to-convexity preserving integral operators, Mathemat-
ica 40(63) (1998), no. 1, 85-88.

B. A. Frasin, General integral operator defined by Hadamard product, Mat. Vesnik 62
(2010), no. 2, 127-136.

B. A. Frasin, Integral operator of analytic functions with positive real part, Kyungpook
Math. 51 (2011), no. 1, 77-85.

B. A. Frasin, General integral operator of analytic functions with positive real part, J.
Math. 2013 (2013), Article ID 260127, 4 pages.

R. J. Libera, Some classes of regular univalent functions, Proc. Amer. Math. Soc. 16
(1965) 755-758.

E. P. Merkes and D. J. Wright, On the univalence of a certain integral, Proc. Amer.
Math. Soc. 27 (1971) 79-100.

S. S. Miller, P. T. Mocanu and M. O. Reade, Starlike integral operators, Pacific J. Math.
79 (1978), no. 1, 157-168.

P. T. Mocanu, Convexity and close-to-convexity preserving integral operators, Mathe-
matica (Cluj) 25(48) (1983), no. 2, 177-182.

A. Mohammed, M. Darus and D. Breaz, On subordination, starlikeness and convexity
of certain integral operators, Mathematica 53(76) (2011), no. 2, 165-170.

K. I. Noor, On new classes of integral operators, J. Nat. Geom. 16 (1999) 71-80.

K. I. Noor and M. A. Noor, On integral operators, J. Math. Anal. Appl. 238 (1999)
341-352.

G. S. Salagean, Subclasses of univalent functions, Lecture Notes in Math. 1013 Springer-
Verlag, Berlin, 1983, 362-372.

(Maslina Darus) SCHOOL OF MATHEMATICAL SCIENCES, FACULTY OF SCIENCE AND TECH-

NOLOGY, UNIVERSITI KEBANGSAAN MALAYSIA, 43600 UKM BANGI SELANGOR DE, MALAYSIA

E-mail address: maslina@ukm.edu.my

(Ibtisam Aldawish) SCHOOL OF MATHEMATICAL SCIENCES, FACULTY OF SCIENCE AND

TECHNOLOGY, UNIVERSITI KEBANGSAAN MALAYSIA, 43600 UKM BANGI SELANGOR DE,

Ma

Ma

LAYSIA
E-mail address: ibtisamaldawish@gmail.com

(Rabha W. Ibrahim) INSTITUTE OF MATHEMATICAL SCIENCES, UNIVERSITI MALAYA, 50603,
LAYSIA
E-mail address: rabhaibrahim@yahoo.com



	1. Introduction
	2. Main results
	References

