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ABSTRACT. In this paper, we prove the Hyers-Ulam stability of the sym-
metric functional equation f(v1(z,y)) = p2(f(x), f(y)) in random normed
spaces. As a consequence, we obtain some random stability results in the
sense of Hyers-Ulam-Rassias.
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1. Introduction

In 1940, the stability problem of functional equations originated from a
question of Ulam [11] concerning the stability of group homomorphisms. In
1941, Hyers [3] gave an affirmative partial answer for the question of Ulam for
Banach spaces. Since then, In 1978, Hyers’ theorem was generalized by Th.M.
Rassias [8] for linear mappings by considering the unbounded Cauchy difference
as follows:

Theorem 1.1. Let f be an approzimately additive mapping from a normed
vector space E into a Banach space E’, i.e., [ satisfies the inequality

1f(@+y) = f(z) = fFW) < elllz]" + llyll")
for all x,y € E, where € and r are constants with € > 0 and 0 < r < 1. Then
the mapping L : E — E’ defined by L(x) = lim,, o, 27" f(2™x) is the unique
additive mapping which satisfies
2¢
—L <
1F @+ )~ L@ < 5o

]|
forallz € E.
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In 1994, a generalization of the Th. M. Rassias’ theorem was obtained by
Gavruta [2] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Th. M. Rassias’ approach.

Some of the most famous functional equations such as, additive Cauchy
equation, generalized additive Cauchy equation, exponential equation and log-
arithmic equation (see [5]), satisfy the following general equation:

(1.1) flei(z,y)) = e2(f(2), f()),

where for i = 1,2, ¢; : X; x X; = X, is an given mapping f : X; — Xy is a
unknown mapping, X7 is a set and X5 is a complete metric space. The existence
of solutions of (1.1) and a generalization of Hyers’ theorem was investigated by
Forti [1]. He proved, under certain hypothesis on ¢ and ¢3, that the existence
of solution of the functional inequality

d(f(er(@,m)), e2(f(2), f())) < h(z,y),

where h : X x X — [0,+00) is a suitable function, implies the existence of a
solution of the equation (1.1). This means that the equation (1.1) has Hyers-
Ulam stability. The results in [1] are improved and simplified in [9]

The purpose of this paper is to solve the Hyers-Ulam stability problem for
symmetric type functional equations (1.1) when the unknown function is with
values in a random normed space. In particular, Theorem 2.2 in both [6] and [7]
will be obtained. We note that in our proofs you use the direct method.

2. Random normed spaces

In the section, we adopt the usual terminology, notions and conventions of
the theory of random normed spaces as in [10].

Throughout this paper, let AT denote the set of all probability distribution
functions F : R — [0, 1] such that F' is left-continuous and nondecreasing on R
and F(0) = 0. It is clear that the set

Dt ={F € A" : F(4+c0) = 1},

where F(+00) := limy_, o f(t), is a subset of AT. The set AT is partially
ordered by the usual point-wise ordering of functions, that is, F' < G if and
only if F(t) < G(t) for all ¢t € R. For any a > 0, the element H,(t) of D7 is
defined by

(2.1) (0 = {
We can easily show that the maximal element in AT is the distribution function
Ho(t).

Definition 2.1. A function T : [0,1]? — [0,1] is a continuous triangular norm
(briefly, a t-norm) if T" satisfies the following conditions:
(i) T is commutative and associative;

0, if t<a,
1, if t>a.
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(ii) T is continuous;
(iii) T(z,1) = « for all z € [0, 1];
(iv) T(x,y) < T(z,w) whenever z < z and y < w for all z,y,z,w € [0,1].

Three typical examples of continuous ¢-norms are as follows:
T(z,y) ==zy, T(z,y)=max{z+y—1,0}, T(r,y)=minz,y.

Recall that, if T is a t-norm and {x,,} is a sequence in [0, 1], then T'(z1, z2, . . .,
Xy ) is defined recursively by

T(x1,22,...,2n) =TT (21, .., Tpn-1),Tn)-
for every integer n > 2.

Definition 2.2. A random normed space (briefly, RN-space) is a triple (X, u, T,
where X is a vector space, T is a continuous #-norm and p : X — D% is a map-
ping such that the following conditions hold (denote u(x) by ulz])

(a) u[z](t) = Ho(t) for all ¢ > 0 if and only if z = 0;

(b) plaz](t) = u[m](‘%l) for all « € R with a # 0, z € X and t > 0;

(c) plz +y)(t+ 8) > T(u[x](t), uly](s)) for all z,y € X and ¢,s > 0.

Moreover,

W S| (o) 2 Tulerl(t,. . uleal ).
k=1

k=1
Every normed space (X, ||-||) defines a random normed space (X, y1, Tas), where

plul(t) = —— +t||u\|

for all t > 0 and Ty is the minimum ¢-norm. This space X is called the induced
random normed space.

If the t-norm T is such that supy.,.; T(a,a) = 1, then every RN-space
(X, u, T) is a metrizable linear topological space with the topology 7 (called
the p-topology or the (e,d)-topology, where ¢ > 0 and A € (0,1)) induced by
the base {U(e, \)} of neighborhoods of 6, where

Ue,\) ={z € X : pz](e) >1—A}.

Definition 2.3. Let (X, 4, T) be an RN-space.
(1) A sequence {z,} in X is said to be convergent to a point x € X (write
Tp — T asn — 00) if
lim plz, —z](t) =1

n— oo
for all t > 0.
(2) A sequence {z,} in X is called a Cauchy sequence in X if

lim  ple, —x,]t) =1

n,m—0oo

for all t > 0.
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(3) The RN-space (X, u,T) is said to be complete if every Cauchy sequence
in X is convergent.

Theorem 2.4. If (X,u,T) is an RN-space and {x,} is a sequence such that
T, — x, then

lim pla,)(t) = ula](0).

n—oo

3. Random stability of the equation (1.1): the first case
Let X be any set. A mapping ¢ : X x X — X is called diagonal symmetric
if
ele(z,2),0(y,y)) = vle(z,y), o(z,y)).

for all z,y € X. For example, if X is any vector space, and ¢ : X x X — X is
a mapping such that

oAz, Ay) = Ap(z,y)  (2,y € X)

for all scalar A and p(z, ) = ax for some scalar «, then ¢ is diagonal symmetric
on X. It is easy to show that if Az := ¢(z,z) then ¢ is diagonal symmetric if
and only if p(Az, Ay) = Ap(x,y).

In what follows, all t-norms will be assumed to be the minimum ¢-norm and
for any function g : X x X — DT, g(x,y) denoted by g[z,y] for all z,y € X.

Theorem 3.1. Let X; be a real linear space and let (Xa, 1, T) a complete RN -
space. Assume that p1,ps are two diagonal symmetric mappings on X1, Xo,
respectively, such that vy is continuous, A1x := p1(x,x) is an invertible map-
ping on X1, and there exists a § > 0 such that

(3.1) 1[Boz — Doy|(t) > plz —y](Bt)  (z,y € Xa),

where Agx := o(x,x). Let h: X1 x X1 — DT be a mapping for which there
exists an o > B! with

(3.2) h[Alx, Aly} (at) < hlz,y](t) (x,y € X1).

Suppose that f : X1 — X5 is a mapping satisfying f(0) =0 and

(3:3)  pl[fler(z,y) = e2(f(2), f(W)] () = hlz,y](t) (2,y € X1,t>0).
Then there is a unique mapping A : X1 — Xo satisfying

(3.4) Alp1(z,y)) = p2(A(z), Aly)) (2,9 € X1),

and

(35)  u[Al) - f@)](t) > hlz,a] (21

t) (I,yGXl,t>O).
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Proof. Putting x = y in (3.3), we get

(3.6) p[Asf(z) — f(A12)](t) = hlz,z](t) (z€ X1,t>0).
Since A; is invertible on X7, (3.2) implies that
(3.7) h[AT 2, AT Y] (t) > hlz,y](at) (z,y € X1,t>0).

Let qo := f and g, := AFfA]™ for n > 0. Then ¢, = Asg, 1A, and we
prove by induction that
(3.8) (1[gn () = g1 (2)] () > hlz, z] (a(aB)" 1)

forall z € X1,t >0and n € N. Fix € X; and ¢t > 0. Using (3.7), we obtain
that

p[ar(x) — qo(x)] (t) plAzf(AT ) — f(2)](2)
p[Baof(AT ) — fFAL(AT )] (1)
R[AT 2z, AT Z)(t) > hlz, z](at).

Suppose that (3.8) holds for n. Then for n + 1, applying (3.1) and (3.6), we
obtain

Y

u[qunAl_lx - qun_lAflx] (t)
plan AT e = o1 AT 2] (B)
h[Aflx,Aflx]((aﬁ)”t)
hlz,z](a(aB)"t).

plan1 (@) = an(@)] (2)

AR \VARLY,

From (3.8) and the relation

Gnim(@) —an(@) = D ara(@) —gr(e) (v € X2),

we deduce that
n+m—1 1
n+m - Ym t T AN
planient@) ~an@) (03 )
n+m—1 n+m—1

ZM{ > Qk+1($)—qk(x)} (t > a((jﬂ)k>

k=m k=m

> 7wt )~ )] (gt )

N[anrm(m) — Gn+m—1 (33)]

~_
R

)

Vﬁm
|~

+

3

i

-

~
~

> T(h[x,x](t),~'  hlz, @] (t)
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Hence
(3.9)
t

plansm (@) — gm(2)](t) > [z, 2] (ner11> (r € X1;m,n > 0).

k=m  a(aB)F

Since a8 > 1, 0! Wlﬁ)’“ — 0 as m,n — +oo and so

k=m
. t
m,n——+00 e W
Thus
ol (2) = gm(@)] = 1,

and for every x € X, the sequence {g,(z)} is a Cauchy sequence in (Xo, u, T).
Since (X, u, T) is a complete RN-space, this sequence converges to some point
A(z) € X5. Fix z € X; and put m = 0 in (3.9). Then we obtain

plan(x) = f(2)](t) = pgn(x) = qo(2)](t) > hz, 2] <antl>
k=0 a(ap)*

and so for every § > 0, we have
plA(z) = f(2)](t+6) > T<u[A(fr) — n ()] (), plan(x) — f(x)](t))

7(ul4@) - @] 0) o) e —— ) ).

v

k=0 a(aB)F
Taking the limit as n — +o0o and using the last relation, we get
t
plA(z) — f(@)](t+0) = T(u[O]((S), hlz, 2] (ml))

k=0 a(aB)k

¢
= hlz, 7] <+001)
k=0 a(aB)F

af —1
g

and so

plA(z) = f(2))(t+6) = hlz, z]( t).

Since § was arbitrary, by taking 6 — 0 in the above relation, we obtain

WAG) — F@)0) > bz, (@ e X1t > 0).
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Now we prove that A satisfies (3.4). To show this, note that
[QH(Spl(x y)) - 902(Qn( )7(]n(y))](t)
= plAZf(AT"1(m,y)) — e2 (AL F(AT ), A (AT "y))](E)
[ASf(AT"pr(2,y)) — A5 (pa(FA ", FAT"Y)](E)
[flor(Ar "2, AT "y)) — o2 (fAL "2, fAT"Y))(8™1)
(A7, AT (55) > e, al(a8)")

where the diagonal property of ; is used for ¢ = 1,2. Therefore,

(3.10) plan(p1(z,y)) — p2(an (@), an(y))I(t) = hlz, 2]((B8)"1)
for all x,y € X7 and all n € N. Since af > 1, and

Jim bl a)(ap)") =

using the continuity of w2 and the fact that g,(z) — A(z) for all z € X; in
(3.10), we obtain

1A (z,y)) — p2(Az), Ay))] = 1
for all z,y € X; and every ¢ > 0. Hence A satisfies (3.4).

Finally it remains to prove that A is a unique mapping satisfying (3.4) and
(3.5). Assume that there exists another mapping A’ : X; — X, satisfying
(3.4) and (3.5). Letting y = « in (3.4) for both A and A’, respectively, we get
A(A1x) = Ay A(x), A/ (Arx) = Ay A'(z) and more generally

A(ATz) = AT A(x) and A'(ATz) = AL A ().
for all z € X7 and n € N. It follows from (3.1), (3.5) and (3.7) that

u[A( )—A’( )]()

p[A( ) A/ (AT (AT 2))] ()
[A"A A"A/(A )] (t)
> plA(A A'(AT"x)](B")

Y
N

<u [A(Af"x) ~ AT (58", mF(AT ) - A’(AI”I)(lﬁf”t)])

> T(h[Af"w,Af"m] (aﬁﬁ B"t) h[AT x,Al_"x]( ﬁﬁ ))
:h[Al%,Alnx](aﬂzg B"t)

> ifea] (U (a8
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Since limy,—, 4 o %ﬁ_l(aﬁ)”t = +00, we get

lim h[m,x](aﬁ — l(aﬁ)nt> ~1

n—-4oo Zﬁ
Therefore, it follows that p[A(z) — A’(2)](¢) for all ¢ > 0 and so A(z) = A'(z).
This completes the proof. O

Corollary 3.2.( [7, Theorem 2.2]) Let X, be a real linear space, (Xa, 1, T) an
RN -space, and h a mapping from X1 x X to DT such that, for some ag > 2,

hlz,y](t) > h|2z,2y](aot) (x,y € X1,t>0).
If f: X1 — Xy is a mapping with f(0) = 0 such that
plf(@+y) = f(2) + fWIE) = hlz,yl(t) (2,9 € X1,t>0)
holds, then there exists a unique additive mapping A : X1 — Xo such that
plf(x) = A(@)|(t) 2 hlz, z]((a0 — 2)t)  (z,y € X1, > 0).
Proof. Applying Theorem 3.1, for o = ap, @i(z,y) = x +y,i = 1,2, we get
Ti(z) =2z, 8= %, a > 71 and the proof is complete. O
4. Random stability of the equation (1.1): the second case

Theorem 4.1. Let Xy be a real linear space and (Xo,pu,T) a complete RN -
space. Assume that p1,pa are two diagonal symmetric mappings on X1, Xo,
respectively, such that po is continuous, Asx := po(x,x) is an invertible map-
ping on Xo and there exists a B > 0 such that

(4.1) p[Asz — Aoy (t) < plz —y|(Bt) (z,y € Xa,t > 0).
Let h: X1 x X1 — D% be a mapping for which there exists an o > 3 such that
(4.2) h[Alx, Aly] (t) > hlz,y)(at) (x,y € X1,t>0),

where Az := p1(x,x). Suppose that f : X1 — Xo is a mapping satisfying
f(0) =0 and (3.4). Then there is a unique mapping A : X1 — Xo satisfying
(3.5) and

(4.3) p[A(x) — f(2)](t) > [z, 2] (a - 575) .

Proof. Putting x = y in (3.3), we get
p[f(Arz) — Agf(2)](t) = hlz,z](t) (z€ Xy,t>0).
Since Aj is invertible on X, (4.1) implies that

(44)  plATte - ATY() > plr -y (;) (z,y € Xa,t > 0).
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Let qo := f and ¢, := A" fAT} for n > 0. Then Asq, = g,—14A1, and we show
by induction that

an—l
(4.5) 1an(@) = quor ()] (8) = h[2,2] (ﬂnt>

forall z € X1,t >0and n € N. Fix x € X; and ¢ > 0. Using (4.4), we obtain
that

pAT f(Arz) — f(2)](t)
,u[f(A1$) - Azf(x)} <t>

E
lﬂaw}(é).

Suppose that (4.5) holds for n. Then for n + 1 we have

[ (x) = go(x)] (t)

v

v

anii(z) — qu(@)](t) = p[A5 gn(Arz) — gn(2)] (1)

> pgn(Arz) — Aggn(x )]( )

= [Qn(Alx _qn 1 Alx (;)

a” 1
h[Alm, Al.’l’:] (Wt>

hz, 2] <ﬂizlt> .

=1

Y

vV

From (4.5) and the relation

an(x) = f(2) = gn(2) — qo(x qu —qe(z) (v € Xy1,t>0),
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we obtain that

16[@nsm (@) = qm ()] (tHZmIl ﬁHl)

k
k=m @
n+m—1 n+m—1 6k+1
=u[ 3 qkﬂ(x)—qk(x)] (t 3 ak)
k=m k=m

> 1 (a0 = ) (St

n+m+1
planin () ~ Guema(z (inm ))

> (Kea] 0+ Bl () =]

Hence

(4.6) p[gnrm(2)—gm ()] (t) > h[z, 2] <n+mt_15k+1> (xr € X1;m,n > 0).

k=m ak

K1
Since o > B, X B 0 as m,n — 400 and so

. t
ol hfa, ] (n+m_15k+1> =1

k=m ak

Thus
lim ﬂ[Qn-&-m( )_ Qm(zﬂ =1,

m,n—+00
and for every x € X7, the sequence {¢,(z)} is a Cauchy sequence in (Xa, u,T).
Since (X3, i, T) is a complete RN-space, this sequence converges to some point
A(z) € X3. Fix z € X; and put m = 0 in (4.6). Then we obtain

lan(o) = 1) () = faa(0) = a0(@))(0) 2 W] (e
k=0 aF
and so for every § > 0, we have

WA() — f@)(E+0) > T(u[A(:v) = u(@))(6) alan () — f(rf)}(t))
> 1 (iA) — @] 0) o] (i ) )

k=0 aF
Taking the limit as n — +o0o and using the last relation, we get
t
@)~ @+ 0) > (o), o (e ) )
k=0 oF

Il
=
8
8,
PR
I Y

8l
w

kol

*
~_




1157 Rezaei and Park

and so
a— By
afb
Since § was arbitrary, by taking 6 — 0 in the above relation, we obtain (4.3),
i.e.,

plA(z) — f(2))(t +6) = hlz, z](

AG) = F)0) 2 bl

Now we prove that A satisfies (3.4). The diagonal symmetric property of p;
for ¢ = 1,2 implies that

t) (z€X1,t>0)

pi(Aiz, Ay) = Nipi(z,y)
for all x,y € X;. Hence

1lan (1(x, 1)) — ©2(qn (), gn(y))](t)
= plA" F(ATe1(,y)) — p2(gn (), 4n(y))](F)

> ulf(ATe1(2,9)) = A3 (22(gn(2), 40 (1)) (;)

> plf(p1(ATz, ATY)) — p2(AZqn(z), AZgn(y))] (;n)
> ulf (g1 (Afz, Aty)) — ea(F(Af), F(ATY))] (;)
n n t an
> HAte, A(57) > hlovad (Gt
Therefore,
(47) u[qn(wl(x,y)) - 902(Qn(x)7(Jn(y))](t) 2 h[l‘,l’} ((g) t) ’

for all z,y € X; and all n € N. Since o > 8 and

a
I Yyngy =1
R hlz,2l((5)™) =1,
applying the continuity of ¢5 and the fact that ¢,(z) — A(z) for all z € X; in
(4.7), we obtain

ulA(p1(2,y) — p2(A(z), A(y))] =1
for all z,y € X; and all ¢ > 0. Hence A satisfies (3.4). Now we prove that A is
a unique mapping satisfying (3.4) and (4.3). Assume that there exists another
mapping A’ : X7 — X, satisfying (3.4) and (4.3). Letting y = « in (3.4) for A
and A’, we get A(A1x) = AxA(x), A/(A1x) = Ay A'(z) and more generally

A(ATx) = AL A(x) and A’ (ATx) = AL A'(z),
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for all z € Xy and n € N. Tt follows from (4.2), (3.4) and (4.4) that

WA - 4]0
= pn[AF"ALA(x) — A" AL A (@)] (¢

Y

plasAe) - aga@) (5

plAAT ) — A'(AT2)] (5”)

> 1 (ulAate) - £t (55 ) ulrate) - a'ata)] (55 )

> T(hwx, A7) (;O‘B‘nff ) BIATZ, A ](ézﬂ_nff t))

=] i‘x,A?x](Mt) > h[x,x]((g;ﬁfﬁ‘t).
Since

(a _ B)an
am a1 t = +o00,
we get
— Ban
ngr}rlooh[m x](Wt) =1.

Therefore, it follows that p[A(z) — A’(z)](t) for all t > 0 and so A(z) = A'(x).
This completes the proof. O

Corollary 4.2. ( [6, Theorem 2.2]) Let X, be a real linear space, (Xa, 1, T) an
RN -space, and h a mapping from X1 x X to DT such that, for some ag > 2,

h[2z, 2y](aot) > hlz,y](t) (x,y € X1, > 0).
If f: X1 — Xy is a mapping with f(0) =0 such that
plf(x+y) — f@) + fWIE) = hlzyl(t) (2, € X1,t>0)
holds, then there exists a unique additive mapping A : X1 — X5 such that
plf(x) — A@)(t) = hlz, 2](2 - ao)t) (z,y € X1,t > 0).
Proof. Applying Theorem 4.1, for a = 0%0, vi(z,y) =2 +y,i =1,2, we obtain
Ti(z) =2x,i=1,2, = 5 and o > 8. Now the proof is complete. O
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