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1. Introduction

The Monge-Ampere equation
det(D?*u) = A\f(u), in B,
u(z) =0, on 0B,

arises from the differential geometry, optimization or mass-transfer problems.
So there are many authors who pay more attention to the study of the Monge-
Ampere equations, see [4-6, 11, 16] and references therein. Recently, using
the fixed point theorem, S. Hu, H. Wang consider the existence, multiplicity
and nonexistence of radial convex solutions of the Monge-Ampere equations,
see [12,13]. In this paper, we are concerned with the existence and multiplicity
of convex solutions of the singular boundary value problem

((ul].(T))N)/ = )\NTN_lfl(_ula o 7_un)’ 0<r< 1,
(1.1) , Ny N1

((up, (r)N) = ANTN T fo(—ug, - —un), 0<7r <1,

u;(0) =u;(1) =0, i = 1, -+, m,
where N > 1, A > 0 is a positive parameter, and the function f; is singular at
(0,---,0). Such a problem arises in the study of the existence of radial convex
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solutions to the Dirichlet problem of system of Monge-Ampeére equations
det(D%uy) = Af1(—uq,- -+, —uy), in B,

L
(1.2) det(D%uy,) = Afn(—u1, -, —uy), in B,

u;(x) =0, on JB,

where D?u;(z) = (8fjg;k), J,k = 1,2---n, is the Hessian matrix of u;(z) ,

B = {z € RN : |z| < 1}. For radial solution u;(r) with r = \/Ziv z?, the

Monge-Ampere operator simply becomes

/ Nflul/ 1

det(D%u;) = & ZZN_I L= ()Y

To the authors’ knowledge, there is a considerable interest in the existence
of positive solutions of the singular differential equations, see [1,2,7-10,15] and
references therein. The common techniques are the Krasnoselskii fixed point
theorem, the method of lower and upper solutions and the Schauder’s fixed
point theorem. In particular, H. Wang [14] demonstrates that the Krasnoselskii
fixed point theorem on compression and expansion of cones can be effectively
used to deal with singular problems. Inspired by the above references, our
alm in this present paper is to investigate the existence and multiplicity of
radial convex solutions of singular systems of Monge-Ampere equations using
the Krasnoselskii fixed point theorem on compression and expansion of cones.

This paper is organized as follows: In Section 2, some preliminaries are
given; in Section 3, we give the main results.

2. Preliminaries

For convenience, with a simple transformation v;(t) = —u;(r), the (1.1) can
be brought to the following system

(o)) = ANtV =L fi(vr, - o), 0 <t <1,

@D (@)Y = AN o o), 0<t< 1,

n

vi(0)=v;(1)=0, i = 1, ---, n.

3

Now we mainly treat the positive concave solutions of (2.1). The following
lemma is a standard result due to the concavity of v(t):

Lemma 2.1. ([12]) Letv(t) € C[0,1].If v(t) > 0, v'(t) is nonincreasing on
[0,1], then
v(t) > min{t,1 — t}|v]|, t€[0,1],
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where ||v|| = maxejo,1) [v(t)|. In particular,

in o(t) > {1l
min v =1V
pse<g 04

Let E denote the Banach space C[0,1] x - -- x C[0, 1] with the norm defined

n
as
n

ol =3 sup feidl, for vo(t) = (va(t); -+ valt)) € E.
i=1 t€l0;
Let K be a cone in E defined as

K = {v(t) € E : v;(t) > 0 is concave for ¢t € [0,1], and v}(0) = v;(1) =0,i=1,--- ,n}.
For r > 0, set
K, ={veK:|v|<r},
and
0K, ={ve K:|v|=r}
The following well-known result of the fixed point theorem is crucial in our
arguments.

Lemma 2.2. [3] Let E be a Banach space, and K C E be a cone in
E. Assume Q1, Q9 are open subsets of E with 0 € Q1,Q1 C Qo, and let
T:KnN(Q2\ Q) — K be a completely continuous operator such that either
OITu] <ull, vwe KNoQ and ||Tull > |Jul, ue K NoQe;or

@) Tu|l = |lu)l, ve KNy and ||[Tul|| < |ull, ve K NoQs.

Then T has a fized point in K N (a2 \ Q).

For convenience, we now introduce some notation. Let Ry = [0, +00), R} =
Ry x -+ x Ry, and |v| = Y |vi], for v € R;. The following conditions hold
[

througﬁout this paper.

(H1) f;(v) is a scalar continuous function defined for |v| > 0, and f;(v) > 0 for
v] > 0;

(H2) For each pair of positive numbers r < R, there exists a nonnegative
function Fj(t) € C([0,1]\{0,1}) with

1 s
0 </ @*1(/ TN (r)dr)ds < 400
0 0

such that

fi(o(t)) < Fi(t),
for t € [0,1]\{0,1}, v(t) € K with min{¢,1 — t}r < |v(¢)] = > vi(t) < R,
where o(t) = tV, o L(t) = t~.
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Define an operator T as Tv(t) = (Thv(t),- -+, T,v(t)), for v(t) € K, where
T; is

1 s
To(t) = / go_l()\/ INTN =L fi(vy (1), wn(7))]dT)ds, 0 <t <1,
t 0
1=1,---n.
Remark 2.3. We point out that (2.1) is equivalent to the fized point equation
To(t) =v(t), in K.

In fact, if v(t) € K is a positive fized point of T, then it is a concave solution
of (2.1). It is further clear that v < 0 for ¢ € (0,1) and hence —v(t) must be
a strictly convezx solution of (1.1). Conversely, if u(r) < 0 is a strictly convex
solution of (1.1), then —u(r) is a positive fized point of T in K.

Lemma 2.4. Assume that (H1) and (H2) hold. Let 0 < r < R < +00, then
T : Kp\K, — K is completely continuous.

Proof. Let v(t) € Kg\K,. From Lemma 2.1, it is easy to obtain that

min{t,1—t}r <> v(t) <R, 0<t <1,
=1

By (H2), there exists a F;(t) € C([0,1]\{0,1}) such that
fi(v) < Fi(t), t€0,1\{0,1}, min{t,1 —¢t}r < zn:vi(t) <R.

i=1
Hence, we have

1 s
max /t <p71()\/0 [NTNilfi(Ul,"' , Up)]dT)ds

0<t<1

< /Olw—l(A /OS[NTN_IFi(T)]dT)dS
< +00.

Consequently, T;v(t) € C[0,1].
For any v(t) € Kr\K,, it is clear to see that T;v(1) = 0. Since

() (t) = —p (A / INTN L fy (7). v (7)) ]dr)ds,

we also obtain that (T;v)’(0) = 0 and (T;v)’(¢) is nonincreasing. Furthermore,
we have that T;v(t) is concave. So T': Kp\ K, — K.

Let FF(t) = min{F;(t), k}, where k > 0. Then FF(t) € C([0,1]\{0,1}) and
FF(t) <k, for t € [0,1]\{0,1}. By (H2), we have

@*I(A)/O {cpfl(/os NNV (r)dr) — go*l(/os NV EF(r)dr)}ds — 0 (k — 400).
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In addition, define the function fF(v(t)) as follows:

RO, Ri) < FE @),
Fl®) = { PED). (D) > PR,

Then fF : [0, 400) x - -+ x [0, +00) — [0, 00) is continuous and fF(v) is bounded.

Define the operator TF as follows:

Fo(t) = 1 -1 | N R (o (1), - - - VU (T 7)ds.
Tt = [0 [ NP ) o)l

Since the cone K is closed, let v"(t),0%(t) € K and [v™(t) — v°(¢)]] — 0
(n — +00). Then v"™(t) — v9(¢), 0 <t < 1 and

FE@™(0) = fE@O®)), t e [0,1\{0, 1}.
By the Lebesgue dominated convergence theorem, we get that

lim || TFv™ — TF°||
o0

n—+

= gl f T [ N O
-/ o [N g anas
lim / o / NrY LR / NN R0 (7)) )} | ds

n——+oo

— 0(n — +o0)

IA

Consequently, TF : K — C[0,1] is continuous. By the Arzela-Ascoli theorem,

it is easy to prove that TF : K — C[0,1] is compact.
For any v(t) € Kg\K,, by the definition of f¥(v(t)), we have

0< fiv(t) = f(v(t)) < Fy(t) — FF(t), forte[0,1]\{0,1}.
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Furthermore, we can get

IN

IN

sup || Tow — Tl

vEKR\ K,
! 1 S N-1
sup  max / {p~ (/\/ N7°7" fi(v(7))dr)
veRp\K, 0TS /¢ 0 '

oA / " NTNfE (u(r))dr) s

1 s
-1 N-1p
uezilgz(r/o {cp ()\/0 N fZ(U(T))dT)

10\ /SNTN—lff(U(T))dT)}ds

/ (o' / NV f(u(r)dr)
{veKR\K,: fz(v(f))<Fk(f)} 0

_1()\/0 NTN_lfik(’U(T))dT)}dS
+ sup [ / "N () dr)

{veKR\Kr:fi(v(t))>FF(t)} /O

71()\ /0S NTNilfik(’U(T))dT)}dS

1 s
sup / (o' / NN fi(o(r))dr)
{veKR\Kr:f; (v(t))<FF ()} /0 0

71()\ /OS N’TNilfi(’U(’T))d’T)}dS

* . o A SNTN_I +(v(7))d
{vem\Krzii(Iz(t))ZEﬁ(t)}/o L /0 fi(v(r))dr)
71(>\/SNTNflff(v(T))dT)}ds
0
1 S
e NrN! i d
sup / {o( /0 V7 f(o(r))dr)

{veKR\Ky:f; (v(t) 2 Ff (1)}

- / NV"YEF(r)dr)}ds

sup /{cp )\/ NN Ei(r /NTN YEF(r)dr)}ds
vEKR\ K 0

0(k — +00).

Therefore, the completely continuous operators T uniformly converge to
the operator T; on the bounded closed set TR\KT. Therefore T; : K — K is
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completely continuous. Furthermore, T': Kg\K, — K is completely continu-
ous. O

3. Main results
For any p > 0, let
Mi(t, p) = max{fi(v(t)) : v(t) € K, min{t,1 —t}p < |v(t)] < p, i = 1,--- ,n} >0,
m;(t, p) = min{ f;(v(¢)) : v(t) € K, min{t,1 —t}p < |v(t)| <p, i =1,--- ,n} > 0.
If (H1) and (H2) hold, then M;(-, p),m;(-, p) € C([0,1] \ {0,1}), and satisfy

1 s
0< / 4,0_1(/ TN=IM (7, p)dT)ds < 400,
0 0

1 s
0< / ap_l(/ N "Ym,(r, p)dr)ds < +oc.
0 0

Theorem 3.1. Assume (H1) and (H2) hold. If lim),|¢ fi(v) = oo for some
i=1,2,---,n, then there exists a A\g > 0 such that (2.1) has a positive concave
solution for 0 < A < Ag.

Proof. Fix a R > 0. Then for any v(t) € 0Kg, we have min{t,1 — t}R <
|v(t)| < R. Furthermore, we can obtain that

ITol = =T
= w o | ) [ e s, on)lands
< oz, / 16 / PN (00 (7). v ()] dr)ds
<

2;;1/0 30_1()\/ [NTN =Y M;(r, R)dT)ds

0

1 1
oINS [ VP Rydr)ds.
0 0
Therefore, there exists a Ag > 0 such that
ITo|| < |lvll, forv(t) € OKR, 0 <X < Ao.

From the assumption, there exists a i € {1,2,--- ,n} such that lim, o fi,(v)
= 00. Then by the definition of lim,|_ fi, (v) = oo, there exists a r > 0 with
r < R such that

fio(0) = o(p)e(|v]), forve Ry with0 < |v| <7,
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3

where p satisfies £~ (\) [*([s N7N='dr)~¥ds > 1. For any v(t) = (vi(t),-- -,
4 4

vn(t)) € 0K, it is clear to see that

n

()] = vi(t) > min{t, 1 — t}|lo(t)]| = min{t,1 - t}r, forte [0,1].
i=1
Especially, [v(t)| = >0, vi(t) > min{t, 1 — t}||o(t)|| = ir, fort € [i, %]
Furthermore, we have

7ol > max T (v(0)

~ max / 1A / INEN o (7). o (7)) ds
0

te0,1] J;
3

> /lZ ‘P_l()‘/OS[NTN_lin(Ul(T)7'" ,0n(7))]dT)ds
- / o LS[NTN‘1w<u>w(3||v||>]d7>ds

> G0 /Z/NTN ar) ¥ ds|o]

> vl

namely,
| Tv]| > ||v]l, forVv(t) € OK,.
Therefore, by Lemma 2.2, T has a fixed point in Kz\K,, which is a positive

concave solution of (2.1). O

Example 3.1. Consider the following system:

(i (m)™) = ANTH (D (—ua)) ™ + (Vo )™,

11
( ) (U;(T) ) = ANrN— 1[(21 1( Ui))ia"—k(m)ﬁn]
wj(0) =u;(1)=0, i =1, -+, n

where 0 < a; < N, B; > 0. Let v;(t) = —u;(r), then (3.1) can be brought to
the following system

(o (@)Y) = ANEVTHZL v) ™ + (VL D)7,

((—vp (1)) = AN 1[(21 1%) a4+ (Vi v) ",
vi(0) =v;(1) =0, i = 1,
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It is clear to see that (H1) holds. Now we show that this example satisfies the
condition (H2). For each pair of positive numbers 0 < r < R, and v(t) € K
with min{t,1 — t}r < |v(t)| = D1, vi(t) < R, we have

n

filw(®) = AN 0i) 7+ (

=1
ANt [(min{t, 1 — t}r) =% + R%]

ANtV min{t, 1 — t})~%r=% £ ANtV 1 RS
= F(1).

Finally, we only need to verify that

1 s
0< / 4,0_1(/ N min{t, 1 — t})"%dr)ds < +oc.
0 0

Since

/01 cpl(/os N (min{r,1 — 7})"%dr)ds
/j @1(/08 N (min{r, 1 - 7})"*dr)ds

1 s
(p_l(/ TN_l(min{T, 1—7})"%dr)ds
0

= /2 go_l(/ TN_IT_O”dT)dS
0 0

1 s
—|—/ @71(/ TN71(1 —7)"%dT)ds,
1 0

_l’_
"

1
2

then we have

S—
vl
AN
L
h
\]
2
L
\]I
2
QU
\]
S~—
IS
)
I
S—
[
AN
L
| | =
£
[
¥
8
\_/‘
QL
)

1 N 1 2N-ay;
(5) N < +OO,

N*O&)QN*O[Z'
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1 s
/ <p_1(/ N1 — 1)~ %dr)ds
L 0

< / o / (1) dr)ds

2

fél w‘l(ljai — 1710“_(1 —s)%)ds, if 0<oa; <N, a; #1
[ (=In(1 - s))ds, if ;=1
2

and

1 )
B I <p’1(1_1ai — 1_1wislfai)ds, if0<oa; <N, a; #1
= 4 '
Jis Eds, if a;=1
< +o00.

So F;(t) satisfies the condition (H2). Therefore, by Theorem 3.1, (3.1) has a
convez solution.

Theorem 3.2. Assume (H1) and (H2) hold. In addition, suppose that

lim|,| 0 fi(v) = oo for some i = 1,2,---,n. If lim“UH_mO% =0,1i=
1,--+,m, then for any A > 0, (2.1) has a positive concave solution.

Proof. On one hand, as the proof of Theorem 3.1, for any A > 0, there exists
a r > 0 such that

| Tv]| > ||v]l, forVu(t) € OK,.

On the other hand, since lim,|—o0 % = 0, then there exists R >2r

such that R

fitv) < p(e)e(llvl), (vl = R,
where € satisfies ™! (A)en < 1. For any v(t) = (vi(t), - ,vn(t)) € 0Kp, we
have

[Toll = 5 [T

1 s
= . max -1 N4 () (i (7)), - -+ v (7))]dT)ds
= mimax [0 IV (), ()i

te(0,1

< / e / NN fi 0y (), - on(r))dr)ds

0
1 1
< wn, / 0 / INTN () (|fo]]) dr)ds
= o Nenlo]
< ol

namely,
[To]| < [lvll, forwv(t) € 0Kg
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Therefore, by Lemma 2.2, T has a fixed point in Kz\K,, which is a positive
concave solution of (2.1). O

Example 2. Consider the following system:

((h (r)N) = ANTN (ST (=)™ 4+ (1 (—wi) 7,
(3.3

_N_

(up ()N = ANTN (DI (—ua)) = o+ (7 (—ui) 77,
w;(0)=u;(1)=0, i =1, -, n

where 0 < a; < N. 1t is clear to see that Example 2 satisfies the conditions of
Theorem 3.2. Therefore, (3.3) has a convex solution.

Theorem 3.2. Assume (H1) and (H2) hold. In addition, suppose that
limyy 0 fi(v) = o0 for some i =1,2,--- ,n. Iflimp, 00 gz‘(fl)) = o0, then (2.1)
has two positive concave solutions for all sufficient small A > 0.

Proof. On one hand, it follows, from Theorem 3.1, that there exists a A9 > 0
such that T has a fixed point in Kg\K, for 0 < A < Ag, which is a positive
concave solution of (2.1).

fi('(”) = o0, there is a R’ > 2R such that

On the other hand, since lim, | >0oh

fi(v) = em)e(|v]), for ve R} and|v] > R,

where 7 satisfies L'~ (\) fl% ([i NTN=ldr)vds > 1
Let R = 4R'. Then for any v(t) = (vi(t), -+ ,vn(t)) € 0K3, we have

. 1 1
min vi(t) > =|lv]| > ~-R> R,
Jin, ;Zl (t) 2 llvll = ;R =

which implies that

Fio(®) > eme(@)), forte 7]
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Furthermore, we have

IToll = 37 max Ti(u()

= Y m / 1\ / PN L (01(7), - va(7))]dr)ds

v [ T INTY T (o1 (1), oa(7)))dT ) ds
S[eef

> Z/ O [ N (). o)l ds

s [t [ e (,”@”)]dﬂ
X[, et fj e

> Do [T N antas

> oll,

namely,

|70l > Iloll, for ¥ v(t) € 0K

Therefore, by Lemma 2.2, T has a fixed point in TE\K R, which is another
positive concave solution of (2.1). O

Example 3.3. Consider the following system:
((U'l(r)) ) = ANTN (I (—ua)) ™ + (0 (—ua)) Y],

ot < )Y = ANPN TR (—u)) =+ (D (i) "IN,

w;(0) =u;(1)=0, i =1, -+, n

where 0 < a; < N. It is easy to verify that all conditions of Theorem 3.3 hold.
Therefore, (3.4) has at least two conver solutions.
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