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ABSTRACT. Let G be a finite group. We say that the derived covering
number of G is finite if and only if there exists a positive integer n such
that C™ = G’ for all non-central conjugacy classes C' of G. In this paper
we characterize solvable groups G in which the derived covering number
is finite.
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1. Introduction

Let G be a finite group. In this paper ccl(G) denotes the set of the conjugacy

class sizes of G, cd(G) denotes the set of degrees of the irreducible characters
of G, Irr(G) denotes the set of all the irreducible characters of G, and Irr (G)
denotes the set of all the non-linear irreducible characters of G.
In [2], the derived covering number of G, denoted by den(G), is defined as the
smallest positive integer n such that C™ = G’ for all non-central conjugacy
classes C of G. If such integer exists, we say that den(G) is finite, otherwise
we set den(G) = oo. The authors also proved the following result:

Theorem 1.1. If a finite non-abelian group G has a finite derived covering
number then one of the following holds:
(1) G’ is a minimal normal subgroup of G,
(2) G is a nilpotent group of class two in which ccl(G) = {1, |G|},
(3) G’ is perfect and %C;,) is a minimal normal subgroup of %, with
Z(G") =G nNnZ(G).
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In Section 2, we characterize finite nilpotent groups G which have a finite
derived covering number and show some properties of such groups.

On the other hand, the following theorem is proved in [1], where character-
ized non-nilpotent groups G with ¢d(G) = {1, m}:

Theorem 1.2. Let G be a non-abelian solvable group with the center Z and
suppose that G’ is a minimal normal subgroup of G. Then G’ is an elementary
abelian p-group of order p” for some p € P and r € N, ¢d(G) = {1, f} for some
f > 1 and one of the following situations occurs:

(1) G’ < Z, in which case |G’| = p, f = p* for some u € N, G is nilpotent
with an abelian p-complement and G/Z is an elementary abelian p-
group of order f2.

(2) G'NZ =1, in which case G/Z is a Frobenius group with the kernel
G' x Z/Z of order p" and a cyclic complement of order f.

In Section 3, we provide an example of a Frobenius group which satisfies
the case (2) of Theorem 1.2 and Corollary 2 of [1], but where G’ is not a
minimal normal subgroup of G. Moreover, by Theorem 1.2 and Theorem 1.1,
we characterize finite non-nilpotent solvable groups G whose derived covering
number is finite.

2. Nilpotent groups

Theorem 2.1. Let G be a finite group. Then ccl(G) = {1,|G'|} if and only
if G is nilpotent with an abelian p-complement and G/Z(G) is an elementary
abelian p-group of order p?” such that cd(G) = {1,p"}.

Proof. Assume that ccl(G) = {1,|G'|} and a € G — Z(G). Since a® = a[a, G|
and [a®| = |[a,G]| = |G’| then [a,G] = G’ and a® = aG’. Now since |a¥| =
|G/Cq(a)| = |G| then |G : G'| = |Cg(a)| and we can write

Cela)l = ) Ix@)

x€lrr(G)

= > k@P+ > Kk@P

x€lrri(G) XELin(G)

= Y I@P+G:¢

x€Irri(G)

where Lin(G) denotes the set of all linear irreducible characters of G. Therefore
> verrm(c) 1X(@)[> = 0 and so x(a) = 0 for all x € Ir71(G). By Corollary 2.30
of [1], we have x(1)? = |G : Z(x)| and since Z(G) < Z(x) and 0 = x(b) # x(1)
for all b € G — Z(G), therefore Z(x) = Z(QG) for all x € Irr1(G) and cd(G) =
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{LI1G: Z(G)]'/?}.
On the other hand, observe that

0= > x(xl@)= > A1)Aa)

x€lrr(G) AeLin(G)

and thus a € G — G'. It follows that G’ < Z(G) and so G is a nilpotent group
of class 2. Then G = P; x ... x Py in which P; € Syl,,,(G) and any irreducible
character of G can be written as a product xj...xx where x; € Irr(P;). Thus
since x1(1)...xx(1) € ¢d(G) and |cd(G)| = 2, then G is the direct product of
a p-group of class exactly 2 and an abelian p-complement. By Corollary 2.2
of [5], we also have G/Z(G) is an elementary abelian p-group.

O

Proposition 2.2. Suppose that G satisfies the assumption of Theorem 2.1.
Then:

(1) Z(G) = Z(x) for all x € Irr(G).

(2) x(a) =0for all x € Irr1(G) and a € G — Z(Q).

(3) a¥ = aG’ for all a € G — Z(G).

(4) G’ is an elementary abelian p-group.

(5) G' < 8(G) < 2(G).

(6) ccl(G)={1,|G’|}, with corresponding frequencies {|Z(G)|, (|G|-|Z(G)|)/|G'|}

(7) cd(G) = {1,|G : Z(G)|'/?}, with corresponding frequencies {|G :

G'L1Z(@NET = 1)/1G"}-

Proof. (1), (2) and (3) follows from proof of Theorem 2.1.

(4) Assume that z,y € G. Since G’ = ([z,y]|z,y € G) and G/Z(G) is an
elementary abelian p-group, then [z, y]P = [2P,y] = [z,y] = 1 for some
z € Z(G). Therefore G’ is an elementary abelian p-group.

(5) Since G/Z(G) is an elementary abelian p-group and ®(G) = G'GP,
then GP < Z(G) and it follows that G’ < ®(G) < Z(G).

(6) Clearly, all non-central conjugacy classes are of size |G’| and the number
of non-central conjugacy classes is (|G| — |Z(G)])/|G’].

(7) Observe that
> x)?

G|

x€Irr(G)

d>ooxmP+ Y x()?
x€lrri(G) x€Lin(G)
_, 4l il

1Z(G)| &
HG' 1 +12(G)]
Z(G)|G"]

= |G
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therefore G has t = |Z(G)|(|G'| — 1)/|G’| non-linear irreducible char-
acters.

0

Corollary 2.3. Let G be finite group such that ccl(G) = {1,|G’|}. Then G is
an extra-special group if and only if |Z(G)| = p.

Proof. By Proposition 2.2, we have G < ®(G) < Z(G). Since G’ # {1}, if
|Z(G)| = p then G' = ®(G) = Z(G). O

Example 2.1. Let Qg be the quaternion group. We can check that a®s =
aZ(Qg), a%a? = Z(Qg) = Q%, and so den(Qg) = 2.

Theorem 2.4. A finite nilpotent group G has a finite derived covering number
if and only if G is nilpotent with an abelian p-complement and G/Z(G) is an
elementary abelian p-group of order p?" such that cd(G) = {1,p"}.

Proof. Suppose that a finite nilpotent group G has a finite derived covering
number. Then the claim follows from Theorem 2.1 and Proposition 2.4 of [2].
Conversely, suppose that x(1)? = |G : Z(G)| for all x € Irr1(G), by Theorem
2.1, we can write a¥ = aG’ for all a € G — Z(G). Hence (a®)™ = (aG')™ =
a™G’' = G’ in which m = |G : G'| and therefore the derived covering number
is finite. O

In the following Example, we provide a finite group which satisfies Theorem
2.4 such that |G'| > p

Example 2.2. The finite Symplectic group Sps(q) of dimension 4 over the
field F' with ¢ = p™ (where p is an odd prime number) elements is the set of
all non-singular 4 x 4 matrices A satisfying AJA! = J, where

0O 1 0 0
-1 0 0 O .
J = 0o o0 o 1l By [6], a Sylow p-subgroup P of Sps(q) consists of
0O 0 -1 0
1 X 0 da+p
. 0 1 0 « L
matrices of the form | 51 " which is denoted by A(\, «, u, B).
0 0 O 1
We now define
1 a 0 o?+5
0 1 0 «
Q={Alv, a1, 8) = | _, 3 1 I o, B, € F'}
0O 0 0 1

We can easily check that @ is a p-group and
A Y a,a,¢,b)A(a, a, p, B)A(a, a, ¢, b) = Ala, o, 2(Ba — ab) + aala — a) + p, B).
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Therefore, the element A(a, a, u, 8) is conjugate to A(a, o, x, 8) for any x € F
if (o, B) # (0,0), hence @ has ¢> — 1 non-central conjugacy classes of order ¢
and we can show that

Q= U A Noa,nBA%e,a,pn,8) = {A0,0,1,0)|n € F} = Z(Q)
a,B,ueF

and A9(a, o, i, B) = A(a, o, i, B)Q’. Furthermore, we can check by induction
on k that

A% (o, a,p, B) = A(2ka, 2ka, 6, 2k6 — k(2k — 1)a?)
for any integer £ > 1 and some § € F. Therefore
AP ,a,p, B) = A% (o, o, p, B) A, @, p, B)
= A((2k + Do, (2k + e, 6, (2k 4+ 1)3 — k(2k + 1)a?).
Thus for p # 2, we can write
AP (o, a, i, B) = A(per, pas, 8, pB — npa®) = A(0,0,6,0) € Z(Q)

for some n € N and some § € F. Then Q/Z(Q) is an elementary abelian
p-group and Q' = ®(Q) = Z(Q) because ¢(Q) = Q'QP. Now assume that
G = @ x A in which A is an abelian group. Then G satisfies Theorem 2.1 such
that G' € Z(QG).

3. Solvable groups

In the next example, we show the existence of a Frobenius group that satisfies
case (2) of Theorem 1.2, but whose derived subgroup is not a minimal subgroup.

Example 3.1. Let p be a prime number and ¢ = p™. Let F' be the field with
q elements. We define

a b c
E={A(a,b,c)= {0 1 0||a#0 and a,b,c € F}.
0 0 1

We can check that E is a group of order (¢ — 1)¢? and
AN a, B,7)Ala,b, ) A, B,7) = Ala, ((aB = B) +b)/a, ((ay =) + ¢)/a).
Hence A(a,b,c) belongs to Z(E) if and only if @ = 1 and b,¢ = 0 and so

Z(FE) = I3x3. Moreover, we obtain the conjugacy classes of E and tabulate
them. There are 2q conjugacy classes of FE.

TableI : Conjugacy classesof E

Type | Class representative | Number | Size Elements
1 | A(,0,0) 1 1 A(1,0,0)
2 [ Adab)a£01 | g-2 | ¢ | {A@B)IB e F}
3 | A(L,b,¢) g+1 | ¢—1|{AQ,b/a,c/a)la € F}
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We also have

E'= |J A 'a,b,0)A"(a,b,¢) = {A(1,0,{)|0,¢ € F}

a,b,ceF
thus |E’| = ¢® and E’ is an elementary abelian p-group because
AP(1,b,¢) = A(1,pb,pc) = A(1,0,0) = I3xs3.
Furthermore, we define
0
0
1

a 0
T ={A(a,0,0) = [0 1 la#0 and a € F}.
0

0

and we can easily check that E' NT = I3x3, E = E'T , and T9NT = I for
all g € E—T. Tt follows that E is a Frobenius group with kernel £’ and
the cyclic complement T" of order ¢ — 1. By Theorem 13.8 of [3] E has exactly
‘E|7“|_1 = % = ¢+ 1 non-linear irreducible character of degree [E : E'] = ¢—1

and hence c¢d(E) = {1,q — 1}. Therefore, this example satisfies Theorem 2.1
and Corollary 2 of [1]. On the other hand, we have that

(A(1,b,0)" = ({A(1,b/a,0)|a € F})" = M

in which

1 b 0
M ={A(1,,0)= [0 1 0| beF}
00 1

is a subgroup of E and M & E’. Thus den(E) is not finite and it follows that
G is not a minimal normal subgroup of G.

Theorem 3.1. A finite non-nilpotent solvable group G has a finite derived
covering number if and only if G’ is minimal normal subgroup and G/Z(G) is
a Frobenius group with the kernel (G’ x Z(G))/Z(G) of order p” and a cyclic
complement of order f where ¢d(G) = {1, f}.

Proof. Tt follows from the case (1) of Theorem 1.1 and the case (2) of Theorem
1.2. Conversely, by Theorem 2.2 of [2], since G’ is a minimal normal subgroup
then the derived covering number is finite. O

Example 3.2. Let S3 be the symmetric group of degree 3. We can check
((123)53)2 = ((12)%3)2 = A3 and S3 = AzH where H = ((12)), HNA3 = 1, and
HNHY = {1} for all g € S5 — H because (12)(123) = (23) and (12)(13?) = (13).
Therefore, S3 satisfies Theorem 3.1 such that cd(G) = {1, |H|} = {1,2}.

Proposition 3.2. Let G be a finite group that admits a unique conjugacy
class C of size k. Then Z(G) = {1}.
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Proof. Assume that C' = a© is the unique conjugacy class of size k of G and
z € Z(G). Since, (a2)® = a®z and [a%| = |(a2)®|, then az € a®. By Problem
3.12 of [4], we can write

(@)x(z) = ﬁé}f S x(azh)

heG
x(1)
= = x(a
6l 21
= x(1)x(a).
Therefore, x(1) = x(z) for all x € Irr(G). Thus z € () cfpp(q) kerx = {1}
and so Z(G) = {1}. O

Corollary 3.3. A finite non-nilpotent solvable group G has a finite derived
covering number and non-central conjugacy classes of distinct sizes if and only
Proof. By Corollary 2 of [5], observe that ccl(G) = {1, ”T71,177"}7 with corre-

sponding frequencies {|Z(G)|, s|Z(G)|, (”rs_1 — 1)|Z(G)|} where s is the num-
ber of conjugacy classes of G' contained in G’ — 1. Thus by Proposition 3, we
have |Z(G)| = 1, s = 1, and % — 1 = 1. Therefore r = 1, p = 3, and

ccl(G) = {1,2,3} and it follows that G' ~ S O
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