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ABSTRACT. In 2005, Abdollahi and Rejali, studied the relations between
paradoxical decompositions and configurations for semigroups. In the
present paper, we introduce another concept of amenability on semi-
groups and groups which includes amenability of semigroups and inner-
amenability of groups. We have the previous known results to semigroups
and groups satisfying this concept.
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1. Introduction

The notion of a configuration for groups was first introduced by Rosenblatt
and Willis in [6], but here, the definition is changed to another form.
Let G be a finitely generated group and F' be a non-empty subset of the set
S(G) of all bijective maps on G. Let ¢ = (p1,...,9,) be a sequence in F such
that the subgroup < F' > generated by F in S(G), is equal to < ¢1,..., 0, >
and let £ = {Ey, ..., E,} be apartition of G. An (n+1)-tuple C' = (co, ..., cn),
where ¢; € {1,...,m} for each i € {0,1,...,n}, is called an F-configuration
corresponding to the configuration pair (¢, &), if there exists an element z € G
with z € E., such that ¢;(x) € E,,, for each i € {1,...,n}. The set of all
F-configurations corresponding to the configuration pair (¢, £) will be denoted
by Conp(p,E).
Let 20(C) = Eey Ny (Bey) N ... N H(Ee,) and z;(C) = ¢;(x0(0)), for
C € Conp(p,€). Then the F-configuration equation corresponding to the
configuration pair (¢, £) is the system of equations

(1.1) D Afel w(C)CE}=) {fe| x;(C)CE},
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where fo is the variable corresponding to the configuration C'. This system of
equations will be denoted by Eqr(¢,£). In this case, this equation system is
equivalent to a matrix equation as

(1.2) AX =0,

where A is an nm x |Conp(p, £)| matrix whose entries are 0, 1 or -1 and X is
the vector [fc], where C runs over Cong (¢, £).

A solution [fc] to Eqr(p,€) satisfying > - {fc | C € Conp(¢,€)} =1 and
fo >0, for all C € Conp(p,E) will be called a normalized solution of the
equations system (1.1). The corresponding matrix form whose solution is nor-
malized, has the form AX = B, where A is an (nm+ 1) x |Cong(p, £)| matrix
whose entries are 0, 1 or -1 and all entries of the last row of A are 1. X is the
vector [fc] and B is the vector whose last entry is 1 and all others are 0. It
is well known that, if A = [a; ], then a; ; = 1 [resp. a;; = —1] if and only
if ;(C) C Ej and 2¢(C) € E; [resp. x;(C) € E; and z(C) C E;], for some
C € Conp(p,E); otherwise a; ; = 0.

By anon-zero solution of Eqr(p, £), we mean a solution {fo | C € Conp(p,E)}
of Eqr (g, &) such that fo # 0 for some C € Conp(p,E). We show that (see
proposition 2.1) the equation in matrix form has a non-zero solution if and only
if the latter has a normalized solution. It is easy to see that a matrix equation
AX = 0 has a non-zero solution if and only if rank(A) is less than the number
of columns of A. Therefore the matrix equation (1.2) has no non-zero solution
if and only if rank(A) < |Cong(p,E)|.

The relation between amenability and configuration of a group was studied
in [6] and [7]. Here, we introduce the concept of F-amenability of a group.

Definition 1.1. A group G is called F-amenable, if there exist an F-invariant
mean M on fo(G) that is M(f o p) = M(f), for all f € {(G) and ¢ € F,
where £, (G) denotes the set of all real valued bounded functions on G.

Now let G be a finitely generated group and L(G) = {\, : = € G}, where
Az 1 G — G is the left translation y — xy for each y € G, and I(G) = {I, : z €
G} where I, : G — G is the inner automorphism y — x~!yz. Then, according
to our terminology, G is L(G)-amenable [I(G)-amenable] if and only if G is
amenable [resp. inner amenable]. In general, inner amenability is much weaker
than amenability. So, F-amenability does not imply amenability.

The configuration which introduced in [6] can be obtained as an important
special case of our notion. In fact, Rosenblatt and Willis studied

Con(GQ) = {Conp(p,E)|F is a finite subset of L(G) s.t. AM(G) =< F >}.

Remark 1.2. Let F =< ¢1,..., ¢, >, for some ¢; € S(G). Then each p € F
is a finite product of ¢; and goj_l. Let M be a {1,..., @y }-invariant mean on
l(G). Then

M(f)=M((fow;")ops)=M(foup;"),
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for all f € {(G) and j € {1,2,...,n}. Therefore M is an F-invariant mean
on {oo (G).

Now suppose that F is a non-empty subset of S(G), not necessarily finite. We
have the following two facts.

(1) if M is an F-invariant mean on {o.(G), then M is an < F >-invariant mean
on G.

(2) if Fy C F» are non-empty subsets of S(G), then Fy-amenability of G implies
Fj-amenability of G.

Lemma 1.3. Let F' be a non-empty subset of S(G), not necessarily finite. The
following statements are equivalent.

(1) G is F-amenable.
(2) Gis < p1,...,pn >-amenable, for all finite subsets {¢1,...,on} of F.
(3) G is {p1,...,pn}-amenable, for all finite subsets {p1,...,0n} of F.

Proof. Due to the Remark 1.2, it is sufficient to prove (3)=-(1).

Let T be the family of all finite non-empty subsets of F'. Then for every C € T,
there exists a C-invariant mean M¢ on £ (G). If T is partially ordered by set
inclusion, then, every M € w* — cl{M¢} is an F-invariant mean on ¢ (G),
where w* — ¢l means the weak-* closure. O

In [6] it is proved that a finitely generated group G is amenable if and only if
each configuration equation associated to a configuration pair in Con(G) has a
normalized solution. The link between amenability and normalized solution is
seen in [2] and certain group properties which can be characterized by config-
urations is also studied. In [2] it is asked whether the normalized solution can
be replaced by a non-zero solution in the latter. In Section 2 we not only give
a positive answer to this question, but also we generalize it for F-amenability.

Definition 1.4. Let {A4;,...,A; B1,..., By} be a partition of G such that
there exist two subsets {¢1,...,0n} and {91, ..., } of F with the following

property:
G = A UAU...UA,UBiUByU...B,,
= p1(A1) Ugpa(Aa)U...Up,(A,)
= 1(B1) Uta(Ba) U... Uty (Bim).
Then we say that G has an F-paradoxical decomposition (g;,9;; A;, B;). In
this case, the F-Tarski number of a group G is the minimum of m + n, over all

possible F-paradoxical decompositions of G this will be denoted by 77 (G). If
G has no F-paradoxical decomposition, we put 7p(G) = co.

In Section 3, we study the relation between non-F-amenability and having
an F-paradoxical decomposition for a group.
A dynamical system is a triple (G, X, «), where o : G — S(X) is an action
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of a group G on a set X and S(X) is the set of all bijection self-maps of X.
The dynamical system (G, X, «) is amenable if there exists a finitely additive
probability measure p defined on the power set P(X) of the space X which is
a-invariant, i.e. p(ag(A)) = u(A), for all A C X and g € G. We know that the
dynamical system (G, X, «) is amenable if and only if X has no paradoxical
decomposition (see [4]). Let F' = {ay|g € G} and X = G. Then the dynamical
system (G, X, ) is amenable if and only if G if F-amenable.

2. F-Amenability of Groups

Throughout this section G is a finitely generated group and F' is a non-
empty subset of all bijective maps on G such that < F >=< ¢1,...,9, >,
where @, € F,fori =1,2,...,n

Proposition 2.1. The following statements are equivalent.

(1) G is F-amenable.
(2) Fach F-configuration equation Eqr(p,&) has a normalized solution.
(3) Fach F-configuration equation Eqr(p,&) has a non-zero solution.

Proof. (1)= (2) Let M be an F-invariant mean on ¢ (G). Then fo = M(xz0(c))s
for C € Conp(p,E), is a normalized solution of Eqr(p, ).

(2)=(1) Let (fc) be a normalized solution of Eqr (¢, ).

Choose z¢ € xo(C) and define:

oo ={ I N e

otherwise .

Then each M € w* — Cl{f(¢’g)} satisfies M (f o p) = M(f), for all f € £ (G)
and ¢ € F.

(3)=(2) Let f € ¢1(G) be a non-zero solution of Eqr(p,E). Define & €
loo(G)* by @(h) = > c f(x)h(x), for h € £ (G). There exist positive linear
functionals &+ and ®~ such that ® = & — &~ and ||®| = ||®T|| + ||27]-
Since ||®]| = || f]l1 # 0, so we can assume &+ # 0, say. By definition,

®*(g) = sup{®(h) : 0 < h < g},

for any non-negative function g. Furthermore,

®(xp,00;) = P(Xy1(p) = Z{q’(xzo(m)r%(c) C E;}
Z{fc z;(C) C E;}
Z{fc #0(C) € Fi) = B(xs,).
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for all 4 and j. Thus ®(h o ;) = ®(h), for all h > 0. Therefore:
<I>+(X¢;1(Ei)) = sup{®(hoy;):0<hoyp; <xg 0@}

Let ko = @1 (x4,(c))/[|®T ||, then (k¢) is a normalized solution of Eqp(y,£).
(2)=(3) This is trivial. O

Corollary 2.2. Let G1 and G2 be finitely generated groups such that Cong, (G1)
= Cong,(G2). Then Gy is Fy-amenable if and only if Go is Fy-amenable.

3. F-Paradoxical Decomposition of Groups

In this section, we generalize Tarski’s theorem on amenability for F-amenabil-
ity of groups. For the special case, set F' = L(G).
Let F' be a subgroup of S(G) under composition operation and A,B C G.
So A and B are F-equidecomposable if there exist partitions {A,..., Ay}
and {Bi,..., B} of A and B, respectively, and elements ¢; € F such that
wi(A;) = By foralli =1,...,m. If A and B are F-equidecomposable, then
we write A =2 B. We say that A < B, if A 2 C for some subset C of B. It is
routine to show that "=" is an equivalence relation on power set P(G). Also
a standard Cantor-Bernstein argument shows that A < B and B < A implies
A=~ B.
Let Sy be the set of all bijective maps on N. Define (@, p)(z,n) = (¢(x), p(n)),
for ¢ € F and p € Sy. Let

N={CCGxN:CCBxF for some B C G and finite set F C N}.

Then each N € N can be written uniquely in the form N = {J;_, C; x {Ji},
where 1 < j; <ja<...<jpand 0 # C; CG.

Let Ny = U, C; x {ji} and No = J_; D; x {k;} be elements of N'. Then
N; = Ny if and only if there exist ¢; € F and p; € Sy such that ¢;(C;) = D;
and p;(ji) = ki, for i € {1,2,...n}. Define 3" = & = {N~: N € N}, where
N™ is the equivalence class of N. Choose h € F' x Sy such that h(N;) N Ny =
(. Then ) is an abelian semigroup under addition operation N7* + N5 :=
(h(Ny) U o)™

Define a = (G x {1})~,s0 2aa=a+a = (G x {1} UG x {2})~.

In the following, we show that, G is F-amenable if and only if @ # 2a. A finitely
additive probability measure p of the power set P(G) is called F-invariant, if
w(d(A)) = u(A) for all AC G and ¢ € F.

Lemma 3.1. The following statements are equivalent.
(1) G is F-amenable.
(2) There exist an F x Sy-invariant measure p on N such that u(Gx{1}) =
1.
(3) There exist a homomorphism f: > — [0,00) such that f(a) = 1.



Amenability of groups and semigroups characterized by configuration 106

(4) a#2a.

Proof. (1)=(2) let v be an F-invariant measure on P(G). Define u(N) =
Yo v(Cy), for each N = U™, C; x {j;} in N. Since v(G) = 1, we have
(G x {1}) =1 and

(e x p(V) = u(lJ () x G = S w((Co) = 3 w(Ch) = (V).

i=1 i=1 i=1

Hence 4 is an F' x Sy-invariant measure on .
(ii)=>(i) Let p be an F x Sy-invariant measure on N. Then v(A) = p(A x {1})
is an F-invariant measure on P(G). Thus G is F-amenable.
(3)=(2) Let v(A) = f(Ax {1})~, for A C G. Then

v(G) = f(Gx{1})™ = fla) = 1,

and
V(A1 U Ag) = f((Ar x {1}) U (A2 x {1}))™ = v(A1) + v(42),

for A;, As C G such that A; N Ay = 0.
(4)=(3) Let T = {na:n € N} and F : T — [0,00) defined by F(na) = n.
Then by a similar argument as in [5], p. 119, a # 2« if and only if ka # la
whenever k # [. T is a sub-semigroup of the abelian semigroup > and F(«a) =
1;also s <tinT (i.e. s =1 or there exists w € T such that s +w = t) implies
F(s) < F(t); thus F can be extended to a homomorphism f : > — [0,00) so
that f(«) =1 by [5], p. 117.
(1)=(3) Let v be an F-invariant measure in G. Define f(N~) = >""_, v(C;),
for N = U?lei X {j7} Let N1 = U;‘ZIC’i X {]1} and N2 = U?:lDi X {kz} and
N7 = N3°. Then N{¥ = N3, so there exist ¢; € F and p; € Sy such that
¢i(Ci) = D; and p;(ji) = ki Hence f(NT') = 3201, v(Cy) = 300, v(0(Ci)) =
F(Ng), so f is well-defined.
Let h = ¢ X p € F x Sy, such that A(N;) N Ny = (). Then:

FNE+Ng) = (@) x oG U D x (i)

=1

= Z +Zl/ Z (Ci)—|—ZV(Di)
= ( 0) + f(NY).

So f is a homomorphism. Clearly, f(a) = f((G x {1})~) =v(G) = 1.
(3)=(4) Since f(a) = 1, so f(2a) = 2. Thus o # 2. Hence the proof is
complete. 0

We now state the main result of this section.

Theorem 3.2. The following statements are equivalent.
(1) G is F-amenable.



(2) There ezist no F-paradozical decomposition for G.

Proof. (1)=(2) Suppose not! Let v be an F-invariant measure for G and
(@i, Y3 Ai, B;) be an F-paradoxical decomposition for G. Then:
1=v(G)= V(U pi(Ai)) = ZV(%'(AO) = ZV(Az‘)~

i=1 i=1 i=1

Similarly, 37", »(B;) = 1. Hence,

which is a contradiction.

(2)=-(1) Suppose not! so by Lemma 3.1, « = 2«a. Then G x {1} = (G x
{1}) U (G x {2}). Thus there exist a partition {4; x {1},..., A, x {1}; By x
{1}, ..., By x{1}} of Gx {1} and (v;, pi), (¥}, q;) € F x Sy such that p;(1) =1
and ¢;(1) = 2 for all ¢ and j, so that:

G UG < 21 = (U poxmtao UM v x a8, x (13)

Thus G x {1} = Ui 9i(A4;) x {1} and G x {2} = UJL;4;(B;) x {2}. Hence
G = Uy;(4;) = ij( ). So G has an F-paradoxical decompos1t10n which is
a contradiction. ]

Similar to [7], we are interested to construct an F-paradoxical decomposition
for non-F-amenable groups by using F-configuration equations.
Let (¢;,1;; A;, Bj) be an F-paradoxical decomposition of G and f € ¢ (G).
Then:

[1£1lx

Z{fc :C € Conp(p, &)}
C

D> Afeimo(C) CAY+> > {fe:wo(C) C By}

C i=1 Cc j=1
= > > Afe:wm(C)CAY+Y Y {fo:x;(C) C B}
C i=1 C j=1

2> {fo:C € Conrlp, )} =2|fl1,
C

where ¢ = (01, ., On;¥1,...,¥m)and & = {A1,..., Ay; By, ..., By} There-

fore Eqr (¢, ) has no non-zero solution.

Suppose Eqr(p, ) has no non-zero solution. Suppose Cong (¢, &) = {Dy,...,

D,} such that By = Ut 20(D;),Ey = U:ljffilxo(Di) and so on. Define
={E! : i =1,...,s} where E| = z(D;) for each i. Then Eqr(p,&’)
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has a non-zero solution. Similarly, if Eqr(p,£’) has a non-zero solution then
Eqr (e, &) has a non-zero solution.

Question 3.3. Let Eqr(p,E) be a system of equations having no non-zero
solution for some configuration pair (¢,E). How can we "explicitly” construct
an F-paradozical decomposition from Eqp(p,E)?

It is to be noted that G =< ¢1,92,...,¢9; > is non-amenable if and only
if the equation |g; 'E; N X| = |E; N X|, for 1 < i < [,1 < j < m, has no
non-empty finite solution X in G, for some partition &€ = {E,..., E,,}.

Example 3.4. [6]. Let G =< g¢1,92 > be the free group eith two (free)
generators g1, go and E; be the set of all reduced words starting g;, for ¢ = 1,2,
and B3 = G—(E1UE,). Then Eq(p, £) has no non-zero solution. In comparison
to the above notations, let

(pi) = (1, Agl’)\gl)’ (¢J) = (L, 1,1, Agzs /\92)
and
(Ai) = (E17E57Eé)> (Bj) = (EQ,E&A,E%B),
for some A C E§ and B = Ei — A. Then (y¢;,%;; A;, Bj) is a paradoxical
decomposition of G.

4. F-Amenability of Semigroups

In this section, a new type of amenability for semigroups is introduced. Also
the notion of an F-paradoxical decomposition for semigroups which was asked
by Paterson in special case in [5] p. 120, is defined. We find the relation be-
tween the existence of F-paradoxical decompositions and non-F-amenability
for semigroups. The definition is almost similar to that of groups, we bring it
for completeness.

Let S be a discrete semigroup and A € S. For any map f : S — S
(not necessarily invertible), recall that f~'(4) = {t € S : f(t) € A}. Let

» = (¢1,.-.,pn) be an n-tuple of the functions (not necessarily invertible) on
Sand & = {F1,..., Ey,} beapartition of S. An (n+1)-tuple C = (co, ..., cn),
where ¢; € {1,...,m} for each i € {0,1,...,n}, is called a configuration cor-

responding to the configuration pair (g, &), if there exists an element x € S
with z € E., such that ¢;(x) € E,,, for each i € {1,...,n}. The set of all
configurations corresponding to the configuration pair (¢, &) will be denoted
by Con(p,&). Let & = {p; " (E;) : j € {1,...,m}}, for each i € {1,...,n}.
Then &; is a partition of S for each i = 1,2,...,n. (We remove empty elements
from these collections.)

Let 20(C) = Eo, N7 H(Eey) N ... N H(Ee,) and 2;(C) = ¢;(z0(C)).

Let F be a non-empty subset of the set of all maps S on S. Also for an n-tuples
©=(p1,...,0,) in F, let the semigroup < F' > isequal to < p1,...,p, >. We
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denote a configuration corresponding to the pair (¢, &) by Cong(p,£). Then
the F-configuration equations corresponding to the configuration pair (¢, &)
are defined similarly to the previous case. (equations (1.1))

A semigroup S is called F-amenable, if there exists an F-invariant mean M on
Lo (S), that is M(f o p) = M(f), for all f € £(S) and ¢ € F, where £ (S)
denotes the set of all real valued bounded functions on S.

Adler and Hamilton, [3], showed that S is left amenable if and only if S
satisfies the following left invariant condition:
for any sequence (s1,...,5s,) in S and for all sequences (Ay,..., A,) of subsets

in S there exists a non-empty finite set X C S such that |s; ' A;NX| = [4;N X]|
for all i € {1,2,...,n}.

We prove that S is F-amenable if and only if S satisfies the F-invariant condi-
tion.

Definition 4.1. Let {Ay,...,A,; B1,..., By} be a partition of semigroup S
and there exist two subsets {¢1,...,0,} and {¢1,...,¥,} of F such that
the sets {07 (A1),..., 05 (A,)} and {7 (B1),..., 9, (Bm)} are two par-
titions of S. Then we say that S admits an F-paradoxical decomposition
(i, Y53 Ai, B;). In this case, the F-Tarski number of a semigroup S is the
minimum of m + n, over all possible F-paradoxical decompositions of S.

We show that the F-Tarski number for semigroups can be 2; however the
corresponding number for groups is at least 4. At first, by a similar argument
as in Proposition 2.1, the following proposition is immediate.

Proposition 4.2. The following statements are equivalent.
(1) S is F-amenable.

(2) Each F-configuration equation Eqr(p,E) has a normalized solution.

(3) Each F-configuration equation Eqr(p,E) has a non-zero solution.

Lemma 4.3. The following statements are equivalent.
(1) S is F-amenable.

(2) For any sequence (p1,...,pr) in F and for all sequences (A1, ..., Ag)
of subsets in S, there exist a finite non-empty subset X C S such that

o (AN NX|=|A;NX|, foralli=1,... k.

(3) For any sequence (p1,...,pn) in F and for each partition {En, ..., Enp}
of S, there exist a non-empty finite subset X C S such that,

lo; H(E) N X| = |E;nX]|, for alli,j.
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Proof. (2)=(3) Let (p1,...,%,) be a sequence in F and {Ej,...,E,} be a
partition of S. Put
Aj = Ej7Am+j = Ej, e ,A(nfl)m+j = Ej for allj = 1, ey,

Put also,

O = 1 Pt = P25 Plptymry = Pn forall j=1,...,m.
Then for (¢),...,¢,,,) and (A1,..., Amn), there exists a non-empty subset
X C S such that,

lo; {(Bj) N X| = |E; N X|,

forie{1,2,...,n} and j € {1,2,...,m}.
(3)=(2) Let (¢1,.-.,%k) be a sequence in F' and (Ay,...,Ai) be a sequence
of subsets in S. Let & = {A;, AS}, for ¢ = 1,...,k and & be the family of
all n-tuple intersections on &;. Clearly, the cardinality of £ is 2™ and it is a
partition of S. By (3), There exists a finite, non-empty subset X C S such
that |o; " (E)NX| = |ENX|foralli=1,....k and E € £&. Then one can
show easily that ;' (A;) N X| =|A; N X]|, foralli=1,... k.
For example, if k = 1, then & = {A4;, A} and there exists a finite, non-empty
subset X C S such that o7 (4;) N X| = |A; N X|. Also, if k = 2, then
E = {A1 N Az, A1 N A, A5 N Ay, A§ N ASY. Hence, there exists a finite non-
empty subset X C S such that

o ()N X| = |ENX|
for all i € {1,2} and F € £. Now we have:
T (AN X| = o1 (A1 N A2) N X + |y (A1 0 A5) N X|
= [(AiNnA)NX|+[|(A1NA)NX|=]4NX]|.

Similarly, |¢5 *(A2) N X| = |42 N X].

This completes the proof of (2).

(3)=(1) Suppose & ={Ey,...,E;} is a partition of S and ¢ = (¢1,...,¢n) 18
a sequence in F'. Then there exists a non-empty finite subset X C S such that

|¢;1(EJ—) NX|=|E; NnX]|, for all 4, j.

Let
1
fe= W|X Nxzo(C)], for all C € Conp(p,E).
Therefore, [fc] is a normalized solution. In fact:
1, _
> {fo:xi(C)CE;} = m\% H(Ej) N X]|
1

|X| ‘Ej ﬂX| = Z{fC : xO(C) - Ej}'

Hence, S is F-amenable.
(1)=(2) See [3]. O
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The condition (ii) of Lemma 4.3, is called F-invariant condition of semigroup
S. In the following, we extend F-paradoxical decomposition for semigroups
which was asked in [5] p. 120.
Now, suppose that the identity function I : S — S belongs to F' and A, B C S,
then we call A and B are F-equidecomposable and write A & B, if there exist
partitions {41,...,4,} of A and {By,...,B,} of B, and elements ¢;,v; in F
such that ¢; *(A;) = B; and ¥; (B;) = A; for all i € {1,2,...,n}. Tt is clear
that the relation 722" is an equivalence relation on the power set P(.5).
We say also that a finitely additive probability measure y of the power set P(.S)
is an F-invariant measure if u(¢~1(E)) = pu(E) for all p € F and E C S. By
an argument as in Lemma 3.1, one can show that S is F-amenable if and only
if a # 2, where a = (S x {1})™.

Lemma 4.4. The following statements are equivalent.
(1) S is not F-amenable.

(2) S admits an F-paradozical decomposition.

Proof. (2)=(1) Let (¢, ¢;; A;, B;) be an F-paradoxical decomposition of S
and suppose that M is an F-invariant mean on o (S). Then

n n

L=M(1) = M(xa, opi) =Y M(xa,)-
i=1 i=1

Similarly, Z;’;l M(xp,) = 1. Since {A1,...,Ap;B1,...,Bp} is a partition

of S, we deduce that 1 = 37" | M(xa,) + >;-, M(xs,)

contradiction.

(1)=(2) Use a similar argument as in theorem 3.2. O

= 2, which is a

Remark 4.5. Let (s;,t;; A;, Bj) be an F-paradoxical decomposition of semi-

group S so that |s;'4; N X| = |A; N X| and |t;13j NX| = |B;nX|, for all

i, j, for some non-empty subset X C S. Then:

X[ =Y [AinX[+> [BinX| =) |s; " ANX|+ ) |t;' BN X|=2|X]|,
i j i j

hence, X is empty.

Since the existence of F-invariant mean is independent of generating se-
quence of F', the following statement is immediate.

Corollary 4.6. Let F =< ¢1,...,0, >; the following statements are equiva-
lent.

(1) S is F-amenable.
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(2) For any partition {E1, ..., Ey}, there exist a non-empty finite subset
X C S such that,

lo; '(B;) N X| =|E;NX|, for alli,j.

(3) For any partition € = {F1, ..., En} of S, there exist a non-empty finite
subset X C S such that

i (20(C)) N X| = |z0(C) N X|
forallie{l,...,n} and C € Conp(p,E), where ¢ = (p1,...,¢n).

Example 4.7. (1) Let S = (N,-) and -y = z for 2,y € S. Then . f = f(z)1
for f € £ (S). So S is not left-amenable and S = Fy U Ey = gflEl = g;lEg,
where 1 = 2N, Es = 2N+ 1, gy = 2 and g3 = 3. Hence S has a paradoxical
decomposition of Tarski number 2, see [1].

(2) Let S = (N,0) and zoy =y, for z,y € S. Then . f = f, for f € £-(95).
Then S is left-amenable and ¢ 'E = E, for all g € S and E C S. Hence S has
no paradoxical decompositions.

Acknowledgments

The authors would like to thank the referee for his very careful reading and his
invaluable comments. They also thank the Banach Algebra Center of Excel-
lence for Mathematics at the University of Isfahan.

REFERENCES

[1] A. Abdollahi and A. Rejali, Paradoxical decomposition of semigroups, Semigroup Forum
71 (2005), no. 3, 471-480.

[2] A. Abdollahi, A. Rejali and G. A. Willis, Group properties characterised by configura-
tions, Illinois J. Math. 48 (2004), no. 3, 861-873.

[3] A. Adler and J. Hamilton, Invariant means via the ultrapower, Math. Ann. 202 (1973)
71-76.

[4] T. G. Ceccherini Silberstein, Around amenability, Pontryagin Conference, 8, Algebra
(Moscow, 1998), J. Math. Sci. (New York) 106 (2001), no. 4, 3145-3163.

[5] A. L. T. Paterson, Amenability, Mathematical Surveys and Monographs, 29, Amer.
Math. Soc., Providence, 1988.

[6] J. M. Rosenblatt and G. A. Willis, Weak convergence is not strong convergence for
amenable groups, Canad. Math. Bull. 44 (2001), no. 2, 231-241.

[7] A. Yousofzadeh, A. Tavakoli and A. Rejali, On configuration graph and paradoxical
decomposition, J. Algebra Appl. 13 (2014), no. 2, 11 pages.

(Ali Tavakoli) DEPARTMENT OF MATHEMATICS, MEYMEH BRANCH, IsLAMIC AZAD UNIVER-
SITY, MEYMEH, IRAN.
E-mail address: at4300125@gmail.com

(Ali Rejali) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ISFAHAN, ISFAHAN, IRAN.
E-mail address: rejali@sci.ui.ac.ir



	1. Introduction
	2. F-Amenability of Groups
	3. F-Paradoxical Decomposition of Groups
	4. F-Amenability of Semigroups
	References

