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ABSTRACT. In this paper, we study the boundary-value problem of frac-
tional order dynamic equations on time scales,

CA%u(t) = f(t,u(t), tE€[0,1] 0 :=J, 1<a<2,

u(0) +u(0) =0, u(l)+u?(1) =0,
where T is a general time scale with 0,1 € T, A% is the Caputo A-
fractional derivative. We investigate the existence and uniqueness of so-
lution for the problem by Banach’s fixed point theorem and Schaefer’s
fixed point theorem. We also discuss the existence of positive solutions
of the problem by using the Krasnoselskii theorem.
Keywords: Fractional differential equation, time scales, boundary-value
problem, fixed-point theorem.
MSC(2010): Primary 34A08; Secondary: 34N05, 34B05.

1. Introduction

Fractional differential equations have been of increasing importance in the
past decades due to their diverse applications in science and engineering, such as
the memory of a variety of materials, signal identification and image processing,
optical systems, thermal system materials and mechanical systems, control
system, etc., see [18,20].

Many scholars paid much attention to it, and many interesting results on the
existence of solutions of various classes of fractional differential equations have
been obtained, see [15, 16,21-24,29-31,33-37,39], and the references therein.
Recently, much attention has been focused on the study of the existence and
multiplicity of solutions or positive solutions for boundary value problems of
fractional differential equations with various boundary conditions by the use of
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Existence of solutions of boundary value problems 248

techniques of nonlinear analysis (fixed-point theorems, Leray—Schauder theory,
the upper and lower solution method, etc.), see [2,9,12,15,16,21-23,27,33-38].

Fractional calculus, the study of integration and differentiation of fractional
order, has recently been extended to include its discrete analogues of fractional
difference calculus and fractional quantum calculus. Due to the similarities of
the three theories there has been research on whether there exist a single theory
that encapsulates them [7, 13,1426, 28].

A time scale is any nonempty closed subset of real numbers R. It is intro-
duced to unify and extend the theory of differential equation, difference equa-
tions and other differential systems defined. The theory of time scale calculus
is a fairly new area of research. Hilger proved the existence and uniqueness
of initial value problems including differential equations on time scales in [17].
Some applications of this kind of problems can be found in [1,3,5].

A time scale of the form of a union of disjoint closed real intervals constitutes
a good background for the study of population (of plants, insects, etc.) models.
Such models appear, for example, when a plant population exhibits exponential
growth during the months of Spring and Summer, and at the beginning of
Autumn all plants die while the seeds remain in the ground. A book on the
subject of time scale, by Bohner and Peterson [10] summarizes and organizes
much of the time scale calculus, we refer also the last book by Bohner and
Peterson [11] for advances in dynamic equations on time scales. For the notions
used below we refer to the next section that provides some basic facts on time
scales extracted from Bohner and Peterson [10].

In recent years, several attempts have been done to join the two subjects,
developing a fractional calculus on time scales by G. A. Anastassiou, N. Bastos,
D. Mozyrska, D. Torres, A. Ahmadkhanlu, M. Jahanshahi and P. A Williams
[1,6,8,25,28,32]. Tt was expected to establish a general definition of frac-
tional derivative on an arbitrary time scale and unify the theories of fractional
differential equations and discrete fractional equations finally.

There have been extensive study and application of fractional differential
equation, but limited work has been done in the study of fractional differential
equations on time scales. To the best of our knowledge, no any results devoted
to the study of the boundary value problems for fractional differential equations
on a general time scale. To fill this gap, we initiate to do this work.

Zhang [33] studied positive solutions for boundary value problems of non-
linear fractional differential equations

Dgult) = ftu(t), 0 <t <1,

w(0) +u'(0) =0, w(l)+u/'(1)=0,

where 1 < o < 21is areal number, and Df, is the Caputo’s fractional derivative,
and f:[0,1] x [0, +00] — [0, +00] is continuous.
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Ahmadkhanlu [6] et al. studied the initial value problem for the fractional
differential equations on time scales

CA%y(t) = —f(t,y(t)), t€to,to+a]=JCT, 0<a<l,

y(to) = o,
where “A® is Caputo fractional derivative operator and the function f : JXT —
R is a right-dense continuous function.
Motivated by all the works above, in this paper we consider the existence
and uniqueness of solutions for the following boundary-value problem

(1.1) CACu(t) = f(t,u(t), tE€[0,1pe =J 1<a<2

(1.2) u(0) + u®(0) =0, u(l) +u®(1) =0,

where T is a general time scale with 0,1 € T, “A® is the Caputo A-fractional
derivative, f : J x [0,400) — [0,400) is a right-dense continuous function.
We present sufficient conditions for the existence and uniqueness of the prob-
lem (1.1)-(1.2) by some fixed point theorems. We claim that the results of
this paper are a basic and important contribution to the theory of fractional
differential equations on general time scales.

The rest of this paper is organized as follows. In Section 2, we shall introduce
some definitions and lemmas to prove our main results. In Section 3, we discuss
the existence and uniqueness of the problem. In Section 4, we get the existence
of positive solutions of the problem.

2. Preliminaries

In this section, we introduce notations and definitions of fractional calculus
on time scales, and we prove two lemmas before stating our main results.

A time scale is an arbitrary nonempty closed subset of R and is denoted by
T. Here we give some examples of sets that are time scales. The real numbers
R, the integers Z, the natural numbers N, the non-negative integers Ny, the
h-numbers (hZ = {hk : k € Z}, where h > 0 is a fixed real number), and the
g-numbers ( kg = ¢ U {0} = {¢* : k € Z} U {0}, where ¢ > 1 is a fixed real
number).

Definition 2.1. ([10]) The mapping ¢ : T — T, defined by o(¢) = inf{s € T :
s>t} with inf@ =sup T (i.e.,0(M) = M if T has a maximum M) is called the
forward jump operator. Accordingly, we define the backward jump operator
p:T = Thbyp(t) =sup{s € T:s <t} withsup) =infT (i.e.,o(m) =mif T
has a minimum m). The symbol (§ denotes the empty set.

Obviously both o(t) and p(t) are in T when ¢ € T. A point ¢ € T is called
right-dense, right-scattered, left-dense or left-scattered if o(t) = ¢, o(t) >
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t, p(t) = t, p(t) < t, respectively. Points that are right-scattered and left-
scattered at the same time are called isolated. And points that are right-dense
and left-dense at the same time are called dense.

Definition 2.2. (Delta Derivative) ([10]) Let f : T — R be a function and
t € T. Then the delta derivative (or A-derivative) of f at the point ¢ is defined
to be the number f2(t) (provided it exists) with the property that for each
€ > 0 there is a neighborhood U of ¢ in T such that

Fo(t) = F(s) = FAWDlo(t) - s]| < elo(t) — s| forall s € U.

Definition 2.3. (Delta Integral) ([10]) Let [a,b] be a closed bounded interval
in T. A function F : [a,b] — R is called a delta antiderivative of a function
f :[a,b) = R provided that F is continuous on [a, b] and delta differentiable on
[a,b), and F2(t) = f(t) for all t € [a,b). Then we define the A-integral from a
to b of f by

b
/ FOAL = F(b) — Fla).

Definition 2.4. ([10]) A function f : T — R is right-dense continuous (or
rd-continuous) provided that it is continuous at all right-dense points of T and
its left-sided limits exist(finite) at left-dense points of T. The set of all right-
dense continuous functions on T is denoted by C,4(T). Similarly, a function
f T — R is left-dense continuous provided that it is continuous at all left-
dense points of T and its right-sided limits exist (finite) at right-dense points
of T. The set of all left-dense continuous functions on T is denoted by Cj4(T).

Definition 2.5. [6] Suppose T is a time scale, [a,b] C T and the function h(x)
is an integrable function on [a, b], then A—fractional integral of h is defined by
the following relation

Ao h(t) = /t ﬂh(sms,

where I'(«) is the Euler Gamma function.

Definition 2.6. [6] Let h: T — R. The Caputo A—fractional derivative of h
is defined by

1

(2.1) CAgLh(t) = Tn—a)

t
/ (t— )" hA" (s)As,
where n = [a] + 1, and [a] denotes the integer of «.

Lemma 2.7. Let 1 <a <2, te€J and f:J x[0,+00) — [0,+00) be a right-
dense continuous function. Then the function u(t) is a solution of problem
(1.1)-(1.2) if and only if this function is a solution of the following integral
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equation:
_rt (L=t) ()"
ut) = [y G(t,s)f(s,u(s)As + 45— f(Lu(1))
—t) (o a—1
— C=OLE O £(0,u(0)),

where
(2.2)

(t*S)a_1+(1*t)(1*8)°‘_1+(1(*t)) Jo (a=1)(1—s+hp(1))* *dh s <t

I'a ) I 2%
G(t,s) =

a—1 1 a_2
(1—t)(1—s) +(17t)_{E)(S;fl)(lferhu(l)) dh, t<s

Proof. For u(t) from (2.1) we have

1 i :
"Ault) = o /0 (t — s)ul" (s)As =2 1270w (1),
Then it is easy to see that

Ageepog () =2 1242 () = u(t) + c1 + cat,
and

u(t) =2 I*f(t,u(t) + c1 + eat,
for some ¢, co € R. Considering

WA(t) = Ut = )2 F(s,u(s) As)™ + e + (o)
= w7 Jo Fs.u(9)(Jy (@ = 1)(t = s + hya(t))*2dh) As

+ﬁ(a(t) — ) f(t u(t)) + ca,

and condition (1.2), we get
u(t) = iy Jo (= 91 (s,u(s))As + &5 [y (1= 5)* 1 f(s,u(s))As
b fo F(s.u(s) (g (0= (1 = s + hy(1)*~2dh) As
+1ay (0(1) = D (L u(1) = £55(0(0)* 71 f(0,u(0))

= [0 Gt ) fls, u(s) As + LB 5y (1))

O £(0,u(0)).
The proof is completed.[]
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Lemma 2.8. Let 1 < o < 2. Then function G(t,s) defined by (2.2) has the
following properties

(R1) G(t,s) >0 for t,s€[0,1]NT.

(R2) There exists a positive function 7y such that

min G(t,s) > y(s)M(s), s€[0,1]NT, 7,ne T,

7<t<n
max G(t, 5) < M(s),
where
2(1—s) fo Y(1 — s+ hp(1))*2dh
M(s) = I‘(a) T(a) , s€[0,1]NT.

Proof. From the expression of (1) and G(t,s), it is obvious that fol (a0 —
1)(1 — s+ hu(1))*=2dh > 0, and G(t,s) >0 for t,s € J. Next, we will prove
(R2). Let

(t=5)"" + (L= 1)((L = 5)*~" + Jy (@ = 1)(1 = s+ hp(1))>dh)
r(a) ’

qi(t) =
when s < t, and

(1 - t)(l - S)ail + (1 — t) fol(a — ]_)(]_ — s+ hu(l))aiZdh .

92(t) = I(a) , t< s,
That is, g2(t) is decreasing with respect to ¢. Hence, we have
in iy 2 7O (;v(;)l)(l s hu() )
—s) (a — — 5 =2
(1= (1 =)+ (1= n) [ (o — 1)(1 = s+ hu(1)*~2dh
Tgltlgn QQ(t) F(Oé) ’
max gs(1) = g2(0) < 2(1 — s) +f0 (@ —1)(1— s+ hu(l ))O‘*th.

teJ ') ')
Thus, we have

min G(t,s) > v(s)M(s), s€[0,1]NT, 7,n €T,

T<t<n
<
max G(t,s) < M(s),
where
(s) = m(s) _ (1=m)(1=s)*""+(1-m) [) (@=1)(1—s+hu(1))* *dh
v T M(s) T 2(1—s)* =1+ [J (a—1)(1—s+hu(1))*~2dh
>1n 5e0,1]NT.

2
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The proof is completed.l]

Lemma 2.9. [19] Let E be a Banach space and K be a cone in E. Assume
that Qq and Qy are bounded open subsets of E such that 0 € Q1,Q; C Qo, and
let T: K(N(Q\ Q) — K be a completely continuous operator such that either
(1) || Tul| < ||ull forwe KO and ||Tu| > ||u|| for u e K ()0, or

(2) |Tu|l > ||u|| for uwe K0 and || Tul| < ||u]| for u € K ()0Qs.

Then T has a fized point in K ((Q2 \ Q1).

3. Existence and uniqueness

Now we are in the position to establish the main results. We begin with the
existence and uniqueness of solution for the problem (1.1)-(1.2).

Theorem 3.1. Assume that

(H1) f(t,u) is a right-dense continuous bounded function such that there exists
K >0, |f(t,u)] < K on J x [0,+00).

(H2) There exists a constant L > 0 such that |f(t,x) — f(t,y)| < Lz — y|, for
each t € J, and x,y € [0, +00).
(H3) L(fy M(s)As + W 4 200V <

Then the boundary value problem (1.1)-(1.2) has a unique solution.

Proof. Let S be the set of rd-continuous functions. For u € S define
[ull = sup [u(t)].
ted
It is easy to see that S is a Banach space with this norm. The subset of S(p)
and the operator T' are defined by
S(e) ={ue S:|lul <o}

and
Tu(t) = [y G(t,s)f(s,u(s))As + CDLO p(1 (1))

— B0 £(0,u(0)).

According to (H1) and Lemma 2.2 we have
Tu(t)] < [y 1G(t,9)IIf (s,u(s))|As + L] F(1,u(1))]

o a—1
+2O | £(0, u(0))]

1 a—1 o a—1
< K(fy M(s)As + W@ 4 20N

T'(a)
Since fol M (s)As is a constant, let

0= K(/O M(s)As + (”(1()0);_ + 2(012(22;— ).
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We conclude that T is an operator from S(o) to S(g). Moreover, considering
(H2), for z,y € S(p), any t € J, we have

[T (t) — Ty (1)
< Jy 1G9 f(s,2) — f(s,)|As + L2 21, (1)) — £(1,y(1)))

+%Wo,x(o)) — £(0,(0))]

<L Jy M(s)lle = yllas + EQI Lz — y) + 2000 L]l - |
a—1 o a—1
< Lz — yll(fy M(s)As + B 4 200N
Thus
Tz — Ty| <L(/1M(3)As+( p)I L 2A0O) T
==, (a T(a) uir

)
Consequently T is a contraction by condition (H3). As a consequence of Banach
fixed-point theorem, we deduce that T has a fixed point which is a unique
solution of the problem (1.1)-(1.2). The proof is completed.[]
Next, we present a sufficient condition for the existence of solutions to the
problem (1.1)-(1.2).

Theorem 3.2. Suppose f(t,u) : J x [0, +00) — [0, 4+00) is rd-continuous with
respect to t and continuous with respect to u. And there exists K > 0 such that
|f(t,u)] < K on J x [0,400). Then the BVP(1.1)-(1.2) has a solution on J.

Proof. We shall use Schaefer fixed-point theorem to prove this result. We
divide the proof into four steps.

First, we prove that T is continuous. Let u,, be a sequence such that u,, — u
in C(J,[0,400)). Then, for each t € J,

|Tuy, (t) — Tu(t)]

< | fy Gl 9 (5, un(s)) = fs,u(s)As

AL (L (D) = (L (1)) + 2210, (0)) = £(0, u(0))]
<o M) (5,0a(9) = Fls,u(s)As)

+ O £ (1w (1) = F(L (D)) + 2Z0 | £(0,un(0)) — £(0,u(0))].
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Since f(t,u) is continuous function with respect to u, we conclude from the
Lebesgue dominated convergence theorem that
1

lim [ M(s)[f(s,un(s)) - f(s,u(s))]As = 0.

n—oo 0
Again, it’s easy to see that
i [£(1, (1)) ~ F(Lu()] = T [£(0,un(0)) — (0, u(0))] = 0.
Thus, we deduce

|Tun —Tul| = 0 as n — oo,

which means that T is continuous.
In what follows we verify T is bounded. For each ¢ € J,

51) Tu(t)] < K( /0 M(s)As + (u(rl()(lj n 2@;?2)’1 ).

Thus T is bounded.
Next we show that 7" maps uniformly bounded sets into equicontinuous ones
of C(J,[0,400)). Letting t1,t2 € J, t; < ta, we have

|Tu(ty) — Tu(ty)|
= | [ G(ta, 5) f(s,u(s))As — [oy Glt1,s)f(s,u(s))As

_ a—1 1)(o ol
—&—%]F(L u(l)) %f(o,u(O)”

< |ft2 (ta—s)* ™" ! ( ( ))AS— t1 %f(S,U(S))A‘ﬂ

') T'(a)

1 1—g)o ! a—1)(1—s+hu(1))*"2dh
Lt ezt +f°§<a) JAsthi@) 7dh)) £ (s))| As

_ a—1 —t1)(o(0)*~ !
U=t (1 (1)) L2=Re O (0, (0))),

that is

< piy (o (b2 = )27 = (0 = )" 1) As + [2 (8 — )71 As)

B (1= 9ol 4 [l (@ - 1)(1— s+ h(1))*2dh)As

ey (f2 = 1) (1) + {5 (B2 = 1) (0(0)) "

Since (t — s)*~1 is continuous, it is easy to see the right-hand side of the above
inequality tends to zero as t; — t2. As a consequence of the first three steps
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above, together with the Arzela-Ascoli theorem, we get that T' is completely
continuous.

Now it remains to show that the set Q@ = {u € C(J,[0,4+0)) : u =
AT (u), 0 < A < 1} is a bounded set. Let u € Q. Then u = AT'(u), 0 < A < 1.
Thus, for each t € J,

w=ATu(t) =A(fy G(t,5)f(s,u(s))As + LI £(1 (1))

_ o a—1
— CDEO— £(0,u(0))).

This implies by (3.1) that £ is bounded.

As a consequence of Schaefer’s fixed point theorem, we deduce that T' has
a fixed point which is a solution of the problem (1.1)-(1.2). The proof is
completed.[]

4. Existence of positive solutions

In this section, we will use Krasnoselskii’s fixed point theorem to investigate
the existence of positive solutions to the problem (1.1)-(1.2).
Let 0(0) = 0. Then

Tu(t) = /O G(t, 5)f (s, u(s))As + Wm,uu)).
Define cone E C S
E={ucS|ul)>0, min ut)>—"|ul}.

7<t<n, teJ 2

Lemma 4.1. Assume that f(t,u) : J x [0,+00) — [0,400) is rd-continuous
with respect to t and continuous with respect to u. Assume also that f is
bounded on J x [0,00). If 6(0) =0. ThenT : E — E.

Proof. According to Lemma 2.2, we can get Tu(t) > 0, and
min  Tu(t)
r<t<n, teJ

—  mi 1 S S 17T
= i [y Gt o) f(s,u(s)As+ _min  F=ese—f (1 u(1)

)0471

_ 1 —
> 150 [ M(s) f(s,u(s)) As + SN
On the other hand

1 _ a—1
ITul = sup Jy G(t,)f (s, u(s))As + sup B=2H— f(1,u(1))

f(1,u(1)).

< fy M(s) (s, u(s)) As + B F(1 (1))
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Thus, we obtain

1—n
min  Tu(t) > —||T
. u(t) > 5 [ Tull,

which implies T : E — E. The proof is completed.[]

([ o Y ()

Theorem 4.2. Assume that f(t,u): J x [0,+00) = [0,400) is rd-continuous
with respect to t and continuous with respect to u. Assume also that f is
bounded on J x [0,00) and satisfies one of following conditions:

(H4) There exist 0 < a1,b; <1 such that

tim LY g gy L)

u—yoo U u—s0t ub

=00, forallt e J.

(H5)There exist ag,ba > 1 such that
i TG, fGW

u—oo w2 y—o+ ub2

=0, forallt e J.

If 0(0) =0, then the BVP(1.1)-(1.2) has one positive solution.

Proof. According to Lemma 4.1, we have T : E — FE is a completely
continuous operator. Assume that (H4) holds, then for given € and 7 satisfying
0<e< 4 and £> (& )b1+1B > 0, there exist N; > 0, Ny > 0 such that

flt,u) <eu for teJ, u> Ny,
ft,u) > ub  for teJ, 0<u<N,.

So we have
ft,u) <eu*4+c  for teJ, uel0,+00),
where
c= max |f(t,u)|+1.
teJ, 0<u< Ny
Let

O ={uekE:|u <R},
where Ry > {1, 2cA~1}. For u € 9Qy, from Lemma 2.2 we have

Tu(t)] = [y G(t. 5)f(s,u(s))As + ST p(1 4(1))
< Jy M(s)(ellul|*r + €)As + LRI (el jul| + )
< R (fy M(s)As + SO0y o[ M (s)As + 00T

S%-F%:Rl,
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ITul] < Ry = ||u||. Let
Dy ={ueE:|u <R},

where 0 < Ry < {1, Na}, for u € 9Qs, we obtain

Tu(t)] = [ G(t, s) (s, u(s))As + CDUON p(1 (1))

> [[ Gt 5)f (s, u(s))As
> 151 [ M (5)f(s,u(s))As
> 0¢ [T M(s)ubr As

> (GRS [ M (s)As

>Ry =Ry Ry > Ry = ||ul,

s0 || Tu|| > Ry = |Jul|. Hence the operator T has one fixed point u*(t) € Q1\Q,
and consequently u*(t) is one positive solution of the BVP(1.1)-(1.2).

For condition (H5), we can obtain the result in a similar way. Here we give
a brief description. Assume that (H5) holds, then for given 0 < € < A and
&> (%)“2“‘13 > 0, there exist M; and Ms, such that

flt,u) > &u*  for teJ, u> M,

f(t,u) < eu® for teJ, 0<u< M.
Let
D ={ueFE:|ul| <R}, Q={uckFE:|u|| <R},

where Ry > {1, %Mﬁ, 0 < Ry < {1, M}. Then for u € 9Qy, for 7 <t <,

n

one has u(t) > 2112 u(t) > 1_?”HUH = 1_7771%1 > M;. Thus, from Lemma 2.2,
7<t<n

we have

[Tu(®)] > [ G(t,5)f(s,u(s))As

Y

e [ M (s)(u(s))*2 As

Y

(550 =R [7 M (5)As

> Ri* > Ry = [ul].
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For u € 995, we obtain

Tu(t)] < fy M(s)ellul®> s + EEEc]u|

2 1 ot
= eRY(fyy M(s)As + )
< Ry* < Ry = lull.

Hence, the operator T has one fixed point u*(t) € Q;\Q2. Then u*(t) is one
positive solution of the BVP(1.1)-(1.2).00

Remark 4.3. If T =R, then ¢(0) = 0. Hence Theorem 4.1 is true.

5. Examples

In this section, we will give some examples to illustrate our main results.

Example 5.1. Consider T = R,

t wu

1 Didu(t) = — ——
(1) Bu(t) = 1
(5.2) uw(0) + 4/ (0) =0, u(l)+u'(1) =0,
where f(t,u) = 1‘5—01_%“, a =15 t € [0,1]. Then f(t,u) is a continuous
function, and |f(t,u)| < {5 = K.

Let t € [0.1) = J and z,y € T. Then

7(2) — F(t.9)| < 5l — .

Moreover, it is easy to verify that

L/2(1—5)0%  0.5(1—s)00
/M As<— /0( Tis T ) )ds<o.34<1.

Therefore, all the conditions of Theorem 3.1 are satisfied and consequently the
BVP(5.1)—(5.2) has a unique solution.

Example 5.2. Consider
(5.3) Dy:Pu(t) = tsinu,

(5.4) u(0) +u®(0) =0, u(l) +u>(1) =0,

where f(t,u) = tsinu, a = 1.5, t € [0,1].2 = J. Then f(t,u)is rd-continuous
with respect to ¢ and continuous with respect to w. Clearly, |f(t,u)] < 1.
Hence, by Theorem 3.2, the BVP(5.3)—(5.4) has at least one solution.
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Example 5.3. Consider T =R
(5.5) Dyu(t) =t +sinu,

(5.6) w(0) +/(0) = 0, u(l)+u'(1) =0,

where f(t,u) =t+sinu, « = 1.5, t € [0,1] = J. Then f(¢, u)is rd-continuous
with respect to ¢ and continuous with respect to u. Clearly, |f(¢,u)| < 2.

Moreover,
b FE0) o f)

U—+00 u u—0 u

Hence, by Theorem 4.2, the BVP(5.5)—(5.6) has at least one positive solution.

Conclusion

This paper studies the existence and uniqueness of solution of boundary
value problem for fractional differential equations on time scales. We also
discuss the existence of positive solutions. We provide some sufficient conditions
to get our results. When T = R, we can find the corresponding results in [33].
At the foundation of this paper, one can make further research on fractional
differential equations on time scales.
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