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ABSTRACT. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let {Sn} and {7}, } be sequences of nonexpansive self-mappings
of C, where one of them is a strongly nonexpansive sequence. K. Aoyama
and Y. Kimura introduced the iteration process znt1 = Bnxn + (1 —
Bn)Sn(anu+ (1 — ap)Thay) for finding the common fixed point of {Sy,}
and {7}, }, where u € C' is an arbitrarily (but fixed) element in C, g € C
arbitrarily, {a,} and {8, } are sequences in [0,1]. But in the case where
u ¢ C, the iterative scheme above becomes invalid because z, may not
belong to C. To overcome this weakness, a new iterative scheme based on
the thought of boundary point method is proposed and the strong con-
vergence theorem is proved. As a special case, we can find the minimum-
norm common fixed point of {S,} and {7} whether 0 € C or 0 ¢ C.
Keywords: minimum-norm common fixed point, strongly nonexpansive
mappings, strong convergence, boundary point method, variational in-
equality.

MSC(2010): Primary: 47H09; Secondary: 47H10, 90C25.

1. Introduction

Let H be a real Hilbert space endowed with an inner product and its induced
norm denoted by (-, -) and ||-||, respectively. Let C' be a nonempty closed convex
subset of H and T : C' — C a mapping. Fiz(T) denotes the fixed point set
of T, that is, Fiz(T) = {x € C'|Tx = z}. Throughout this paper, Fiz(T) is
always assumed to be nonempty.

Many iteration processes are often used to approximate a common fixed
point of a pair of nonlinear mappings (e.g. [1 — 5], [7 — 9]). One of them is
a classical iterative scheme [1] and is defined as follows: Take an initial guess

Article electronically published on June 29, 2016.
Received: 12 December 2014, Accepted: 17 April 2015.
*Corresponding author.

(©2016 Iranian Mathematical Society
719



Iterative scheme of strongly nonexpansive sequences 720

x1 € C arbitrarily and define {z,,} recursively by
(1'1) Tn+1 = /ann + (1 - Bn)Sn(anu + (1 - an)Tnmn)

where v € C is an arbitrarily (but fixed) element in C, {S,} and {T,,} are se-
quences of nonexpansive self-mappings of C, and {«,, } and {5, } are sequences
in [0, 1].

The iterative algorithm generated by (1.1) has been widely investigated in
extensive literature. For example, S. Takahashi, W. Takahashi and M. Toyoda
[3] used the iterative scheme generated by (1.1) to deal with the fixed point
problem for a nonexpansive mapping and the zero point problem for a monotone
operator. Y. Yao and J. C. Yao [5] used this algorithm in order to solve the
fixed point problem for a nonexpansive mapping and the variational inequality
(VI) problem for an inverse-strongly monotone mapping. K. Aoyama and Y.
Kimura [1] used this iteration process in order to approximate a common fixed
point of a pair of sequences of nonexpansive mappings where one of them is a
strongly nonexpansive sequence [(].

We next analyze how to get the common fixed point {S,} and {7, }. In the
case where u € C, it is not hard to obtain {x,} generated by (1.1) converges
strongly to the common fixed point of {S,,} and {T,} under some assumptions.
But, in the case where u ¢ C, the iteration scheme defined by (1.1) becomes
invalid because z,, may not belong to C.

To make up for this weakness, a natural and rational idea is adopting metric
projection Po to modify iterative scheme (1.1) so that the iterative sequence
in C'. One simple and feasible modified iterative scheme by Pc can be given as
follows:

(1.2) Tnt1 = Bnn + (1 = Bn)SnPo(anu + (1 — ap)Tha,).

However, in the process of actual calculation, it is difficult to obtain the specific
expression of P, in general. In view of this shortage, iteration process (1.2) is
not a right choice.

Main contributions of this paper are as follows: We extend Aoyama and
Kimura’s algorithm, extends Aoyama and Kimura’s result based on the inspi-
ration of viscosity approximation method (e.g. [10 — 22]), and also avoid the
computation of the metric projection Po. we show that the iterative sequence
generated by our proposed algorithm has strongly convergent property under
some appropriate conditions. As a special case, the minimum-norm common
fixed point of {T},} and {S,,} is obtained whether 0 € C or 0 ¢ C.

2. Preliminaries

Throughout this paper, we adopt the following notations.
1) &, — x : {z,} converges strongly to z, x, — z : {x,} converges weakly to
x.
2) N: the set of positive integers,



721 Zhu and Ling

3) OC: the boundary of C,
4) I: the identity mapping on H,
5) H\ S: the complementary set of C' in H.

We recall some definitions and facts that are needed in our study.

Let C be a nonempty closed convex subset of H and T : C — C' a mapping.
A mapping T is said to be nonexpansive if | Tx—Ty|| < ||x—y|| for all z,y € C.

Let {T,} be a sequence of self-mappings of C. We use the notation Fiz({T,})
to denote the set of common fixed points of {7, }, i.e.,Fiz({Tn}) = N>, Fiz(Ty).
A sequence {z,} is said to be an approximate fixed point sequence of {T,}
if z,, — Tz, — 0. Thg/set of all bounded approximate f}@d point sequences of
{T,} is denoted by Fiz({T,}) [6]. It is easily see that Fiz({T},}) is nonempty
if Fix({T,}) is nonempty. A sequence {T,,} is called a strongly nonexpansive
sequence if each T;, is nonexpansive and

Tp — Yn — (Tnxn - Tnyn) -0
whenever {z,} and {y,} are sequences in C such that {z, — y,} is bounded
and ||zn — ynll = |[Tnn — Tnynll — 0. A sequence {T,} having a common
fixed point is said to satisfy the condition (Z) if every weak cluster point of

{2,,} is a common fixed point whenever {z,,} € Fiz({T,}). A sequence {T}}
of nonexpansive self-mappings of C is said to satisfy the condition (R) if

lim sup ||Th+1y — Thyl =0
n—oo yED
for every nonempty bounded subset D of C [23].
We need some lemmas and facts listed as follows:

Lemma 2.1. [2/] Let K be a closed convex subset of a real Hilbert space H
and let Py be the (metric of nearest point) projection from H onto K (i.e., for
x € H, Pg(x) is the only point in K such that ||z — Pr(z)]| = inf{||x — 2| :
z€ K} ). Givenx € H and z € K. Then z = Pg(x) if and only if, for any
y e K,

(x — 2,y — z) <0.

It is well-known that Fixz(T) is closed and convex if T is nonexpansive.
So the metric projection Pg;;(1) is reasonable and thus there exists a unique
element, which is denoted by x', in Fiz(T) such that ||z = inf,cpip(r) 2],
that is, zf = Prpiz(1)(0). x' is called the minimum-norm fized point of T.

Lemma 2.2. [25] In a real Hilbert space H, the following well-known result
holds:

lz +yl* < llel® + 2(y, 2 +y), Va,y€H.

Lemma 2.3. [20,27] Let {z,} and {y,} be bounded sequences in a Banach
space and {Bn} a sequence in [0,1]. Suppose that xp1 = (1 — Bn)Tn + Buyn
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for every n € N, 0 < liminf,,_, f, <limsup,,_, . Bn <1, and
lmsup([|yn+1 = Ynll = [[2n+1 — 2nl]) 0.
n—oo

Then x, — y, — 0.

Lemma 2.4. [I] Let H be a real Hilbert space, C a nonempty subset of H,
and {S,} and {T,} sequences of nonexpansive self-mappings of C. Suppose
that {Sn} and {T,,} satisfy the condition (R) and {T,y : y € D,n € N} is
bounded for any bounded subset D of C. Then {S,T,} satisfies the condition
(R).
Lemma 2.5. [0] Let H be a real Hilbert space, C a nonempty subset of H,
and {S,} and {T,} sequences of nonexpansive self-mappings of C. Suppose that
{Sn} or {T} is a strongly nonezpansive sequence and Fixz({S,}) N Fix({T,})
is nonempty. Then Fix({Sy}) N Fiz({T,}) = Fiz({S,T,}).
The following is a sufficient condition for a real sequence to converge to zero.
Lemma 2.6. [28, 29] Let {a,} be a nonnegative real sequence satisfying:
O‘n+1§(1_’7n)an+’7n6n+an; ’I’L:0,1,2
If {352, € (0,1),{0n}32, and {0,}52, satisfy the conditions:
(1) Z:,ozl ’YTL = OO;‘
(2) either limsup,, . 6, <0 or Y 0% | |ynds] < o0;

(3) 2ontilon| < oo.
Then lim,, sy, = 0.

3. Boundary point function for non-self contraction

Let C' be a nonempty closed convex subset of a real Hilbert space H and
V : C — H is a non-self a-contraction, ie., [|[V(z) — V(y)|| < allz — y|
(0 <a<l),forz,y € C. To formulate our iterative algorithm, we introduce
a function s : C' — [0, 1] by the following definition [30]:

(3.1) s(z)=mnf{Ae[0,1]]| Xz +(1-NV(z)eC}, zeC.

Remark 3.1. Now we explain clearly the rationality of the definition of func-
tion s(z). Since C is closed and convex, in the case where V(z) € C, it
is easy to observe that s(z) = 0 for any x € C. But in the case where
V(z) ¢ C, we obtain s(x)z + (1 — s(x))V(z) € 9C and s(x) > 0 (other-
wise, suppose that s(x)z + (1 — s(x))V(x) ¢ OC, for convenience, we set
w = s(z)x 4+ (1 — s(z))V(z). Obviously, w is an interior point in C. Fur-
thermore, there exists efficiently small § > 0 such that the neighborhood of
w, B(w,d), contained C, i.e., B(w,d) C C, by using the definition of function
s(z). Thus (1 — (s(z) —6/2)V(z) + (s(x) —/2)z € C and s(x) — §/2 < s(z).
This is a contradiction with the definition of function s(x)). So the function
s(x) above is well-defined.
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We need to consider how to calculate the value of function s(z), for any
x € C. As a matter of fact, in many practical problems, C is often a level set
of a convex function ¢, that is, C = {x € H |c(z) < a}, where a is a constant
in R'. Without loss of generality, suppose that C = {x € H |c(z) < 0} and
V(z) ¢ C. The function s(z) can be expressed by s(z) = inf{\ € (0,1] | e(Az +
(1-=M\)V(x)) = 0}, for any 2 € C. To calculate the value of s(z), we only need to
solve the algebraic equation ¢c(Ax+ (1 —A)V(x)) = 0 with the unknown number
A. Solving the algebraic equation above is generally easier than computing the
metric projection P¢ in actual calculation process. We have the following an
illustrative example to show that this point of view.

Example 3.2. Let B : H — H be an inverse-strongly monotone bounded
linear operator with coefficient o > 0, that is, there is a constant « > 0 with
the property (Bx — By,x —y) > a|/Bx — By||?, Vo,y € H. Define a convex
function ¢ : H — R! by

c(x) =1/2(Bx — Bu,x —u) — 2(x —u,y") + (Ba* — Bu,2* —u), Vz € H,

where y*, u (y* # 0) are two given points in H and z* is the unique solution of
the equation B(z—u) = y*. Set C = {x € H |c(x) < 0} and define contraction
V:C — H as V(x) = u, Yz € C. Note that ¢(z*) = —(1/2)(Bz* — Bu,z* —
u) < 0 and ¢(u) = (Bz* — Bu,z* — u) > 0, then it is easy to verify that C is
a nonempty closed convex subset of H such that u ¢ C. For a given = € C,
we have c¢(x) < 0. To obtain the value of s(x), let c(Az + (1 — A\)u) = 0, where
A € (0,1] is a unknown variable. Thus we have the following equation

1/2(Bx — Bu,x — u)\* — 2(x — u,y*)\ + (Bx* — Bu,z* — u) = 0.
Consequently, we have
2z —u,y*) £ /4(x — u,y*)? — 2(Bx — Bu,x — u)(Ba* — Bu,z* — u)

A= (Bx — Bu,z — u)
Hence,
s(z) = 2(x — u,y*)—/4(x — u,y*)2 — 2(Bx — Bu, v — u)(Bx* — Bu,z* — u)
(Bx — Bu,x — u)

2{y*, x* — u)
2{x — u,y*) + \/4(1' —u,y*)?2 — 2(Bx — Bu,x — u){y*, z* — u)

4. Iterative scheme based on boundary point method

Now we give our iteration process based on the thought of boundary point
method for finding the common fixed point of {S,} and {T,,}: Taking z; € C
arbitrarily and define {z,,} recursively by

xr € C;
(4.1) Yn = (L = A)V(2n) + Ann) + (1 — ap) Trn;
Tn41 = ﬂnxn + (1 - 6n)Snyn7
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where V : C — H is non-self a-contraction (0 < o < 1), A\, = s(zp), n =
1,2,... {an} and {B,} are sequences in [0, 1].

Since C' is closed and convex, algorithm (4.1) induces to algorithm (1.1)
on condition of V(x,) € C. But in the case where V(x,) ¢ C, it is easy
to verify the sequence {x,} generated by (4.1) belongs to C' and s(zy)z, +
(1 — s(xn))Vx, € OC for any positive integer n, so we call our algorithm as
boundary point method.

Theorem 4.1. Let H be a real Hilbert space, C a nonempty closed convex
subset of H, and {S,} and {T,,} sequences of nonexpansive self-mappings of C.
Let V : C — H be an a-contraction. Suppose that F = Fiz({S,}) N Fix({T,})
is nonempty, both {S,} and {T,} satisfy the conditions (R) and (Z), and {Sy}
or {T,} is a strongly nonexpansive sequence. Let {\,}, {an} and {B,} satisfy
the following conditions

(D1) ay — 0O

(D2) 3207 an(l = An)(1 = Bn) =00
Then {x,} defined by (4.1) converges strongly to x* in F verifying
(4.2) zt = PpV(z"),
which solves the following variational inequality

(4.3) find x* € F, such that (I = V)z*,z —2*) >0, VZ € F.

We divide our detailed proof into several lemmas. In the course of the proof
of Lemma 4.2 - Lemma 4.4, we assume that all conditions of Theorem 4.1 are
satisfied.

Lemma 4.2. {x,}, {Thz,} and {S,V,x,} are bounded, where V;, = a, (1 —
M)V +ap el +(1— )T, n=1,2,...

Proof. Take a z € F, we have S,z = z and T,,z = z. Since both S,, and T;, are
nonexpansive, we immediately obtain

[SnVaan — 2| < |Vaan — 2|
< an(l =) (al|zn — 2| +[[Vz = 2]))
+ anAnllzn — 2l + (1 — an) | Tazs — 2||

<max{ 7220 e,y

and hence,
|Zn+1 = 2l < Bullzn — 2l + (1 = Bu)[|SnVazn — 2|

Vz—2z
< Bullwn — 2+ (@~ By max{ =2y

< max{ == ” Gl lzn — 2]}
—
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Thus, inductively,
Va—
I Tpzn — 2| < lzn — 2| < max{w, ler — 2|}, n=1,2,...
-
This shows that {x,} is bounded, so are {Vz,}, {Thx,} and {S,V,z,}. O

Lemma 4.3. The following results hold:
() Fiz({SnVn}) = Fiz({S,}) N Fiz({T});
(b) {8V} satisfies the condition (R);
(¢) {zn} € Fiz({Sn}) N Fix({T,});
where V, = (L = X))V +apdnl + (1 — )T, n=1,2,...

Proof. We first show (a). Let {z,} be a bounded sequence in C and z € F. If
{zn} € Fix({T,}), we have

[2n = Vazn|l < an(l = Ao (allz = zol| +[[Vz2 = 24]]) = 0, (n — o0)

and therefore {z,} € Fiz({V,}). On the other hand, if {z,} € Fiz({V,}), we
obtain
|20 — Toznll = [[Vazn — Tnzall
<an(1 = 2A)Vzn = Thznll + andnllzn — Tnzall
<an(l=An)(allzn — 2[| + V2 — 2] + |2 = Tazal)
+anAn([lzn — 2| + ||z = Tuznll)
< apsup{||Vz — z|| + 2||zn — 2]|} = 0, (n — o)

and hence {z,,} € %({Tn}) Then we obviously have %({Tn}) = E;:({Vn})
and Fiz({S,T,}) = Fix({S,V,}). Since F is nonempty, {S,} or {T,} is a
strongly nonexpansive sequence. By Lemma 2.5, it is easy to verify that

Fiz({SnVa}) = Fiz({SaTn}) = Fiz({Sn}) N Fix({T,}).

We next show (b). Since F' is nonempty, we have {T,,y : y € D,n =
0,1,2,...} is bounded for any nonempty bounded subset D of C, by condi-
tion {7} satisfies the condition (R), there hold

WVoy — 2| < (1= Ap)an(ally —z|| +1|Vz—z]|)
+ Ananlly = z[[ + (1 — an) [Ty — 2|

Vz—2z
Smax{in 1 Hasup ly — =}
“a yeb



Iterative scheme of strongly nonexpansive sequences 726

and
sug [Vat1y — Vayll < [(1 = Angi)ansr — (1= An)an [Vl
ye
+ [Ant10m41 — Anan | sup ||yl
yeD
50 (1= ) Ty — (1= ) Ty
y€D
< (a1 = | + anlAnss = Aal)(5up [Vl + sup )
yeD yeD
+ sup | Tni1y — Toyll + [antr — am| sup [Tryll — 0
yeD yeD
for any nonempty bounded subset D of C. Hence, we further obtain that {V,,}
satisfies the condition (R) and {V,,y : y € D,n =0,1,2,...} is bounded for any
nonempty bounded subset D of C. Lemma 2.4 implies that {S,V,,} satisfies
the condition (R).
We finally show (c). Using Lemma 4.2, there is a nonempty bounded subset

D of C such that {z,} € D, for every n € N. Set U,, = S,,V,, for every n € N.
Since U, is nonexpansive and {U,, } satisfies the condition (R) by (b), we obtain

||Un+1xn+1 - Unxn” S ||Un+1xn+1 - Unxn+1|| + ||Unxn+1 - Unxn”

< sup [|Ung1y — Unyll + |01 — 24|
yeD

and this implies that

1Un+12Zn11 — UnZnll = [[Zng1 — 20| < Sug 1Uns1y — Unyll = 0, (n — o0).
ye

By Lemma 4.2, Lemma 2.3 and (a), we have
{22} € Fiz({Uy}) = Fia({Sa}) N Fiz({T,})

and this proof is finished. O

Lemma 4.4. limsup,, , (I — V)z*, Tz, — ™) > 0, where x* is the unique
solution of VI (4.3).

Proof. To prove this result, we take a subsequence {z,, } of {z,} so that

(4.4)  limsup((I —V)z*, 2, —2*) = lim (I — V)a*, z,, —z").

n— oo k— o0

By Lemma 4.3, {x,} is bounded. Without loss of generality, we may further
assume that {z,, } converges weakly to a point Z, Since {S, } and {T,,} satisty
the condition (Z), Lemma 4.3 implies that z € F'. Noting that T,,x,, — z, — 0,
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(4.4) and applying Lemma 2.1, we arrive at

limsup{(I — V)z*, Tz, — ") = limsup({(I — V)z*, Tz, — xy)
n—oo

n— oo

+ limsup((I — V)a*, z, —2*))

n— oo

= lim (I = V)", 2, — )
k— o0

(I-V)z*,z—2a") > 0.

By Lemma 4.2 - Lemma 4.4, we finally prove Theorem 4.1.

Proof. Set V,, = an(1 — A\p)V + apApl + (1 — o) Ty, for every n € N. Since
z* € F, and both S,, and T;, are nonexpansive, it is easy to verify that
Zns1 — $*||2 < Ballzn — x*||2 + (1 = Bl SnVazn — m*||2
< Bull, — 2|
+ (L= B)[[(1 = an) (Tnzn — %) + anAn(zn — x*)HQ
+ 20, (1 = X)) (V(xx) — 2*, Vyx, — ™))
<[ =an(l = Bu)( = A)]llzn — x*Hz
+ 20, (1 = Bn) (1 = X))V (2™) — z*, Vo, — x™).
By Lemma 4.2 and Lemma 4.4, we obtain

limsup(Va* — 2*, Vz, — &) = limsup((Vz* — 2*, Tx,, — x™)

n— oo n— o0
(4.5) + ap(Va* —a* Apzp+H(1 — X)) Va*™=T,x,))
= limsup(Vz* — 2™, Tpx, — 2*) < 0.
n— oo
Hence,

lZns1 — x*”Q < (=) llzn — 33*”2 + YnOn,
where
Yo =an(1—=Bn)(1 = A), on=2(Va™ —a* Voo, —a*).

It is easily check that v, — 0, >°>° /7y, = oo by conditions (D1) and (D2), and
limsup,,_,o on < 0 by (4.5). By Lemma 2.6, we conclude that z, — z*, and
the proof is finished. O

Remark 4.5. If V(z) = u € C, a given point, for any x € C, then Theorem
4.1 is induced to Aoyama and Kimura’s result [1].

As a direct result of Theorem 4.1, we can find the minimum-norm common
fixed point of {S,,} and {T},} whether 0 € C or 0 ¢ C via the following corollary:
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Corollary 4.6. Let H be a Hilbert space, C' a nonempty closed convez subset of
H, and {S,} and {T,} sequences of nonexpansive self-mappings of C. Suppose
that F = Fiz({Sn}) N Fiz({T,}) is nonempty, both {S,} and {1} satisfy the
conditions (R) and (Z), and {S,} or {T,,} is a strongly nonexpansive sequence.
Let {\.}, {an} and {B,} are sequences in [0, 1] satisfy the following conditions
(D1) v, — O;
(D2) 302 an(l = An)(1 = Bn) = oo;
where Ay, = s(x,), n=1,2,.... Let {x,} be sequence in C defined by x1 € C
and

(46) ‘Tn-‘rl = /ann + (1 - ﬂn)sn(anAnmn + (1 - an)Tnxn)

forn € N. Then {x,} defined by (4.6) converges strongly to the minimum-norm
common fized point Pp(0) of {Sn} and {T,}.

5. Conclusions

This paper presents the definition of boundary point function for non-self
contraction and further develops an iterative scheme based on boundary point
method for finding the common fixed point of a pair strongly nonexpansive
sequences. Our algorithm overcomes the shortcoming of u ¢ C' in Aoyama and
Kimura’s iterative scheme and does not involve the computation of the met-
ric projection Pg, so it is easy to realize in the actual computational process.
In addition, strong convergence theorem of the iterative scheme (4.1) is ob-
tained under some appropriate conditions. In particular, we do not require any
additional conditions on parametric sequence {\,} except available condition
S an(l=\,)(1—B,) = co. As a special result, our proposed algorithm can
find the minimum-norm common fixed point of a pair of strongly nonexpansive
sequences {S,} and {T},} whether 0 € C or 0 ¢ C.
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