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ABSTRACT. A power digraph, denoted by G(n,k), is a directed graph
with Z, = {0,1,...,n — 1} as the set of vertices and L = {(z,y) : 2* =
y (modn)} as the edge set, where n and k are any positive integers. In
this paper, the structure of G(2¢ + 1,k), where g is a Sophie Germain
prime is investigated. The primality tests for the integers of the form
n = 2q + 1 are established in terms of the structure of components of
G(n,k). The digraphs in which all components look like directed star
graphs are completely classified. This work generalizes the results of M.
Kri¥ek, L. Somer, Sophie Germain Little Suns, Math. Slovaca 54(5)
(2004), no. 5, 433-442.
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1. Introduction

The power digraphs provide an elegant link between graph theory and num-
ber theory. By using graph theoretic properties of the power digraphs, one
can infer many number theoretic properties of the congruence a* = b(mod n).
Some characteristics of the power digraph G(n,k), where n and k are ar-
bitrary positive integers, have been investigated by Wilson [10], Somer and
Kiisek [5-9], Kramer-Miller [4], Ahmad and Husnine [I-3]. One of the ma-
jor problems in number theory is to test the primality of different numbers e.g.
Fermat numbers, Mersenne numbers and the numbers of the form 2p+1, where
p is any prime. Many algorithms have been developed for solving these types of
problems. Pepin’s and Lucas- Lehmer tests are used for checking the primality
of Fermat and Mersenne numbers, respectively. These power digraphs provide
another way to analyze this problem. Somer and K#i%ek in [5] proved that a
Fermat number F,, is composite if and only if there exists a cycle in G(F,,,2)
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of length greater than 1. They also proved that the digraph G(n,2) has exactly
two components if and only if n is a Fermat prime or n is a power of 2. Then
Uzma and Husnine in [1] generalized these results for the general values of n
and k. The odd primes ¢ for which n = 2¢+ 1 is also a prime are called Sophie
Germain primes and n is called its matching safe prime. K#ifek and Somer
in [6] described the structure of power digraphs G(2¢+1, 2), where g is a Sophie
Germain prime. In this paper, the complete structure of G(2g+1, k), where ¢ is
a Sophie Germain prime and k is any positive integer is presented. The criteria
to test the primality of the integers of the form 2¢+ 1 are investigated in terms
of the components of G(n, k), where G(n, k) is defined below. The digraphs in

which each component looks like a directed star graph are completely classified.
2. Preliminaries

Let g : Z,, — Z, be a function where Z,, = {0,1,...,n —1} and n > 1. An
iteration digraph defined by g is a directed graph such that Z, is the set of
vertices and D = {(z,y)|g(z) = y(modn)} is the edge set. In this paper, we
consider g(z) = x*(modn). For fixed values of n and k the iteration digraph
is represented by G(n,k). A component of G(n,k) is a sub-digraph which is
the largest connected subgraph of the underlying non directed graph.

The in-degree of x is the number of directed edges coming into a vertex x, and
the number of edges coming out of x is called the out-degree of x. Note that
the out-degree of every vertex in G(n, k) is 1.

A digraph G(n, k) is said to be regular if every vertex of G(n,k) has the
same in-degree. A digraph G(n,k) is said to be semi-regular of degree j if
every vertex of G(n, k) has in-degree j or 0. A cycle is a directed path from a
vertex a to a , and a cycle is a z-cycle if it contains precisely z vertices. A cycle
of length one is called a fixed point. It is clear that 0 and 1 are fixed points
of G(n,k). A vertex a is said to be an isolated fixed point if it is a fixed point
and has in-degree 1. The number of cycles of length ¢ in G(n, k) are denoted
by A;(Gi(n,k)). Since each vertex has out-degree one, it follows that each
component contains a unique cycle. The height of a vertex in a component is
the length of the shortest directed path from the vertex to the unique cycle
of the component. The height of the component is the largest height of any
vertex in the component. The Carmichael lambda-function A(n) is defined as
the smallest positive integer such that z*(") = 1(modn) for all x relatively
prime to n. The values of the Carmichael lambda-function A(n) are

A1) = 1

A2) = 1

A4) = 2
AM27) = 27 %forr>3
Mg = (@-1q"

q
for any odd prime ¢ and » > 1 , and
ANgitgs? qym) = lem(Mg1™), Mas?), - A(grT),
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where ¢, g2, ..., g are distinct primes and «a; > 1 for all i.

The sub-digraph of G(n, k) containing all vertices relatively prime to n is de-
noted by Gi(n,k) and the sub-digraph containing all vertices not relatively
prime to n is denoted by Ga(n, k). It is obvious that G(n, k) and Ga(n, k) are
disconnected. We also have G(n, k) = G1(n, k) U Ga(n, k).

Let n = ml, where ged(m,l) = 1. We can easily see with the help of Chinese
Remainder Theorem that corresponding to each vertex « € G(n, k), there is an
ordered pair (z1,x2), where 0 < 27 < m and 0 < z9 <! and xk corresponds to
(x%, 2%). The product of digraphs, G(m, k) and G(I, k) is defined as follows, a
vertex x € G(m, k) x G(I,k) is an ordered pair (z1,x2) such that 21 € G(m, k)
and zo € G(I,k). Moreover, there is an edge from (z1,z2) to (y1,y2) if and
only if there is an edge from z; to y; in G(m, k) and from x5 to ys in G(I, k).
This implies that (z1,72) has an edge leading to (z%,x%). We then see that
G(n, k) = G(m, k) x G(I, k). Now if n is of the form:

(2.1) n=p{'ps?...po7, where py < ps < ...<p, and o; >0
then
(2.2) G(n, k) =2 G(p*, k) x G(p5?,k) X ..... x G(por, k).

Let N(n,k,a) denote the number of incongruent solutions of the congruence

¥ = a(mod n).

Then obviously N(n, k,a) = indeg,(a) and it is easy to see that if a = (a1, ag,
yar),

N(n,k,a) = indegy(a Hsz Jk,a;)
Let Comp(a) and Comp,,(a) denote the components of G(n, k) and G(p$, k),
respectively containing the vertex a.

Theorem 2.1. [10] Let n be an integer having the factorization as given in
(2.1) and z be a vertex of G1(n, k). Then

indeg(xz) = N(n, k,x) HN Pyt k) = Hfi ged(A(py), k),

orN(n,k,z) =0
where €; = 2 if 2|k and 8|pJ*, and &; = 1 otherwise.
Lemma 2.2. [J] Let ¢ be a prime and § > 1, kK > 2 be integers. Then
N(¢?,k,0) = BT
Theorem 2.3. [9] Let n be defined as in (2.1). Then

T

4G, k) = ST (0 med M) K~ 1) = 32 dA(Gln R

i=1 d|t,dt
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where 6; = 2 if 2|k — 1 and 8|p{* , and §; = 1 otherwise.

Theorem 2.4. [10] There exists an s-cycle in G(n, k) if and only if s = ord,k
for some positive factor h of u, where A\(n) = wv and wu is the greatest factor
of A(n) relatively prime to k, and ord,k denotes the multiplicative order of k
modulo h.

Theorem 2.5. [9] Let n = nyng where ged(ny,ng) =1 and a = (a1,a2) be a
vertex in G(n, k) =2 G(ny, k) X G(na, k). Then a is a cycle vertex if and only if
ay is a cycle vertex in G(n1, k) and as is a cycle vertex in G(na, k) .

3. New results on Power digraphs of Safe primes

Definition 3.1. Let S, be a component of G(n,k) whose set of vertices is
H' = {r = 1,29, -+ ,7,} and E' = {(2;,2) : ¥ = x(mod n) for all z; € H'}
to be an edge set. In other words the only edges in S, are from z; to x for all
x; € H'.

It is clear from the definition that S, has r edges. Also we note that if we
delete the edge (z,x) then the associated non-directed graph of S, resembles
the well known star graph (Ks_;1). Thus we may call S,, the star digraph
with loop. Figure 1 is the sub-digraph of G(49,35) whose three components
are the star digraph K¢, with loop, i.e. S7.

FIGURE 1. sub-digraph of G(49,35) consisting of 3 S7
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Definition 3.2. Let SW;, where ¢t > 1 be a component of G(n, k) containing
a cycle of length ¢t. Corresponding to each cycle vertex ¢ € SW;, there exists
exactly one non-cycle vertex b € SW; such that b* = ¢ (mod n) i.e. there is an
edge from b to c.

It is obvious from the definition that SW; consists of 2t vertices and 2t
edges. Also we note that the associated non-directed graph of SW; looks like
a sun graph. Thus we call SW;, the sun digraph. The two components of
(G(147,2) shown in Figure 2 are isomorphic to SWps. It is also easy to see from

FIGURE 2. sub-digraph of G(147,2) consisting of 2 SWg

the definitions that .S, and SW; both have height 1.

Theorem 3.3. Let n = 2g + 1, where ¢ is a Sophie Germain prime and k be
any positive integer. Then one of the following holds:

(1)
2)

G(n, k) is regular.

G(n, k) contains three components; one is an isolated fixed point and
both of the others are isomorphic to Sy.

G(n, k) contains ¢ + 1 components; one is an isolated fixed point and
each of the others is isomorphic to Ss.

G(n, k) has two components; one is an isolated fixed point and the
other is isomorphic to Sa,.

G(n, k) has O‘i;qlk + 2 components; one is an isolated fixed point, one is
g—1

isomorphic to Sz and each of the other _t a, zcomponents is isomorphic
to SWy, where ¢t = ordyk > 1.

Proof. Since ¢q is a Sophie Germain prime, n = 2¢ + 1 is also a prime. This
implies that Ga(n, k) contains only the 0 vertex which is an isolated fixed point.
Now A(n) = 2q, so there arise four possibilities:



The power digraphs of safe primes 754

Case 1:

Suppose 2 t k and ¢ t k. Then ged(A(n), k) = 1. From Theorem 4.1 of [3],
G(n, k) is regular.

Case 2:

Let 2 k but ¢ | k. Then ged(A(n), k) = ¢ which shows that 2 is the highest
factor of A(n) which is relatively prime to k. Clearly, Kk = 1 (mod 2). By
Theorem 2.1 and 2.4, G(n, k) contains only fixed points with indegree q. Now
by using Theorem 2.3, A;1(G(n,k)) = ged(A(n),k — 1) = 2. Hence G1(n, k)
contains only 2 components. The height of any component C in G1(n, k) can
be calculated by using Theorem 4.5 of [2] as,

Vq(A(n))
vq(k)

where v,(x) means the highest power of ¢ in prime factorization of x. This
shows that both components of G1(n, k) contain a fixed point with in-degree
q and have height 1, that is both of them are isomorphic to the directed star
graphs S;.

Case 3:

Let 2 | k but g 1 k. Then ged(A(n), k) = 2. This shows that ¢ is the greatest
factor of A\(n) such that ged(g, k) = 1. If ¢ | k—1, then it can be shown by using
the same arguments as in case 2 that G1(n, k) consists of exactly ¢ components,
each of which is isomorphic to Se. Now suppose ¢ k — 1. Then from Theorem
2.4, there must exist a cycle of length ¢ > 1. Now from Theorem 2.3,

height(C) = | 1=1,

A (G1(n, k) = ged(A(n), k —1) = 1

This along with the fact that ¢ is the only divisor of A(n) that is relatively
prime to k implies that G1(n, k) consists of components such that one of them
contains the fixed point and all of the others contain the cycle of length ¢ > 1.
Now by using Theorem 4.5 of [2], the height of each component C of G1(n, k)
is height(C) = 1. Since the in-degree of each cycle vertex is 2, the number
of components, say [ satisfies 2t - [ = 2q — 2, [ = q;—l By using Theorem 2.4,
| = 2=L  Hence G1(n, k) consists of [ = 2-1 1 1 components, one of them is

ordgk” ordgqk
isomorphic to Sy and each of the other [ = 2 ;qlk components is isomorphic to
SWt.
Case 4:

Finally, suppose 2 | k and ¢ | & which implies that N(n,k, 1) = ged(A(n), k) =
2q. Thus the component containing vertex 1 must contain 2¢q vertices. Since
G1(n, k) contains A\(n) = 2q vertices, it must consist of exactly one component,
say C containing the fixed point with indegree 2q. Also height(C) = 1 by using
Theorem 4.5 of [2]. Thus the only component of G1(n, k) is isomorphic to Sa,.
This completes the proof. O
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Theorem 3.4. Let k£ > 1 be an odd integer and n = 2qg + 1, where ¢ is any
prime such that ¢ | k. Then ¢ is a Sophie Germain prime if and only if G(n, k)
contains three components, one of which is an isolated fixed point and each of
the others is isomorphic to Sj.

Proof. Suppose G(n, k) consists of three components one of which is an isolated
fixed point and the other two are isomorphic to S;. Suppose on the contrary, ¢
is not a Sophie Germain prime. This implies that n is not a prime. Hence n can
be written as n = ¢7'* - - - ¢2, where the ¢;’s are distinct and none of the ¢;’s

is equal to ¢. From Lemma 2.2, N(n,k,0) = [[;_, qiai_(le But we know that
the in-degree of cycle vertices of G(n, k) is either 1 or g. Since none of the ¢;’s
is equal to ¢, N(n,k,0) # q. Thus N(n,k,0) = 1. This is only possible when
«; = 1 for all 4. This further shows that n is square free, i.e. n =¢q; - -¢q,. Now
from Theorem 2.1 and the fact that the in-degree of cycle vertex a of G(n, k)
other than 0 is ¢, we have

N(n,k,a) = HN(qi,k,a):chd(A(qi),k)

s

(3.1) = [Jei—1.k) =q

i=1
Equation (3.1) shows that there exists exactly one j for which ged(g; —1,k) = ¢
and ged(g; —1,k) =1 for all 1 <i <r but¢# j. Since ¢ | ¢g; — 1, we can write
gj —1 = ge. Now we claim that ged(q,c¢) = 1. For otherwise either the in-
degree of cycle vertices in G(n, k) is greater than ¢ or the height of components
of G(n, k) is greater than 1. Both cases lead to a contradiction. Now consider
the digraphs G(g;, k) for all 7. Since all the cycle vertices of G(n, k) are fixed
points, each cycle vertex of G(g;, k) is also a fixed point. From Theorem 2.4,
k=1l(mod ¢; — 1), ifi# jand k= 1(mod ¢), ifi=jieq —1|k—1when
i#jand c|k—1wheni=j. From Theorem 2.3,

A (Gr(n, k) = ged(q;—1L,k—1) J] eed(gi—1,k—1)

i#j,i=1
T
c I[ (@-1
i#j,i=1
Since 2 | cand 2| (¢; — 1), A1(G1(n, k)) > 2. This along with the fact that 0 is
an isolated fixed point contradicts the assumption that G(n, k) contains three
components. Hence ¢ must be a Sophie Germain prime.
The proof of the converse is similar to case 2 of the proof of Theorem 3.3. [

Theorem 3.5. Let k be an even integer and n = 2¢ + 1, where ¢ is any prime
such that ¢ | k. Then ¢ is a Sophie Germain prime if and only if G(n, k) contains
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two components, one is an isolated fixed point and the other is isomorphic to
Sag-

Proof. Suppose G(n, k) contains two components, one is an isolated fixed point
and the other is isomorphic to Sa,. Then from Theorem 4.6 of [1], either n is
a prime or is a power of some prime divisor of k.

Suppose n = p” for some p | k and 8 > 1. Obviously, p # ¢. From Lemma 2.2,
N(n,k,0) = pﬂ’(%l Since 8 > 1, N(n,k,0) must be some positive power of
p. This contradicts the fact that cycle vertices of G(n, k) have in-degree 1 or
2q. Thus n must be a prime which shows ¢ is a Sophie Germain prime.

The proof of the converse is similar to case 4 of Theorem 3.3. O

Theorem 3.6. Let n = p{'---p%=, where a; > 1 and p; < pa--- < ps. For
some positive integer r, each component of G(n, k) is isomorphic to a directed
star graph S, if and only if following are satisfied

(1) aj <k foralll Sigsandr:pi"l_l---pg‘s_l.

(2) ged(p; —1,k)=1foralll1 <i<s

(3) I 84m, p ! | kforalll <i<s. Ifp; =2anda; >3 then pi" 2 |k
and p&~! | k for all 2 <4 < s.

4 pi—1|lk—1lforalll <i<s

Proof. Suppose for some positive integer r, each component of G(n, k) is iso-
morphic to S,. Suppose to the contrary there exists a j such that a; > k.
Then by Lemma 2.2, the vertex 0 in G(p?j,k) has in-degree N(p?j,k,O) =

Y g - o
p?’ ha < p;-” ?. Since the number of vertices in Compq, (0) is p?" ' there
must exist a vertex at height greater than 1. This shows that the height of
Compg, (0) is greater than 1. Now we know that

Comp(0) = Compg, (0) x -+ x Comp,, (0)

From Theorem 4.1 of [2], the height of Comp(0) > 1. Thus Comp(0) is not a
directed star graph. This contradicts the fact that each component of G(n, k)
is isomorphic to S,.. Hence

(3.2) oa; <k foralll1<i<s.
Now
(33) N(n,k,0) = [T o~ ¥0.

i=1
From (3.2) and (3.3), N(n,k,0) = [[;_, p*~". Since Comp(0) = S,, r =
[T/, 2", This proves (1).
To prove (2), suppose on the contrary there exists j such that either p;.x" -t 1 k(if
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j=1,p1 =2and a; >3, then p{* "2t k) or ged(p; — 1,k) # 1. In any case it
is easy to see that x = N(p?j k1) # pjo-‘jil. Now consider the component
C = Compa,(0) x---x Compg,_,(0) x Compg, (1) x
Compa,,(0) x --- x Compa, (0).

Let M (C) equal the maximum in-degree of a vertex in the component C. From
Theorem 2.1 and Lemma 2.2,

M(C) = M(Compa,(0))--- M(Compa,_,(0))M(Compa, (1))
M(Compy, ,(0))--- M(Comp,, (0))

_ a1 —1 oj_1—1 aji1—1 a,—1
= pl ...pjfl .w.pj+1 ...pTT
r
_ a;—1
=« I o
i=1,i%

where x # p?j_l. Hence M(C) # r which further shows that C' 2 S,. This
leads to a contradiction and hence (2) is proved.

Now consider A(p*) = p ! (p; — 1). From (2) it is easy to see that p; — 1 is
the largest factor of A\(p;*) relatively prime to k. From Theorem 2.4,

(3.4) k' = 1(mod p; — 1),

where t is the length of the longest cycle in G(p;*, k). If ¢ > 1, then there
exists a component, say C of G(p;", k) containing cycle of length ¢ > 1. Now
consider

C' = Compq, (0) X -+ x Compa,_,(0) x C x Compq,,(0) x Compq, (0).

Then from Lemma 3.1 of [1], C” is a component of G(n, k) containing a cycle
of length lem(1,¢) = ¢ > 1. This leads to a contradiction as each component
of G(n, k) is isomorphic to S,., none of which contains a cycle of length greater
than 1. Hence t = 1. Therefore, from (3.4), p; — 1|k — 1 for all 1 <i < s.
Suppose that conditions (1) — (4) are satisfied. We will prove the converse
implication that each component of G(n, k) is isomorphic to the star graph ..
For this, let C be any component of G(n, k) and ¢ € C be a cycle vertex having
cycle length ¢. Then from Theorem 2.5, there exist cycle vertices ¢; € G(p]", k)
for all 1 < i < s such that ¢ = (¢1,--- ,¢s) Thus

(3.5) N(n,k,c)= HN(piai,k‘,ci).
i=1

If ¢; € Go(pi, k), then ¢; = O(mod p;*) as 0 is the only cycle vertex of
G2 (p;*, k). Therefore, from Lemma 2.2 and condition (1)
N k) = pi ]

7

(3.6) =
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Now if ¢; € G1(pj”, k), then from Theorem 2.1 and conditions (2) — (3)
N(p?i7k70i) = & ng()‘(p?Z)ak)v

(3.7) = pi

From (3.5), (3.6) and (3.7),

N(n,k,c) = pr"'_l =r.
i=1

Since t is the length of the cycle of C' containing cycle vertex ¢ in G(n, k),
from Lemma 3.1 of [4] there exist integers t; for 1 < ¢ < s such that t =

lem(tq,- - ,ts), where t; is length of the cycle containing cycle vertex ¢; for
1 <i <s. Now from Theorem 2.4,
(3.8) k' = 1(mod d),

where d is the divisor of the largest factor of A(pj*) relatively prime to k.
Conditions (2) and (3) imply that d | (p; —1). This along with condition (4)
implies that

(3.9) k = 1(mod d).

Since t; is the least positive integer satisfying (3.8), from (3.9), ¢t; = 1 for all
1 <4 < r and hence from (3), t = 1. This shows that ¢ is a fixed point. To
prove C' = S,., it is sufficient to show that height(C) = 1.

For this, let = (x1,--- ,x5) be any vertex of in-degree 0 in C. Then from
Theorem 4.1 of [2],

(3.10) height(x) = max{height(z1), - , height(zs)}
Suppose x; € Ga(p;*, k). From Lemma 4.8 of [2],

height(Ga(p;*, k)) = height(Comp,:(0)))
(3.11) = [logra;].
Now from condition (1), o; < k, logra; < 1. Hence from (3.11), height(G2(pi, k))
= 1. This further shows that height(z;) < 1.
Now if z; € G1(p;*, k), then from Theorem 4.5 of [2] and conditions (2) — (3),
the height of a component containing x;
vp, (A(p))

Vpi (k)

where vp, () means the highest power of p; in «. Thus height(z;) < 1. Hence
height(z) < 1. Since = € C is a vertex of in-degree 0, x is not a cycle vertex.

Therefore, height(x) # 0. This further implies that height(x) = 1. Hence
height(C) = 1. This shows that C' 2 S,. O

height(Comp,ei (z;))) = | =1,
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