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ABSTRACT. Let Tx be the full transformation semigroups on the set X.
For an equivalence E on X, let Tg«(X) = {a € Tx : V(z,y) € E &
(zo, ya) € E} It is known that T« (X) is a subsemigroup of Tx. In this
paper, we discuss the Green’s *-relations, certain *-ideal and certain Rees
quotient semigroup for Tg+ (X).
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1. Introduction

The relations £* and R* on a semigroup .S are generalization of the familiar
Green’s relations £ and R. Two elements a and b in S are said to be L£*-
related if and only if they are L-related in some oversemigroup of S. The
relation R* can be defined dually. The join of the equivalence relations £* and
R* is denoted by D* and their intersection is denoted by H*. A semigroup S
is called abundant if any £*-class and any R*-class contains an idempotent of
S. Tt is known that a regular semigroup is abundant but the converse is not
true. For example, Umar [6] showed that the semigroup of order-decreasing
finite full transformations is abundant but not regular.

The L*-class containing the element a of the semigroup S will be denoted
by L¥. The corresponding notation will be used for the classes of the other
relations. A left (right) *-ideal of a semigroup S is defined to be a left(right)
ideal I of S such that L} C I (R} C I) for alla € I. A subset I of S is a
*_ideal of S if it is both a left *-ideal and a right *-ideal. A principal *-ideal
J*(a) generated by the element a of S is the intersection of all *-ideals of S to
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Transformation semigroups 1016

which a belongs. The relation J* is defined by the rule that (a,b) € J* if and
only if J*(a) = J*(b).

In the theory of abundant semigroups, the relations £*, R*, H*, and D*
together with the relation J* play a role which is to some extent analogous to
that of Green’s relations in the theory of regular semigroups.

Let Tx be the full transformation semigroups on a set X and F be an
equivalence on X. Denote

Tp-(X)={a€eTx :Y(z,y) € E < (za,ya) € E}.

Then Tg-(X) is a subsemigroup of Tr(X), it’s Green’s relations and regularity
are investigated in [1].

2. Preliminaries

We denote composition of two mappings by juxtaposition and adopt a right
mapping convention: af denotes the mapping obtained by performing first o
and then g.

Denote by X/FE the quotient set. The symbol 7(«) denotes the decomposi-
tion of X induced by the map «, namely

m(a) = {ra"!: 2 € Xa}.

Then w(a) = X/ker(a), where ker(a) = {(z,y) € X x X : za = ya}.
Denote by I the identical equivalence on X, i.e.:

I={(zx,z):x € X}

Lemma 2.1. Let a, 5 € Tx. Then the following statements hold:
(1) (e, B) € L if and only if Xa = X .

(2) (a, B) € R if and only if m(a) = w(B).

(3) (o, B) € D if and only if | Xa| = |X3].

()D=7.

Lemma 2.2. [2] Let S be a semigroup and a,b € S. Then the following
statements are equivalent:

(1) (a,b) € L*.

(2) For all z,y € S*, ax = ay if and only if bx = by.

Dually, we have:

Lemma 2.3. Let S be a semigroup and a,b € S. Then the following statements
are equivalent:

(1) (a,b) € R*.

(2) For all z,y € S, xa = ya if and only if xb = yb.
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3. Green’s *-relations

*

In this section, we focus our attention on Green’s *-relations for the semi-

group T+ (X), beginning with £*.
Theorem 3.1. Let o, 8 € T« (X). Then («, 8) € L* if and only if Xa = X .

Proof. If Xao = X3, then by Lemma 2.1, (o, 8) € £ in Tx. Hence (o, §) € L*.

Conversely, suppose that («, 3) € £*, by Lemma 2.2, for all §,v € Tg-(X),
ad = a7y if and only if 86 = Bv. If Xa # X3, without loss of generality, we
may assume that X3\ Xa # (). Then there exists a € X3\ X and b3 = a
for some b € X. There are two cases to consider: (Denote by 1x the identity
mapping on X)

Casel.ac€ Ae X/F and AN Xa #0.

Define 6 : X — X by:

ad = ¢, 20 = z(x # a), where ¢ € A and ¢ # a.

It is easy to verify that § € T+ (X) and ad = « - 1x. However, 36 = ad =
c#a=>b8=">b(S-1x). This contradicts with 86 = - 1x.

Case 2. a€ A€ X/F and AN Xa=0.

Define v : X — X by:

for x € A, xy = a; otherwise, xy = za.

It is easy to verify that v € Tg-(X) and a® = ay. However, bfa = aa #
a = ay = bB~. This contradicts with Sa = §7.
Consequently, we have Xa = Xg. O

Next we consider the relation R*.

Theorem 3.2. Let o, € Tg-(X). Then (o, 8) € R* if and only if m(a) =
().

Proof. If w(a)) = w(B), then by Lemma 2.1, (o, 8) € R in Tx. Hence («,3) €
R*.

Conversely, suppose that («, 8) € R*, by Lemma 2.3, for all §,v € Tg«(X),
da = vy if and only if §8 = vB. Define § : X — X by:

x6 = a, where € ya~ ', y € Xa, a is a fixed element and a € ya~!.

It is easy to verify that 6 € T« (X), 7(6) = n(a) and da = 1x - @. Then
0f = 1x-B = B which implies that 7 () refines 7(3). That is to say, m(«) refines
7(B). Dually, 7(8) refines 7(«). Consequently, we have 7(a) = (). O

As an immediate consequence of the previous theorems we get the following
theorem:
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Theorem 3.3. Let o, 8 € Tg+(X). Then («, 8) € H* if and only if Xa = Xf
and (o) = w(8).

Now we consider Green’s *-relation D*. Let Y, Z be two subsets of X and
¢ be a mapping from Y into Z. ¢ is said to be E-preserving if for any
xz,y € Y, (z,y) € E implies (zp,yp) € E. ¢ is said to be E*-preserving if
for any z,y € Y, (x,y) € E if and only if (zp,yp) € E.

Theorem 3.4. Let o, 8 € Tp«(X). Then (a, 8) € D* if and only if there exists
an E*-preserving bijection p : Xa — X 3.

Proof. We define the relation K on Tg«(X) by the rule:

(o, B) € K if and only if there exists an E*-preserving bijection:
p:Xa— Xp.

Suppose that («,8) € L£*, then Xa = Xf. Clearly (o,8) € K and so
L£* C K. Next, we suppose that (a,8) € R*, then n(a) = 7(8). Clearly
|Xa| =|X3|. Define p: Xao — X by:

zp = xa”lp.

It is easy to verify that p : Xa — X is an E*-preserving bijection. Further,

(o, B) € K and so R* C K. Therefore D* C K.

Conversely, suppose that (a,8) € K, then there exists an E*-preserving
bijection p : Xao — X 3. Define v: X — X by:

2y = ap, where x € aa~! and a € Xa.

It is easy to verify that v € Tg+(X), 7(y) = 7(«) and X+ = X3. So that
(a,7) € R* and (v, 8) € L*. Thus («, ) € D* and so K C D*.
Consequently, we have D* = K. O

The discussion of the last relation J* is more complicated than the others.
We first observe a necessary condition for two elements of Tg«(X) to be J*-
related.

Theorem 3.5. Let o, € Tp«(X), (a, ) € T* then | Xa| = |Xf|.
Proof. Suppose that (a, 3) € J*, then J*(a) = J*(B). Let
I(X,8) = {y € Tp-(X) : [X~] < [XB]}

It is easy to verify that I(X, ) is a *-ideal of Tg+(X) to which 8 belongs.
Since o € J*(a) = J*(8) C I(X, B), then |Xa| < |X3|. Dually, we obtain the
same result for 8. Hence | X«o| = |Xf|. O

Next we characterize Green’s *-relation D* and J* when X is a finite set.

Theorem 3.6. Let X be a finite set, then on the semigroup Tr«(X), D* = J*.
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Proof. Suppose that («, 8) € J*, then J*(a) = J*(8). Let

I(X,B) ={y € Tp-(X) : [ Xv| < |XB[}

U {7 € Te~(X) : there exists an E*-preserving bijection p : Xy — X(}.

It is easy to verify that I(X, ) is a *-ideal of Tg+(X) to which 8 belongs.
Since a € J*(a) = J*(B) C I(X, ), then |Xa| < |Xf|, or there exists an
E*-preserving bijection p: Xa — Xj.

Dually, we obtain the same results for 5. Hence there exists an EF*-preserving
bijection p : Xa — Xp. By Theorem 3.4, so that («,8) € D*. Further,
J* CD*. It is well known that D* C J*. Consequently, we have D* = J*. [

4. Abundant semigroups

In this section we investigate some conditions under which the monoid
Tg+(X) is abundant.

Theorem 4.1. For each o € Tg~(X), there exists an idempotent e € Tg+(X)
such that w(e) = w(a). Consequently, each R*-class of Tp~(X) contains an
idempotent.

Proof. Define e : X — X by:
ze =a € xaa~ !, where a is a fixed element.

It’s easy to verify that e € Tg«(X), e = e and 7(e) = 7(a). By Theorem 3.2,
we have (e,a) € R*. O

However, the conclusion is not true for L£*-classes. In other words, there
may be no idempotent in L£*-classes.

Example 4.2. Let X ={1,2,3,---} and E = 1. Let

(12 3 -
=19 3 4 ...
It is easy to verify that there is not idempotent e € T« (X) such that Xe = Xa.

Theorem 4.3. Let a € Tg«(X), L% contains an idempotent if and only if
ANXa #0 for all Ae X/E.

Proof. It AN\ Xa # () for all A € X/E, then we define e : X — X by:

el ® if reXa
71 a if re A\ Xa. where a € ANXa -’

It is easy to verify that e € Tg-(X), e? = e and Xe = Xa. By Theorem 3.1,
we have (e, ) € L*.

Conversely, suppose that (e,a) € L£* and e = e, then for all A € X/E,
Ae C A. Hence A Xe # 0. So by Theorem 3.1, A Xa # 0. O
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Theorem 4.4. Tg«(X) is abundant if and only if | X/E)| is finite.

Proof. If |X/FE| is infinite, without loss of generality, we may assume that
X/E ={A;, Ay, A3, - }. Define a: X — X by:

for x € A;, xav = a;41, where a;41 € Aj41,1=1,2,3,---.

It is clear that @ € Tg«(X) and A; () Xa = 0. So by Theorem 4.3, there is
no idempotent in L. Hence Tg-(X) is not abundant which contradicts with
Tg«(X) is abundant. Consequently, |X/E)| is finite.

Conversely, suppose that |X/E| is finite. It is clear that A Xa # 0 for
any o € Tp«(X), A € X/E. So by Theorem 4.1 (Theorem 4.3), any L£*-class
(R*-class) contain an idempotent. Thus Tg~(X) is abundant. O

The following lemma has been proved in [1].
Lemma 4.5. T« (X) is regular if and only if | X/E| is finite.

As an immediate consequence of the previous theorems we the following
theorem.

Theorem 4.6. Tg«(X) is abundant if and only if Tg+(X) is regular.

5. *-Ideal

Throughout this section X/E is an infinite set. Let o € Tg«(X), we put
Za)={Ae X/E: ANXa=0}.
For a given nonnegative integer &, let
K (X,6) ={aeTp(X): £<|Z(a)| < +0}.

One can easily prove the following theorem.

Theorem 5.1. (1) If £ =0, then K*(X,€) is a *ideal of Tp~(X).
(2) If € > 0, then K*(X,&) is a left *~ideal of Tp~(X).

However, if € > 0, K*(X,§) is not a right *-ideal of T« (X). In other words,
there may exist a € K*(X, &) such that R ¢ K*(X,¢).

Example 5.2. Let X ={1,2,3,---} and F = I. Let
o ( 1 2 3 - >
2 3 4 ...
It is easy to verify that & € K*(X,1) and (1x,a) € R*. But 1x ¢ K*(X,1).
Lemma 5.3. Let o, 3 € Tg+(X), then |Z(aB)| = |Z(a)| + |Z(B)].
Proof. Suppose that
Z(o) ={A1,-- A} and Z(8) = {Bi, -+, Bi}.
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By 8 € Tg+(X), so that for i = 1,--- |k, there exists C; € X/E such that

Z(aB)={Cy, - ,Cy, By, -, B}
Consequently, we have |Z(af)| = |Z(a)| + |Z(B)]. O
By Lemma 5.3, we can obtain following theorem.
Theorem 5.4. If £ > 0, then all the Green’s relations are trivial in K*(X,¢).

Next, we study the Green’s *-relations for K*(X,£)(¢ > 0). Denote by E,
the restriction of the equivalence F on Xa.

E,={(z,y) € E: 2,y € Xa}.
Theorem 5.5. Let £ > 0 and «, 8 € K*(X,£). Then (o, B) € L* if and only
if Xa= Xg.

Proof. If Xao = X3, then by Lemma 2.1, (o, 8) € £ in Tx. Hence (o, §) € L*.

Conversely, suppose that (a, 8) € £*, by Lemma 2.2, for all 6,7 € K*(X, &),
ad = a7y if and only if 86 = Bv. If Xa # X3, without loss of generality, we
may assume that X3\ Xa # (. Then there exists a € X3\ X and b3 = a
for some b € X. There are two cases to consider:

Case 1. a € A€ X/E and A(N X« # (. Without loss of generality, we
may assume that there exists ¢ € A\ Xa. By a € Tp«(X), | X/E| = | Xa/E,|.
Further, there exists an E*-preserving mapping:

p: X\A—= Xa\ A
Define § : X — X by:
md:{ T ifreA

xp else
Define v : X — X by:

c if r=a
Ty = x if xe A\{a}
xp else

It is easy to verify that 6,7 € K*(X,¢) and ad = ay. However,
bB6 =ad =a # c=ay=0bGy.
This contradicts with 8§ = B.

Case 2. a€ A€ X/F and A Xa = 0.
The proof is identical to that of Case 2 of Theorem 3.1.
Consequently, we have Xa = Xg. O

Theorem 5.6. Let £ >0 and o, € K*(X,€). Then (o, ) € R* if and only
if () = m(B).
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Proof. 1f w(a)) = 7(8), then by Lemma 2.1, (o, ) € R in Tx. Hence (o, 8) €
R*.

Conversely, suppose that (a, ) € R*, by Lemma 2.3, for all §,v € K*(X,¢),
da = ya if and only if 68 = v8. If w(a) # w(B), without loss of generality, we
may assume that there exist z1,29 € A € X/FE such that

T, # X, ;1o = zoaa™! and 28871 # xo857 1.
There are two cases to consider:
Case 1. AN Xa # 0.
Since o € Tg-(X), then |X/E| = |Xa/E,|. Further, there exists an E*-
preserving mapping:
p: X\A— Xa\ A
Define § : X — X by:
25 — { T ifxeA
xp else
Define v : X — X by:

_ To Zf r €A
= xp else

It is easy to verify that 6,y € K*(X,¢) and da = ya. However,
ASB = x1B # x28 = AP

This contradicts with 68 = f.
Case 2. AN Xa=10.
Define § : X — X by:

26 — { T Zf S A
T else
Define v : X — X by:
| ox ifxzcA
17 za else
Tt is easy to verify that §,v € K*(X,€) and da = ya. However,
A0 = m1 # x2 = AP
This contradicts with §3 = 0.
Consequently, we have m(a) = 7(3). O

As an immediate consequence of the previous theorems we have the following
result.

Theorem 5.7. Let £ >0 and o, 8 € K*(X,£). Then («,8) € H* if and only
if Xa=Xg and n(a) = 7(B).
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Theorem 5.8. Let £ > 0 and o, € K*(X,&). Then (o, 8) € D* if and only
if there exists an E*-preserving bijection p: Xa — X .

Proof. The proof is identical to that of Theorem 3.4. |
Theorem 5.9. Let £ > 0, o, € K*(X,§) and (o, 8) € J*. Then | Xao| =
|X3].

Proof. The proof is identical to that of Theorem 3.5. |

6. Rees quotient semigroup

Throughout this section X/F is an infinite set. For a given nonnegative

integer &, let
PY(X,§) = K*(X,§)/K*(X,§+ 1)

be the Rees quotient semigroup whose non-zero element o may be thought of
as the element of T+ (X) with |Z(«)| = £. The product of two elements «, 8
of P*(X,¢), is 0 whenever their product in Tg«(X) is of |Z(af)| > € + 1.

We begin our investigation on the properties of P*(X,¢) by first character-
izing the Green’s relations.

Theorem 6.1. Let (o, 8) € P*(X,0). Then

(1) (e, B) € L if and only if Xa = X8.

(2) (a, B) € R if and only if m(a) = w(B).

(3) (o, B) € H if and only if Xao = X and 7(a) = w(B).

(4) (o, B) € D if and only if there exists 6 € T~ (X) such that §|xq : Xa —
X B is a bijection.

(5) (o, B) € T if and only if | Xa| = | X S| and there exist p,7 € Tp~(X), for
any A € X/E, we have Ao = BBp and A = Car for some B,C € X/E.

Proof. The proof is identical to that of T« (X) in [1]. O
By Lemma 5.3, we can obtain the following theorem.

Theorem 6.2. If £ > 0, then all the Green’s relations in P*(X, ) are trivial.
Next, we study the Green’s *-relations for P*(X,¢).

Theorem 6.3. Let (o, 8) € P*(X,£). Then the following statements are hold.
(1) (e, B) € L* if and only if Xa = XP.
(2) (a, B) € R* if and only if n(a) = 7(B).
(3) (o, B) € H* if and only if Xa = X and w(a) = 7(B).
(4) (a,B) € D* if and only if there exists an E*-preserving bijection p :
Xa— Xp.
(5) If (0, B) € T*, then | Xa| = | X8|,
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Proof. If £ = 0, the proof is similar to that of Tg-(X). If £ > 0, the proof is
similar to that of K*(X,¢). O
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