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ABSTRACT. In this paper, we investigate a damped Korteweg-de Vries
equation with forcing on a periodic domain T = R/(27Z). We can obtain
that if the forcing is periodic with small amplitude, then the solution
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1. Introduction

The Korteweg-de Vries (KdV) equation with damping effect posed on T

Up + Ugpe + Uy + GG*u =0, =x€T,tecRT,
u(z,0) = up(x), zeT

has been investigated by many authors [4, 6, 7], where GG* is an operator
defined in [4], which is sketched here just for the sake of completeness. Suppose
that g is a given nonnegative smooth function such that {g > 0} = w C T and

2r(g) = / g(x)de =1,

where [-] denotes the mean value of the function g over T. Let

(G9)(z) = 9(a) (6(0) ~ [ 9w)6(w)dy). ¥ 6 € LX(D)

T

(1.1)

and G* denotes its adjoint operator.
In this paper, we consider (1.1) with periodic forcing f,

{ Up + Ugpy + Uy + GG*u = f, T, tcRT,

(1.2) u(z,0) = ug(x), z e T,
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Forced oscillations of a damped KdV equation 1028

where f = f(z,t) is a time-periodic function of period 7. In order to keep
volume or mass conserved, i.e.,

I(t) :/Tu(x,t)dx

be invariant under motion, we assume f = Gh, where h = h(z,t) is a time-
periodic function of period 7. With this assumption, it is easy to see that

1.3 — [ u(x,t)dt = 0.

(13) & [ utan
There have been many studies concerned with time-periodic solutions of

partial differential equations in the literature (see [3,5,9] ). In recent years, the

asymptotically time-periodic solutions of the KdV type equation attracted the
attention of many authors.
First, Zhang [10] considered a KdV equation on the finite interval (0, 1):

Ut + Uy + UUy + Uy — QUzz — YU = 0, O<x<l, t>0,
(1.4) ¢ u(z,0) =0, 0<z<1,
uw(0,t) = h(t), u(l,t) =0, uy(1,¢) =0, t>0.
Assuming either o > 0 or v > 0, Zhang showed that if the boundary forcing h

is a periodic function of period 7 with small amplitude, then the solution u of
(1.4) is asymptotically time-periodic (of periodic 7), i.e.,

Jim [lu(-, £+ 7) — u(-1) |20, = 0.
Then, in [1], Bona, Sun and Zhang studied the KdV type equation posed in
a quarter plane

(1.5) U + Uy + Uy + Uggy — QULz, — YU = 0, x> 0,t>0,

‘ u(z,0) =0, u(0,t) = h(t), xz>0,t>0.
They obtained that if v > 0 and A is a periodic function of period 7 with small
amplitude, then the solution of (1.5) is asymptotically time-periodic satisfying
(1.6) (-t +7) — u(-t)| L2@+) < Ce P! for any t > 0,

where C' and (8 are two positive constants.
Later, Usman and Zhang [8] considered an initial-boundary problem of the
KdV equation without damping effect posed on the finite interval (0, 1), namely,

Ut + Uy + Ugge + vy, = 0, O<x<l, t>0,
(1.7) < w(0,t) = h(t), u(l,t) =0, uy(1,t) =0, ¢>0,
u(z,0) = ¢(z), 0<z<l

They proved that if h € C}(RY) is a periodic function of period 7, and if
there exist 3 > 0 and § > 0 such that if ||¢[[z2(0,1) + ||R]lc1(0,-) < 0, then
the corresponding solution u of (1.7) satisfies (1.6), where C' > 0 is a constant
depending only on 4.
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Motivated by these results, it is natural to ask: Does the solution of (1.2)
have the similar property in some suitable space? Our main result in this paper
is a positive answer to this question.

Theorem 1.1 (Main Theorem). Let s > 0 and 0 € R be given. Assume
that h € C(R*; H*(T)) is a time-periodic function of period T, ug € H*(T)
with [ug] = 0. Then there exist § = 5(s,0) > 0, 61 = 61(s,0) > 0 and o2 =
02(s,0) > 0 such that if |uo||ls < 01 and ||hl|c(jo,7);m5(T)) < 02, the corresponding
solution u of

{ Up + Ugpe + Uy + GG*u=Gh, xc€T,teRT,

(1.8) u(z,0) = uo(x), zeT

satisfies
lu(- t+7) —u(-,t)||s < Ce P, for anyt >0

where C' > 0 is a constant depending only on s, 6, 1 and Js.

Throughout this paper, we assume that [upg] = 0. Then we can deduce that
the solution u of (1.8) satisfies

[u] = [uo] = 0.

For the case [ug] = 0 # 0, let v(x,t) = u(x,t) — 6. It is easily seen that v
solves
(1.9) Ve + Ovg + Vpgy + 00, +GG*v=Gh, zx€T,tcRT,

’ v(x,0) = ug(x) — 0, z e T.

The basic idea of the following proof in this case is similar to the case [ug] =0
with minor change.

The rest of this paper is outlined as follows: In Section 2, we investigate the
linear system and provide some preliminary results in Bourgain spaces; Section
3 is devoted to the well-posedness of (1.8). The proof of our main result is
given in Section 4.

2. Preliminaries

2.1. The linear system. In this subsection, we consider the system

{ut—l—uzm—i—GG*uzo, z €T, teRT,

(2.1) u(z,0) = ugp(z), zeT.

First, we introduce the space H*(T).
For any s > 0, H*(T) denotes the Sobolev space
HY(T) = {u:T = R; |ulls := (1 = 85)3ull p2(r) < 00}
Its dual is denoted by H~*(T). Set
Hi(T)={ue H*(T): [u] =0}
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let A denote the operator
Agw = —w" — GG*w

on the domain D(Ag) = H(T).
Clearly, Ag is a densely defined closed operator in LZ(T) = HJ(T). It is
easy to deduce that

(Acw,w)r2(r) = —|G*ull§ <0 VYwe D(Ag).

Similarly, for any v € D(Ay), (Agv,v)r2(r) < 0, where Afv = v — GG*v and
D(Ag) = H3(T). This implies that both Ag and its adjoint A}, are dissipative.
Thus the operator Ag generates a strongly continuous Semigroup {Sc(t) her
on the space LE(T).

The following result is due to [4].

Proposition 2.1. ( [/, Proposition 2.3]) Let s > 0 be given. There exists a
number oo > 0 independent of s such that for any ug € HF(T), the corresponding
solution of (2.1) satisfies

lu(-,t)lls = [1Sa (t)uolls < Ce™*[|uolls
for any t > 0, where C > 0 is a constant depending only on s.

2.2. The Bourgain spaces and their properties. In this subsection, we
introduce the Bourgain space which was introduced in [2] briefly.
For given b, s € R and a function v : T x R — R, we define the norms

lullx,,. = (Z/ k) (€ — k) ak, §)|2d§> 7

kEZ

2 2
ully,,, = <Z / (€~ k) falk, €)1 ) ) :
kEZ
where () = /14| |?, and u(k,f) denotes the Fourier transform of w with
respect to the space variable x and the time variable t. The Bourgain space
Xp,s (resp. Y3 5) associated to the KdV equation on T is the completion of the
space S(T x R) under the norm ||ul|x, , (resp. ||ully,,)
For given b, s € R, let

»S

Zb,s = Xb,s N 1/2;_%

be endowed with the norm

[ullz, . = llullx, . + [y,

B
For a given interval I, let X} (1) (resp. Zp s(I)) be the restriction space of
Xp,s to the interval I with the norm

lullx, .y = inf{ [[@l|x, .| @ =won T x1I}



1031 Chen

(‘vesp. lullzy .ty = if{ 1]z,

For simplicity, we denote X, ¢(I) (resp. Zy (1)) by les (resp. Zgjs) if I =
(0,T).
Now we state some lemmas which can be found in [4].

azuonTxI}>.

Lemma 2.2. If by < by and s1 < sa, then the space Xy, s, 15 continuously
embedded in the space Xy, s,

Lemma 2.3. 7 () < C(I; H*(T)) for any s € R.

Lemma 2.4. let s > 0, T > 0 be given. Then there exists a constant C > 0
such that

(1) For any ¢ € H*(T),
156(®)¢llzr < Clals.

57

(2) For any f € Z7,
3
zT

(8) For any u,v € Z;S, [u] = [v] =0,

First, we need a proposition.

/0 et - €)f(£)d€‘

< C'||f||ZT1 :
“1

/0 Salt — €)(uv)y(£)de

< Cllullzr lvllzr -
p 1.0 2,

W=

,8

3. Well-posedness of (1.8)

Proposition 3.1. Assume that h € C(RT; H*(T)) is a time-periodic function
of period T, then

‘ /Ot Sa(t — 0)(Gh)(o)do

here (and elsewhere) C is a generic positive constant that may vary from place
to place.

< CllRlleo,;m5 Ty

Z

[N

s

Proof. According to Lemma 2.4,

/0 Sa(t —o0)(Gh)(o)do

< ClIGhzr,
z 30

=N

.8

Let h be the zero extension of hx[o,1], Where x[o, 77 is the characteristic function
of [0,T].
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Then by definition of the space Z”, ,
1

IGhllzr, <IGhllz_, = IGhlx_, , +IGhlly, ..

N
N=
N

It follows from Lemma 2.2 and Holder inequality that
IGhllx , . < ClGhlx,.,

.S

N

[

- B s 1 = 9
Ghlly-... = <;< [ e Gk €)1 )

1 — . 3
(,é‘;/mw_kwdf/ﬂgb |Gh(k, &) dg)
‘ (Z/ﬂé’@%@(halzdg)

kEZ
= ClGhxq,,-

IN

Now it is sufficient to estimate ||Gh|x, ..

Since it is not difficult to prove that G is a bounded linear operator from
H*(T) to H*(T), we have

T 3
1Ghllx,,. = IIGhLz(R;Hs(T))</O II(Gh)(t)Ilidt>

T 2
C(/O IIh(t)Ilidt> < Cllhlleo,m1;m:(T))-

IN

Thus, we obtain

Now we can get the well-posednees of (1.8).

t
/ Sg(t—O')(Gh)(U)dU < CHh||C([O7.,.];Hs('ﬂ-)).
0

Z

]

s

Theorem 3.2. Let s > 0 be given, ug € H§(T), and let h € C(RT; H3(T))
be a time-periodic function of period 7. Then there exist constants §7 > 0 and
04 > 0 such that if

[uolls <01 and  ||hllc(o.r:m4(r)) < 95,
the system (1.8) admits a unique solution w € Z1 N C([0,T], L§(T)) for any
iy

T > 0. Moreover, there exists a constant Cy > 0 independent of §; and 8% such
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that
Hu(vt)Hs é 00511, Yit>O0.

Proof. First, we establish the existence and uniqueness of a solution u € Z7 o
5

where T' > 0 will be determined later. Rewrite the system (1.8) in its integral
form

u(t) = S (tyuy — / Se(t — €)(uuy) (€)de + / St — )(Gh)(€)de.

Define the map

t t
P (u)(£) = S (t)up — / Se(t — &) (uy) (€)dE + / Se(t — €)(Gh)(€)de.
Define the closed ball Bg in Zf’s N C([0,T); LE(T)):
Bp={ucz], |[u=0lulz <R}

where R > 0 is a constant to be determined later.
According to Lemma 2.3, Lemma 2.4 and Proposition 2.1, we can find con-
stants C1,- - -, Cg such that

IT@)llzr < Cilluolls + Callbllc (o, () + CallullZr
2 2

< C16) + a8y + C3R?,

IT(ur) = T(ug)llzr < Cs(lluallzr + lluallzr Illur —uellzr
1. 1. 1. 1.

< 203R|ur — uz|| g7
i.

IT(@)(T)ls < Cae™Tluolls + CsIlle(po,r1;mremy) + CollullZr
1

< Cue T8 + C565 + CsR?

for any u,uq,us € Br, where Cy is independent of T.
Pick R = 2016} and T > 0 such that 2C4e~*T < 1. Let

;. 1 C4€_aT
(3:1) 3 = min { 12C,C5 8C2C, 2
then, we have

1 1
203R < 3 and CgR? < 504(0”“5;.
Let
. C467aT5/ 2015/

!/ 1 1

(3.2) 0y = mln{ 50 36, },

then, we have
L 1
C56h < §c4e-aT5; and  Cyd) < SR
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Consequently, we can deduce that for any u,u,us € Bp,

IP@lzr <R

1
”F(Ul) - F(’UQ)”zI < §||U1 — UZHZT s
28 598
T (u)(T)]s < 2Cse*T6) < 8.

Therefore, I' is a contraction in Bg. Its unique fixed point u is the desired
solution of (1.8) in ZT N C([0,T]; L§(T)) which fulfills
3

lulzy <2C187 and fu(, T)|ls < 8.

Proceeding as above on the intervals [T, 2T, [2T,3T], -+, we can obtain
that (1.8) admits a solution w in Zy ,(nT, (n+1)T)NC([nT, (n+ 1)T7; L3(T))
and

(33) ||u||Z%,s(nT’(n+1)T) S 2015/1, ||’U,(, TLT)Hg S 617 V n e N+7

provided 0} and 05 are chosen according to (3.1) and (3.2).
For any t > 0, there exists an integer k¥ € N* such that kT <t < (k+ 1)T,
it follows from Lemma 2.3 and (3.3) that

lu( )]s < llulleqrr, sy ms(r)) < C?”“”Z%YS(I@T,(IH-I)T) < 201C765.
This completes the proof of Theorem 3.2. O

Next, we give a proposition which will be used in the next section.

Proposition 3.3. Let s > 0, 0 < a; < ag be given, ug € HS(T), and let
h € C(RT; H5(T)) be a time-periodic function of period 7. For any e > 0,
there exist constants 61 > 0 and ds > 0 such that if

luolls <01 and ||hlloqo,r;mre(ry) < 02,
the solution u of (1.8) satisfies
lullzy | (a102) <&
where 81,02 depend only on e, s and |ag — aq].

Proof. Let us consider the map I'y,
t
Ly ()(®) =Sa(t — anyulea) — [ Sat - €)(uu)(€)de

4 / Sa(t - €)(Gh)(€)de.
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It follows from Lemma 2.3 and Lemma 2.4 that
IP1(@)llz, (ar.02) < Csllul, an)lls + Collblloo,rrr oy + 010||UH2Z%78(1117112)7
01 (u1) = Tr(uz)llzy | (ar00)
< Crollluallzy | (@ra0) +llu2llzy @1a2))llur —u2llzy (ar02);
where Cg, Cy and Cyg are positive constants depending only on s and |ag — aq].

According to the proof of Theorem 3.2, for any 6; < 47, there exists a
constant 65(d1) < 04 such that if d2 < §5(61), we have

||u(7t)||s S C’061, Vit>0.
Define the closed ball ERI in Z%’S(al, as) N C([a1, ag); LE(T)):

ERl = {u € Z%,s(avaQ) ‘ [U] = 05 ||u||Z%YS(a1,a2) < Rl}v

where R; > 0 will be deterrriined later.
Then for any u, u1,us € Bg,, if 61 < ] and d2 < 65(01),

||F1(u)||Zl)S(a1,a2) < CyCs81 + Cyba + CroR3,
01 (u1) = Pr(u)llzy | (@r02) < 2C10R0llur = u2llzy (a100);

Assume that Ry = 2CsCyd; and let

2CsCy61

d < ————
a 2= 3Cy ’

1
4 < —
(3 ) b= 12CyCsChp

then we can obtain that

IT1(@)llzy (ara2) < B,
1
HFl(ul) — FI(UQ)HZ%’S(QI,CLQ) < g”ul — U2||Z%7S(a1’a2).

Thus the map I'y is a contraction on ERl provided 0; and J are chosen
according to (3.4). Let

. , 1 €
01 = mm{ L' 12C,CsCho’ 2CoCs }

2
65 = min {(51), 7055551 3

If luolls < 61 and |[[Allc(jo,7;m:(T)) < 02, we have

lull z, (a1,a2) < B1=2CsCo01 < e.
1
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4. Proof of Theorem 1.1

For a given initial value uy € H(T), let u(x,t) be the corresponding solution
of (1.8) and w(zx,t) = u(z,t+7) —u(z,t). Then w(x,t) solves the following the
system

(4.1) {wt+wm+(aw)z+GG*w=0, r €T, t €RY,

w(z,0) = wo(z), zeT,

where a(z,t) = 2 (u(z,t + 7) 4+ u(z, 1)) and wo(z) = u(z, ) — uo(x).
We first check the well-posedness of the system (4.1).

Proposition 4.1. Let s > 0, T > 0 be given, and there exists a constant

w1 = p1(s,T) > 0 such that if a € ZlTS7 [a] =0 and ||a||ZT < p1, then there
27 1
E!

exists a unique solution w € Z1 N C([0,T], L§(T)). Moreover, there exists a
2

constant C' independent of a and wy such that

HUJIIzgs < Cllwolls-
Proof. The system (4.1) can be rewritten in an equivalent integral form
(4.2) w(t) = Sa(t)we — /Ot Sa(t — &) (aw),(€)dE.
We seek a solution w to (4.2) as a fixed point of the map
D)) = Saltun — [ Solt ~ awu(ep

in some closed ball B, in the space Z1 NC([0,T]; L§(T)). It is easy to deduce
3
that for any w, z € Bg,, there exist constants Cj1,Ci2 such that

A

IT2(w)llzr < Cullwolls + Crallallzr [lwllzr ,
1. 1. L

IP2(w) = a(2)]lz7

IA

Cizllallzy |lw—=zllz7 -
358 508

Choose Ry = 2C11|lwolls and Ciaflallzr < 1, then T's is a contraction in
1
Bp,. Furthermore, its fixed point w satisfies
[wllzr < Ro = 2C11|lwolls.
1
O

Lemma 4.2. Let s > 0, and there exist Ty > 0, 0 < v < 1 and pus > 0 such
that if ||la|| ;7o < p2, then the solution w of the system (4.1) satisfies
%,s

lw(, To)lls < yllwolls-
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Proof. We proceed as in the proof of Proposition 4.1 (T = Tj) to obtain a
solution w of (4.1) in ZT° provided lall ;70 < p1(To), where 1 (Tp) is g in
208 1

1
Proposition 4.1 when T" = Ty. Moreover, there exist constants C13, C4 such

that

To

l[w(-, To) s Sa(To — &) (aw)(§)dE

IN

1Sa(To)wolls +

S

IN

Crze™ ™ Jwolls + Cuallal ;o Jwolls,
38

here we have used Proposition 2.1, Lemma 2.3, Lemma 2.4 and Proposition
4.1.
Fix Ty > 0 such that 0 < 2C;3e~*T0 =~ < 1, and set

—aTy
Ci13C14 ~°

,Ml(To)}~

lall yro < iz i= min {

We can obtain

lw (- To)lls < vllwolls-

Now, we can prove our main result.

Proof of Theorem 1.1. For any t > 0, there exists an integer k¥ € N such
that kT <t < (k+ 1)Tp.

Proceeding as in the proof of Proposition 4.1 on the interval [kTp, (k+ 1)Tp],
we can obtain that

(4.3) ”wHZ%YS(kTO,(k+1)TO) < C(To)lw(:, kTo) s,

when Ha”Z;,s(kTo,(kH)To) < p1(Tp), where C(Tp) and p1(Tp) are C and py in
Proposition2 4.1.
Then proceed as in the proof of Lemma 4.2 on [0, Ty], [To, 270],- -, [(k —
1)Ty, kTy). We can deduce that for [lallz, (nry (nt1)1) < p2, V1 € N+,
5,

(4.4) lw(-, kTo)ls < 7" [lwols.

Since a = a(x,t) = §(u(z,t+7)+u(z,t)), according to Proposition 3.3, there
exist constants d; > 0 and d3 > 0 depending only on s, Ty and min{u; (7o), p2}
such that if |lug||s < 01 and ||kl (0,74 (T)) < d2, We can obtain that

lallz, (nto,(n+1)10) < min{p(To), p2}, vV n e N
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Tt follows from Lemma 2.3, (4.3) and (4.4) that

Th

[w(, s < ||w||C([kTg,(kJrl)Tg];Hs('JI‘))SC“wHZ%’S(kTg,(kJrl)To)

_t
< Clw(-, kTo)lls < Cv¥|lwolls < CyTo~Hfwolls
C
< Ze gl = Cem Pl
Y
< Ce Pt
is ends the proof of Theorem 1.1. O
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