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ABSTRACT. We present an application of the dual Gabor frames to im-
age processing. Our algorithm is based on finding some dual Gabor frame
generators which reconstructs accurately the elements of the underlying
Hilbert space. The advantages of these duals constructed by a polynomial
of Gabor frame generators are compared with their canonical dual.
Keywords: Gabor frame, dual frame, alternate dual frame, image pro-
cessing.
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1. Introduction and preliminaries

A frame for a separable Hilbert space H is a sequence of vectors {f;}52, for
which there are constants A, B > 0 such that

(1.1) AlFIP < DKL FE<BIAIPR, (fe).
i=1
If the right-hand side of (1.1) holds, it is said to be a Bessel sequence. For
a frame {f;}5°, we define the frame operator S : H — H given by Sf =
Yoo {fs fi) fi- This operator is bounded, invertible and positive. Two Bessel
sequences {f;}32, and {g;}$2, are said to be dual frames if

o0
F=Y (f90fi (feH).
i=1
It can be shown that two such Bessel sequences indeed are frames. Every
frame has at least one dual, which is called the canonical dual and is given by
{S~1f:}%°,, which is a frame with bounds B~ and A~!. A dual which is not
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the canonical dual is called an alternate dual, or simply a dual. Only frames
which are not basis (redundant frames) have several duals.

In [1], it is shown how we can construct a sequence of alternate duals from
a specific dual. Let {f;}22, be a frame for H with the frame operator S and a
dual {g;}2,. Put

(1.2) gi=S""fi— fi + Sai,

and assume that f € H. Using the properties of the frame operator,
SALafi = D ALST =D (L i+ Y (5 Sgi) i
i=1 i=1 i=1 i=1

= 857U =1,

so it follows that the sequence {g;}3°, is also a dual for {f;}$2,. The introduc-
tory courses on frames can be found in the books [5, 10]. The advantages of
frames and their promising features in various application have attracted a lot of
interest and effort in recent years. Furthermore, Gabor frames have been widely
used in signal and image processing and many other parts of applied mathemat-
ics [2,3,7,12-14,16,20]. For f € L*(R), we define the modulation operator by
Eyf(z) = €*™ f(z) and the translation operator by T, f(z) = f(x — a) where
a,b € R. A Gabor frame is a frame for L*(R) of the form {EypThaf}monez
with the generator f € L?(R) and a,b > 0. Various characterizations of Gabor

frames have been given by Wexler and Raz [22], Daubechise et al. [9] and Ron
and Shen [21]. It is well known that two Gabor frames {E,,pT a9 }m, nez and
{EmpTnah}mnez are called dual of each other if
(1.3) =3 (. EmTuah) B Trag,  (f € LA(R)).

m,n€Z

Although a Gabor frame {E,,pT0a9}m nez when ab < 1 has infinitely many
duals, the standard choice of h is S~tg, where S : L?(R) — L?(R) is the frame
operator of {EmpThag}tmnez. There are several duality principles in Gabor
frame theory [4, 15, 17]. In particular, an explicit construction of dual Gabor
frames can be found in [6,8]. We claim that more precise results can be obtained
by using different duals.

We end this section with an explicit expression for the canonical dual gen-
erator.

Proposition 1.1. [6] Let N € N and let g € L?(R) be a function with support
in [0, N]. Assume that b < <7 and that there exist A, B > 0 such that

A< G(z) = Z lg(x —na)|> < B a.e. z.
nez

Then { EmpTnag}mmnez is a frame for L2(R), and the canonical dual generator
is given by S~lg = %g.
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2. Tensor product of alternate duals

Let H and K be Hilbert spaces with orthonormal bases {eq facr and {us}ges,
respectively. Also let Q be a bounded antilinear map from C into H, or equiv-
alently, bounded linear operator from K* into H. Then Y, [|Qugl|/* is inde-
pendent of the choice of {ug}ges and

(2.1) Do lQusl® =) llQ%eal.

B

Hence, we can define the Hilbert Schmidt norm of @ by ||Q||%,5 = 25 | Qugl|?.
The set of all antilinear maps @ : K — H such that ||Q|lms < oo, denoted by
H ® IC, is a Hilbert space with the inner product

<Q7P> = Z<QUB,PU5>.
B

If w e H and v € K, the map w — (v,w)u (w € K) belongs to H ® K; we
denote it by u ® v:

(u®v)(w) = (v, whu.
It is easy to see that

lu @ ol = [lulll[],
(u@v,u' @) = (u,u')(v,v")

for all u,w € H and v,v’" € K. Moreover, {e, ®ug}q g is an orthonormal basis
for H ® K. For example, the tensor product L'(R) ® L!(R) is isometrically
isomorphic to L?(R?) where (f ® g)(z,y) = f(z)g(y) for all f,g € L'(R) and
z,y € R. For T € B(H) and U € B(K) the tensor product of T" and U, denoted
with T ® U, is defined by

(TeU)Q=TQU*, (QeH®K).

It is shown that | T @ U|| = |T||||U]| and (T @ U)(u®v) = Tu ® Uv. For more
details of these facts see Subsection 7.3 of |

We now review some basic facts about frames in the tensor product of Hilbert
spaces. As usual in frame theory, we assume that the Hilbert spaces H and K
are separable with the orthonormal bases {e;}72; and {u;}{2,, respectively.

Lemma 2.1. Let {f;}2, and {g;}32, be frames for H and K, respectively.
The sequence {f; ® gj}z?’imzl is a frame for H ® K. In particular, the frame
bounds of tensor product of two frames is the product of their frames bounds.
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Proof. Let @ € H® K. Then we have;

@ fi®g) = Y (Qer (fi ®gs)er)

k

- Z(Qek,fi><€k,9j>

k

= (@ g en)er, fi) = (Qgj. f:)-
%

Now suppose that A; and A, are the lower frame bounds of {f;}$2; and
{95152, respectively. So by (2.1) we obtain

DD M@ Ll = 3@ fi@g)l

> Ay Qg
J
= ALY D g Qw)l?
E 7
> AA > ]Quk]? = A1 Az || Qs
k
A similar argument works for the upper bounds. O

The following theorem summaries basic properties of tensor product frames

[18].

Theorem 2.2. Suppose {f;}32, C H and {¢;}2, C K are frames with the
frame operator S1 and Ss, respectively.
(1) S =81 ® Sy is the frame operator of {fi ® gj}21 j_1-
(2) S~' =S @8, In particular, the canonical dual of {f; ® ;i }i21 j=1
is the tensor product of their canonical duals.

Our aim is to prove that by using alternate duals instead of the canonical
duals we may obtain more accurate results. Hence, we first show that the above
theorem is also true for alternate duals.

Theorem 2.3. The tensor product of alternate duals of the frames is an al-
ternate dual for their tensor product.

Proof. Let {f!/}:2, and {g¢;}32, be alternate duals of two frames {f;}32, C H
and {g;}2; C K, respectively. The elements of H ® K can be described by a
pair of dual frames in K. More precisely, for each Q € H ® K and v € K we
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have

Qu = Q(Z(v,gi>g£>

i

= ) {iv)Qg; = (Z ng®gz>

%

This implies that

Y Q. fieg)fieg) = > (Qd.Hfi®g)
i,j=1 i,5=1
- z(z@g;,fwi)@gj
j=1 \i=1

= Y (Qfeg)=Q.
j=1

]

It is straightforward to show that the tensor product of Gabor frames form
a Gabor frame of the tensor product Hilbert spaces, but the converse is not
true in general [19]. It can be easily seen that if {E,3T0e9}m nez is a Gabor
frame for L?(R), then {Emo.5)Tn(a,0)9 @ 9} mnez is a Gabor frame for L?(R?).

3. Computational experiments

For frames generated by any compactly supported function g whose integer-
translates form a partition of unity, e.g., a B-spline, Christensen and Kim
constructed a class of dual frame generators, formed by linear combinations of
translates of g [6,8]:

Theorem 3.1. Let N € N and b € (0, 55—]. Let g € L*(R) be a real-valued
bounded function with supp(g) C [0, N], for which

Zg(m—n)zl.

neZ
Then the functions h and k defined by
N-1 N-1
h(z) =bg(z) +2b ) glz+n),  k(z)= D angle+n),
n=1 n=—N+1

where
apo=b a,+a_,=2b, n=12 .., N—1,

generate two dual frames { EppTnh}m nez and {EpnpTnk}m nez for Gabor frame
{Emang}m,nEZ~
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Now we examine Theorem 3.1 when the generator function g is a B-spline.
Recall that the B-splines By, N € N, are given inductively by

By = X017, Bn+1= Bn* Bu,

where * denotes the usual convolution of two functions. The B-spline By has
its support in the interval [0, N]. Furthermore, it is well known that the integer-
translates of any B-spline form a partition of unity, see Theorem 6.1.1 of [5].
Thus, by Proposition 1.1, {EpT BN }m nez is a Gabor frame with the frame
operator

(31) Sf = Z <f7 E?rLanBN>EmanBN7 (f € LQ(R))7

m,n€”z

where N € N and b € (0, 55—
Using Theorem 3.1 on the B-splines and applying (1.2) we can construct two

sequences {h;}5°, and {k;};°, of dual generators

(3.2) hi1=S"'By — By +Sh, l€N,

(3.3) ki1 ZS_lBN—BN+S/€l, l €N,

where hy = h and k; = k is given by Theorem 3.1. So, {EnmpThhi fmnez and
{EmpTnki}mnez are two alternate duals for {E,,T, BN }monez for all I € N
and we may rewrite (1.3) as

m,neEZ m,neEZ
For each f € L?(R) the finite terms of (3.4) can be considered as an esti-
mation of f. The benefit of using the alternate duals based model (3.4) for
approximation of signals has been discussed in [1].

Image processing is a growing field covering a wide range of techniques for
the manipulation of digital images. There are a variety of methods available
for getting the desired results. Most image-processing techniques involve treat-
ing the image as a two-dimensional signal and applying standard signal pro-
cessing techniques to it. More precisely, the reconstruction formula (3.4) in
two-dimension can be read as

(3.5) M= " (M, Enwy)Tnm9) Ems Tinm By @ By,
m,neEZ

where N € N, b € (0, qu]’ M is an image matrix and g is one of the following

tensor product functions:
h@h, ek, kek, (IeN).

Moreover, one may rewrite (3.5) with respect to the canonical as follows

(3.6) M= Z (M, Epnt,0)T(n,n)S ™ BN ® ST 'BN) Ep(5,6)T(n.n) Bn ® B,

m,n€”Z
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(B) spine

pep-
pers

FIGURE 1. Original images.

FIGURE 2. Approximation of Image Tire by using different generators.

where S, given by (3.1), is the Gabor frame operator of {E,.TnBN }m.nez
and therefore S~'By = bBy by Proposition 1.1. To demonstrate the benefit
of dual Gabor frames presented in this paper, we have decomposed some test
images shown in Figure 1. A finite terms of (3.5) and (3.6) can be considered as
an estimation of the test image M when m = —3,...,3, n = —50,...,50, N = 3
and b = 1/(2N — 1). The estimations of test images by using five different
generators are shown in Figures 2-4.
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AMSE

Dual generator  spine tire peppers
canonical 0.1251 0.0090 0.0052
hy 0.1250 0.0090 0.0054

k1 0.1253 0.0090 0.0053

ha 0.0947 0.0174 0.0151

ko 0.0916 0.0171  0.0151

hs 0.0751 0.0768  0.0276

TABLE 1. AMSEs for the approximation of test images ob-
tained by (3.5) and (3.6)

FIGURE 3. Approximation of Image Spine by using different generators.

The performance of each estimator was measured by its average mean-square
error (AMSE) defined as the average over simulated replications Z; of

n
nt Z |Zs — ).
i=1

Table 1 presents the average mean-square errors for the obtained estimations
of test images with different dual generators. The advantage of choosing a dual
Gabor frame generator with the minimal AMSE is highlighted in Table 1.
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(A) Original (B) canonical (€) h1

FIGURE 4. Approximation of Image Peppers by using different
generators.

Finally, it is worthwhile to point out that this technique can be applied to
any approximation method which uses Gabor frames, see for example face and

marker detection algorithms introduced in [12].

Acknowledgements

The authors would like to express their gratitude to the referees for carefully

reading the manuscript and for their useful comments.

REFERENCES

[1] A. Arefijamaal and E. Zekaee, Signal processing by alternate dual Gabor frames, Appl.

Comput. Harmon. Anal. 35 (2013) 535-540.

[2] P. Balazs, H. G. Feichtinger, M. Hampejs and G. Kracher, Double preconditioning for

Gabor frames, IEEE Trans. Signal Process. 35 (2006), no. 12, 4597-4610.

[3] J. Benedetto, A. Powell and O. Yilmaz, Sigma-Delta quantization and finite frames,

IEEE Trans. Inform. Theory 52 (2006) 1990-2005.

[4] P. G. Casazza, G. Kutyniok and M. C. Lammers, Duality principles in frame theory, J.

Fourier Anal. Appl. 10 (2004), no. 4, 383-408.

[5] O. Christensen, Frames and Bases, An Introductory Course, Birkhduser, Boston, 2008.
[6] O. Christensen, Pairs of dual Gabor frames with compact support and desired frequency

localization, Appl. Comput. Harmon. Anal. 20 (2006) 403-410.

[7] O. Christensen, H. G. Feichtinger and S. Paukner, Gabor Analysis for Imaging, Vol. 3,

Springer, Berlin, 2011.

[8] O. Christensen and R. Y. Kim, On dual Gabor frame pairs generated by polynomials,

J. Fourier Anal. Appl. 16 (2010) 11-16.

[9] 1. Daubechies, H. J. Landau and Z. Landau, Gabor time-frequency lattices and the

Wexler-Raz identity, J. Fourier Anal. Appl. 1 (1995), no. 4, 437-478.



(10]

[11]
(12]

(13]
(14]

(15]
(16]

(17]

(18]
(19]
(20]
(21]

(22]

Image processing by Gabor frames 1314

H. G. Feichtinger and T. Strohmer, Gabor Analysis and Algorithms: Theory and Ap-
plications, Birkhduser, Boston, 1997.

G. B. Folland, A Course in Abstract Harmonic Analysis, CRC Press, Boca Raton, 1995.
M. Gaianu and D. M. Onchis, Face and marker detection using Gabor frames on GPUs,
Signal Processing 90 (2013) 90-93.

A. Ghaani Farashahi, Continuous partial Gabor transform for semi-direct product of
locally compact groups, Bull. Malays. Math. Sci. Soc. 38 (2015), no. 2, 779-803.

A. Ghaani Farashahi and R. Kamyabi-Gol, Continuous Gabor transform for a class of
non-abelian groups, Bull. Belg. Math. Soc. Simon Stevin 19 (2012), no. 4, 683-701.
K. Grochenig, Foundations of Time-Frequency Analysis, Birkhaduser, Boston, 2001.

R. W. Heath and A. J. Paulraj, Linear dispersion codes for MIMO systems based on
frame theory, IEEE Trans. Signal Process. 50 (2002) 2429-2441.

A. J. E. M. Janssen, The duality condition for Weyl-Heisenberg frames, in: H. G.
Feichtinger and T. Strohmer (eds.), Gabor Analysis: Theory and Applications, pp. 33—
84, Birkhauser, Boston, 1998.

A. Khosravi and M. S. Asgari, Frames and bases in tensor product of Hilbert spaces,
Intern. Math. Journal 4 (2003), no. 6, 527-537.

G. E. Pfander, Gabor frames in finite dimensions, in: P. G. Casazza and G. Kutyniok
(eds.) Finite Frames: Theory and Applications, pp. 193240, Birkh&user, Boston, 2013.
S. Qiu, Generalized dual Gabor atoms and best approximations by Gabor family, Signal
Processing 49 (1996) 167-186.

A. Ron and Z. Shen, Weyl-Heisenberg frames and Riesz bases in L?(R?), Duke Math.
J. 89 (1997), no. 2, 237-282.

J. Wexler and S. Raz, Discrete Gabor expansions, Signal Processing 21 (1990) 207-221.

(Ali Akbar Arefijamaal) DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCES, HAKIM

SABZEVARI UNIVERSITY, SABZEVAR, IRAN.

E-mail address: arefijamaal®hsu.ac.ir

(Esmaeel Zekaee) DEPARTMENT OF MATHEMATICS, SHAHROOD UNIVERSITY OF TECHNOL-

OGY, SHAHROOD, IRAN.

E-mail address: zekaee.esmaeel@gmail.com



	1. Introduction and preliminaries
	2. Tensor product of alternate duals
	3. Computational experiments
	Acknowledgements
	References

