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1. Introduction

Let H(D) denote the class of analytic functions in the open unit disk D =
{z € C: |z| < 1} and §(D) be the subclass of H(D) consisting of functions
which are also univalent in ID. Moreover, for a € C and n € N consider

Hla,n] = {f € H(D) : f(2) = a + anz" + an1z"*' + ..., 2 € D},
with Ho = H[0, 1] and H; = H[1,1]. We denote by A the class of the functions
Hla, 1] which are normalized by the condition f(0) =0 = f/(0) — 1 and have
representation of the form
(1.1) f(z):z—l—Zanz"7 z €D.
n>2

Given two functions f € H(D) and g € H(D), we say that f is subordinated to
g in D, and write f(z) < g(z), if there exists a Schwarz function w analytic in
D with w(0) = 0 and |w(2)| < |#| for all z € D, such that f(z) = g(w(z)) for
z € D. In particular, if g is univalent in D, we have the following equivalence:
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Differential subordination and superordination results 1460

f(z) < g(2), z € D < f(0) = g(0) and f(D) C g(D). We denote by Q the
class of functions ¢ that are analytic and injective on D \ E(q), where

E(q) = {C € 0D : lim ¢(2) = oo} ,
z—C
and are such that ¢’(¢) # 0 for ¢ € 9D\ E(q). Further let the subclass of Q for

which ¢(0) = a be denoted by Q(a) with Q(0) = Qp and 9(1) = O;.
The Wright function W), ,(z) is defined by the series

n

z
1.2 W, = ——, A>-1,peC.

If A > —1, the series (1.2) is absolutely convergent for all z € C, while
for A = —1 this series is absolutely convergent for |z| < 1. Moreover, for
A > —1, W , is an entire function of z. The Wright functions was introduced
by Wright in [22], and have been used widely in the asymptotic theory of par-

titions, in the Mikusinski operational calculus and in the theory of integral
transforms of Hankel type. Recently these functions have appeared in the so-
lution of partial differential equations of fractional order, and it was found that
the corresponding Green functions can be represented in terms of the Wright
function, see [16,19].

If A\ is a positive rational number, then the Wright function W) , can be
represented in terms of more familiar generalized hypergeometric function, see
[0, Sec. 2.1]. In particular, when A = 1 and p = v+ 22 (v,b € C), the function
Wiy b1 (—cz2 / 4) can be expressed in terms of the generalized Bessel function

Wy, b,c, given by

Z\" cz? (—c)(z/2)* TV
v,b,c =135 2 - | = 5
Webel2) (2) Lt i ( 4 ) 2 AT (n+ v+ 1)

n>0

where v,b,¢,z € C and ¢ # 0. Moreover, note that the generalized Bessel
functions w, p . is the solution of differential equation

22w (2) + bzw' (2) + (c2? — v + (1 = b)v)w(z) = 0,

where z is a non-zero complex number. Further, observe that the function w, 4 .
permits the study of Bessel, modified Bessel, spherical Bessel and modified
spherical Bessel functions together. It is clear that for ¢ = 1 and b = 1 the
function w, 4 . reduces to J,, the Bessel function of the first kind of order v;
when ¢ = —1 and b = 1 the function w, . becomes I, which is modified
Bessel function of the first kind of order v. Similarly, when ¢ = 1 and b = 2 the
function w, p . reduces to 2j,/+/m, where j, is the spherical Bessel function of
order v; while if ¢ = —1 and b = 2, then w, ;. becomes 2i,//7, where i, is
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the modified spherical Bessel function of order v (see [5]). Also note that
W_yi1-(—2)=M,(2) 0<v<1),W_,o(—2)=F,(2) (0<v<1),
W_1/3.2/3(2) = 322 Ai(—2/3"%), W_1/50(2) = — A

€ )

z

27
1

W—1/2,1/2(Z)=—ﬁ€ /47

where M, and F, are (Wright-type) entire auxiliary functions studied by [9,11]
(see also [12]) and the function Ai is well known Airy function.

For f € Agiven by (1.1) and g given by g(z) = 2+, ~ b 2", the Hadamard
product (or convolution) of f and g is defined by -

(f*9)(2) =2+ anbnz" = (g% f)(2), z€D.

n>2

Note that fxg € A, also observe that the Wright function W , € H[1/T'(u),n],
but does not belong to the class A. Thus, to put the Wright function W) , in
class A, we consider here the following normalized form

p T ZTL+1
Wanz) = TWa, (3) = 2 M'(lﬁzw

n>0

where A > —1, u € C\Z;, z € D. Note that the normalized Wright function
Wi, was studied recently in [18].
Now, we define an operator Wy , as follows

Wi, f(2) = Wau(2) s f(2) =2+ > 25

n>2

T (1), 2"
(n—DITA(n—1)+p)’

where A > —1, u € C\Z;, z € D. Note that, if f(z) = z/(1 — z), then the
operator Wy , f reduces to the functions

Ue(2) = Wy g (—2) % 1o = (=02 T+ (b4 1)/2) 22 w,.(V3),

1
z
9u(2) = Wi (2)+ T = (-2 T + 1) 220, (V2)
and
ky(2) = Wippa (1 i Z) = Wiuia(2) * 1 i z =2"I'(v+1) Zl_V/QIV(\/E)-
Note that the function w, ;. was studied recently in [4,8,15] and g, was inves-
tigated in [7,17,21].

Let © and A be any set in C, let p be an analytic function in D with p(0) =1
and let ¥(r, s,t;2) : C2 x D — C. Miller and Mocanu [13] studied implications
of the form

(1.3) {¥(p(2), 20/ (2),2%p"(2); 2) : €D} CQ = p(D) C A.



Differential subordination and superordination results 1462

If A is a simply connected domain containing the point a and A # C, then
the Riemann mapping theorem ensures that there is a conformal mapping ¢
of D onto A such that ¢(0) = a. In this case (1.3) can be rewritten as

(14) {0((2),20'(2), 2P (2); 2) : 2€D} CQ = p(2) < q(2).

Further, if 2 is a simply connected domain and €2 # C, then there is a conformal
mapping h of D onto Q such that h(0) = v(a,0,0;0). If in addition, the
function ¥ (p(2), zp'(2), 2%p" (2); z) is analytic in D, then (1.3) can be rewritten

as

(1.5) D(p(2), 20/ (2), 2°D"(2); 2) < h(z) = p(2) < q(2).

In this article, for suitably defined classes of admissible functions, involving
the operator W ,,, we study implications of the form (1.4) and (1.5). Through
the simple algebraic check of admissible functions, we get various subordination,
superordination and differential inequalities that would be difficult to obtain
directly. Aghalary et al. [1], Ali et al. [2,3], Baricz et al. [6], Kim and Srivastava
[10], Soni et al. [20] and Xiang et al. [23] have considered similar problem for
various linear and multiplier operators. To prove our main results, we need the
following definitions and lemmas.

Definition 1.1. [13, Definition 2.3a, p. 27] Let Q2 be a set in C, ¢ € Q and
n be a positive integer. The class of admissible functions ¥, [, q] consists of
those functions ¥ : C3 x D — C that satisfy the admissibility condition

U(r,s,t;2) ¢ Q,
whenever
t ¢q" (¢)
r= , s = k(¢ and 9?<+1>>/<:§R( +1
q(¢) ¢q'(¢) S 700
for z €D, ( € OD\E(q) and k > n. In particular, U;[Q, q] = V[, ¢].
Definition 1.2. [14, Definition 3, p. 817] Let £ be a set in C and ¢ € H][a, n]

with ¢'(z) # 0. The class of admissible functions W/ [, ¢] consists of those
function ¢ : C3 x D — C that satisfy the admissibility condition

U(r,s,t¢) €9,
whenever
r=gq(z), s= zq;'iz)’ and R (2 + 1) < %?ﬁ (Z;/;S) + 1) ,
for z €D, ¢ € OD\E(q) and m > n > 1. In particular, ¥{[Q2, q] = U'[Q, ¢].
Lemma 1.3. [13, Theorem 2.3b, p. 28] Let ¢ € ¥,[Q,q] with ¢(0) = a. If

p € Hla,n] satisfies
¥ (p(2), 20/ (2), 2°p" (2); 2) € Q,
then p(z) < q(z).
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Lemma 1.4. [l4, Theorem 1, p. 887] Let ¢p € ¥/ [Q,q] with q(0) = a. If
p € Q(a) and we have that ¢ (p(z), zp'(2), 22" (2); 2) € S(D), then

Qc {v (p(z),20'(2),2%p"(2);2) : 2 €D}
implies q(z) < p(z).

2. Subordination results for the operator W, ,
First we define the following class of admissible functions.

Definition 2.1. Let 2 be a set in C, ¢ € Qg N Hg. The class of admissible
functions ® 5[, q] consists of those functions ¢ : C3 x D — C that satisfy the
admissibility condition

P(u,v,w; 2) ¢ Q
whenever \ I
=1 /
w=g(0), v )5(_4)1+ ¢d'(Q)
and
(p=Dp-2dw—(p=A-1(p-A-2u 2u-3 ¢q"(9)
L (e i s ) 2w (Sl )

for zeD, (€ OD\E(q), k>1,A\> -1, u—2¢€ C\Z,.

Our first main result is the following theorem.
Theorem 2.2. Let A > —1, u—2 € C\Zy and ¢ € Py, q]. If f € A satisfies
(2.1) {@ (W uf (2), Wi u1f(2), Wi u2f(2); 2) : 2 €D} CQ,

then
Wi uf(z) <q(z), zeD.

Proof. Let us consider the analytic function p : D — C, defined by p(z) =
W, . f(2). By using the recurrence relation

Ae(Wi . f(2) = (= DWW o1 f(2) — (= A= D)W . f(2)

we get
Wy o 1f(z) = 22 E) £ = A = Dp(z)
p—1
and
W o f() = N EP ) FACE=A=3)20' () + (0= A= Dl = A= 29p(z)

(—=1)(p—2)

Now, let us define the transformation from C? to C by
As+ (p—X—=1)r

v = 1

u=r,
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and
- Nt+A2u—A=3)s+ (p—A—1)(p—A—2)r

(v =1(p—2)

Let
Y(r, s,t;2) = P(u, v, w; 2)

:gb(r As+ (L—A—Dr Nt+A2u—A—3)s+(u—A—1)(u—\—2)r Z)
’ p—1 ’ (n=1)(p—2) )

By using the above equations we obtain

b (p(2), 20/ (2), 2%P" (2); 2) = & (W f (2), Wi o1 f(2), W -2 f(2); 2)
and hence (2.1) becomes

¥ (p(2), 29 (2), 2°p" (2); 2) € Q.
The proof is completed, if it can be shown that the admissibility condition for
¢ € D[R, g] is equivalent to the admissibility condition as given in Definition
2.1. On the other hand, we note that

oD -Qu-(p-A-DpEp-A-2u_2u-3 ,

s M= Do — (= A~ D) )
and hence ¢ € ¥[Q,¢|. By Lemma 1.3, we obtain p < g. This completes the
proof of Theorem 2.2. O

If Q # C is a simply connected domain, then 2 = h(D) for some conformal
mapping h of D onto Q. In this case, the class @ i [h(D), g] is written as ®g[h, ¢l.
The following result is an immediate consequence of Theorem 2.2.

Corollary 2.3. Let A > —1, p—2 € C\Z, and ¢ € ®ylh,q|. If f € A satisfies

(2.2) & (W f (2), Wi o1 f(2), Wy 2 f(2); 2) < h(2),
then
Wy uf(2) <q(z), zeD.

Our next result is an extension of Corollary 2.3 to the case when the behavior
of ¢ on 0D is not known.

Corollary 2.4. Let A > —1, u—2 € C\Z,, 2 C C and g € S(D) with q(0) = 0.
Let ¢ € @[, q,] for some p € (0,1), where q,(2) = q(pz). If f € A satisfies

& (W uf(2), Wi u1£(2), Wi u—2f(2); 2) € Q,
then
Wi uf(2) < q(2).

Proof. Corollary 2.3 yields W ,, f(2) < ¢,(2). The result is now deduced from
the relationship ¢,(2) < ¢(2), z € D. O

The following main result is similar to Corollary 2.3.
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Theorem 2.5. Let h, ¢ € H(D) with ¢(0) = 0 and set ¢,(z) = q(pz) and
h,(z) = h(pz). Let \ > —1, u—2 € C\Zy and ¢ : C> x D — C satisfies one of
the following conditions:
(i) ¢ € ®ylh,qp] for some p € (0,1), or
(i1) there exist po € (0,1) such that ¢ € ®ylhy,,q,] for all p € (po,1).
If f € A satisfies (2.2), then
Wi f(z) <q(z), =zeD.

Proof. The proof is similar to the proof of [13, Theorem 2.3d, p. 30] and is
therefore omitted. |

The next theorem yields the best dominant of the differential subordination.

Theorem 2.6. Let h € S(D), A > —1, u—2 € C\Z; and ¢ : C> x D — C.
Suppose that the differential equation

-
N22q"(2) + A2u — A —3)zq'(2) + (W — A — 1) (n — X — 2)q(z2) z) — h(2)
(h—=1)(n—2) ’
has a solution q with ¢(0) = 0 and satisfies one of the following conditions:
(Z) qc QO and (rb € (I)H[hﬂq],
(i) g € S(D) and ¢ € ®ylh,q,|, for some p € (0,1), or
(iit) ¢ € S(D) and there exists py € (0,1) such that ¢ € ®glh,,q,] for all
p € (po,1).
If f € A satisfies (2.2), then
WA,Mf(Z) < Q(Z)7 zeD

and q is the best dominant.

)

Proof. By applying Corollary 2.3 and Theorem 2.6, we deduce that ¢ is a
dominant of (2.2). Since ¢ satisfies the subordination W) , f(2) < ¢(z), it is
also a solution of (2.2) and therefore ¢ will be dominated by all dominants of
(2.2). Hence q is the best dominant. O

In the particular case ¢(z) = Mz, M > 0, and in view of Definition 2.1,
the class of admissible functions ® [, ¢] denoted by @ [Q, M], is described
below.

Definition 2.7. Let €2 be a set in C and M > 0. Suppose also that A > —1,

pw—2¢€ C\Zy and k > 1. Then the class of admissible functions @[, M]

consists of those functions ¢ : C3 x D — C such that
(2.3)

b

eie)‘k+“*)‘*1M619A2L+(k)‘(2/‘*)‘*3)+(/L*/\*1)(M*>\*2))Mei9. Z) ¢
p—1 (n—1)(n—2)
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whenever z € D and R(Le=%) > Mk(k — 1) for all real 6.

Corollary 2.8. Let A > —1, u—2 € C\Z; and ¢ € dyg(Q,M). If f € A
satisfies
(b (W)\,uf(z)aw)\,uflf(z)vWA,y72f(Z); Z) € Qv
then
Wy .f(z)| <M, =zeD.

In the special case Q = ¢(D) = {w : |w| < M}, the class ®y[Q2, M] is simply
denoted by ®y[M] and thus Corollary 2.8 can be written in the following form.

Corollary 2.9. Let A > —1, u—2 € C\Zy and ¢ € @y[M]. If f € A satisfies

|¢(Wk,uf(z)7w)\,uflf( ) Wz\ J— Qf( )l < M

then
Wi, f(z)| <M, zeD.

Corollary 2.10. Let M >0, A > —1, p— 1 € C\Zy, and R(4> + 551) > 0.
If f € A satisfies Wy ,—1f(2)| < M, then W) ,f(2)| < M for z € D.

Proof. This follows from Corollary 2.9 by taking ¢(u, v, w; z) = v. O
Corollary 2.11. Let A > —1, u—1€ C\Z, and M >0 and let f € A satisfy

et (| < o
then
Wy f(z)| <M, =zeD.
Proof. Let ¢(u,v,w;z) =v+ (— - 1) u and Q= h(D), where

M
h(z) = A z and M > 0.
w—1

To use Corollary 2.8, we need to show that ¢ € @[, M]. That is, the admis-
sibility condition in Definition 2.7 is satisfied. This follows since

‘¢<M29 Ak +p— )‘71M6i9’
nw—1
LN + [kA2p — A — 3) +(u=A=1)(p—X—2)|Me”
R
p—1)(n—2)
‘7 kM>‘ ‘M

whenever z € D, # € R and k > 1. The required result now follows from
Corollary 2.8. Moreover, Theorem 2.6 shows that the result is sharp. The
differential equation zq'(z) = Mz has a univalent solution ¢(z) = Mz. It follows
from Theorem 2.6 that ¢(z) = Mz is the best dominant. O
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Definition 2.12. Let © be a set in C and ¢ € @1 N"H1. The class of admissible
functions @7 1[(2, g] consists of those functions ¢ : C3 x D — C that satisfy the
admissibility condition

(u, v, w; z) ¢ Q,
whenever
_ _ A kCq'(¢) [ p—1 1
w=a(@), v= 2y (B ey 1)
and

Mo(p—2) —u(p—1)+1) A A A
Cq"(C))
° k%(1+ @) )’
where z € D, ( € OD\E(q), A > -1, u—3 € C\Z; and k > 1.

8%(v(u—2)((u—2)(w—v)+1—w) 2(#—1)u+u—2v+1>

The corresponding main result to the above definition reads as follows.

Theorem 2.13. Let A > —1, u—3 € C\Z; and ¢ € ®y1[Q,q]. If f € A

satisfies
W)\,u—lf(z) WA,/A*Qf(Z) Wk,u73f(Z) ) }
) D O
{d’ ( Wanf () Wau i f(2) Wauaf(z) ") 7S 7 f 7
then .
W}\ Mflf z
v 7 ~az), zeD.
Wl (2) (2)
Proof. Consider the analytic function p : D — C, defined by
Wiu-1f(2)
plz) = ,77 PAS D.
(2) Wrf ()

Logarithmic differentiation gives

Wap—af(z) _ A (zp’(Z) L h=l 1)

Wip-1f(z)  n—=2\ p(2) A A
and
Wap—sf(z) _ A (20/(z2) ,p—1 2
Tt = s (g + e -3
2p'(z) | 2 (2) (2 (2)) p=l
LG ) () 5@
4 Z)+L_1 (z)—l
p(2) A A

Now, we define the transformation from C? to C by

u=r v—L f—l—ﬂ_lr—l
T u=2\r A A
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and

Let

A §+'u71r

2,
u—3\r A A

t s s\2 p—1
FINELES
r_r r A

s

r

Using the above equations it follows that

" <Wk,u—1f(z) Wi u—2f(2) Wk,u—Bf(Z). Z)
Wiwf(2) " Wa w1 f(2) Wi u—af(2)’

?/f (p(Z), Zp/(Z), ZQPH(Z); Z) =
and consequently we have

b (p(2), 20 (2), 2°p" (2); 2) € Q.

The proof is completed if it can be shown that the admissibility condition
¢ € ®y1[Q,q| is equivalent to the admissibility condition for ¢ as given in
Definition 1.1. Note that

o o)l w) el p-2 1

s Ao(p—2) —u(p—1)+1) A A A
Hence ¢ € ¥[Q,q], and by Lemma 1.3 we have p(z) < ¢(z), which completes
the proof. O

In the case when Q # C is a simply connected domain with Q = h(D)
for some conformal mapping h of D onto £, the class ® g 1[h(ID), q] is written
as @ 1[h,g]. The following result is an immediate consequence of the above
theorem.

Corollary 2.14. Let A > —1, p—3 € C\Z; and ¢ € @y 1[h,q] with ¢(0) = 1.
If f € A satisfies

Wau-1f(2) Wauaf(z) Wausf(z),
o (TS T gy < e

then
W)\,plfl f(Z)
W)\,uf(z)
In the particular case g(z) = 1+Mz, M > 0, the class of admissible functions
D419, q] is simply denoted by @5 1[0, M].

<q(z), zeD.
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Definition 2.15. Let 2 be a set in C and M > 0. The class of admissible
functions @ 1[Q, M| consists of those functions ¢ : C3 x D — C such that

A (= DA M) g R (D)
(1 —2)(1+ Me) (= 3)(1+ Me)
MM +e ) (LAe™ + EM(A 4 p— 1) 4 (un — DEM?e™) — MN2M? ¢
(1= 3)(M + ) ((u—2)e P+ (s — DM2e+ (kA + 2(u — )M — )1y | * >
whenever z € D, A > —1, u — 3 € C\Zg, R(Le™ ) > (k — 1)kM for all real § and
k> 1.

Corollary 2.16. Let A > -1, p—3 € C\Z; and ® € ¢pu1[Q,M]. If f € A
satisfies

(2.4) ¢ (1 + Me"*, 1+

s (WA,M—lf(Z) Wi u—2f(2) WA,H—?)JC(Z),Z) c0
W)\,,uf(z) ’ Wk,pflf(z) ' WA,;L72f(Z)7 ’
then
Wi u-1f(2)
W)\,uf(z)
In the special case Q@ = ¢(D) = {w : |w — 1] < M} the class ®x1[Q, M] is
denoted by ¢p1[M] and Corollary 2.16 takes the following form.

—1‘<M7 z € D.

Corollary 2.17. Let A > —1, p—3 € C\Z; and ¢ € &y [M]. If f € A
satisfies

‘d) (W,\,p—lf(z) 7 W)\“u—Qf(Z)’ Wi —3f(2) : z) _ 1‘ <M,
WA,uf(Z) W)\#,lf(Z) W)\,pflf(z)
then
W)\ p—lf(z) ‘
DoptIVE) 4l v 2 eD.
Wi uf(2)

Corollary 2.18. Let A > —1, u—2 € C\Z; and M > 0. If f € A satisfies
Wi u—2f(2) (u— 1) Wi u—1f(2) N 1 ’ - M A
Wiau-1f(2) \w—2) Wy,f(2) p—=2| 1+M|p-2]

then

Wi, u—1f(2) ‘
DuptVE) 4 e
W)\,uf(z)
Proof. This follows from Corollary 2.16 by taking ¢(u,v,w;z) = v — ﬁ—:;(u -
1) — 1 and Q = h(D), where h(z) = ‘ﬁ 1%&, M > 0. To use Corollary 2.16,

we need to show that ¢ € &y 1[M], that is, the admissibility condition given

in Definition 2.15 is satisfied. This follows since

EX+ (n— 1)1 + Me'?)
(4 — 2)(1 + Me?)

EX+ (u—1)

6
(n—2)(1 + M) ¢

Meie,l—&—

& (1+Mei0,1+
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AM +e ) [Lxe™ + kM + p—1) + (u— DkM?e”’] — A2M?
(= 3)(M + =) [() — 2)e=0 + (ju — 1)M2e0 + (kA + 2(u — )M — NM]~

EX 4 (u— 1)(1 + Me')

i pu—1 i0
=1+ . Me — 2 et —1
. (n—=2)(1+ Me®) p=2 ‘
_ MEX M A
T l(p—=2)A+ Me®)| T 14+ M |p-2|
forzeD,0 R and k> 1. O

Further, taking A = 1 and f(z) = . :

in Corollary 2.18, we get the next

result.

Corollary 2.19. Let u—3 € C\Z; and M > 0. If the modified Bessel function
1,, satisfies
2M

\/EIpHS(\/E) _ \/EI;L*2(\/E)
M+1’

Li-2(v2) Li-1(V2)

+2‘< z €D,

then

I
\W—Q(u—l)‘<2|u—1|M, zeD.

Ii-1(V>2)
Definition 2.20. Let ) be a set in C and ¢ € @1 N"H1. The class of admissible
functions @7 5[€2, g consists of those functions ¢ : C3 x D — C that satisfy the
admissibility condition

¢(u7 U, W; Z) ¢ Qa
whenever
kA
u=q(0), v=a(0) + 2o q(0)
and

p—2 w—-u 1 ¢qa"(¢)
R(50 (5 -2)-3) =m0
where z € D, ( € OD\E(q), A > —1, u—2 € C\Z; and k > 1.

Theorem 2.21. Let A > =1, u—2 € C\Z; and ¢ € Pyo[Q,q]. If f € A

satisfies
{qﬁ (WA’“JE(Z), Wk,uflf(z)7 W)\,M72f(z);z) - 2eD } cQ,

z z z

then
W/\wf(z)

~ <q(2), zeD.
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Proof. Consider the analytic function p : D — C, defined by p(z) = W, f(2)/=.
Differentiating logarithmically with respect to z we obtain

W)\,,u.—lf(z) A

22— p) + ()
and
Waaf(2) _ A222"(2) + A2+ A= 3)20/(2) + (u — 1)(u — 2)p(2)
z (=1 (n—2) '

Now, define the transformation from C? to C by
A _

P Y s+ (p—1r
nw—1

and

v ANt+ A2+ A =3)s+ (u—1)(n—2)r
(=1 (n—2) '
Let
¥(r, 8,15 2) = d(u, v, w; 2)
:¢<T As+ (n—1)r Nt4+ (2u+A—3)s+ (u—1)(u—2)r Z)
ST TEDITES) iz
By using the above equations it follows that

¥ (p(2), 20 (), 2°p" (2); 2) = ¢ (WA‘“JP(Z)7 Wanm1f(2) Wapeafle), Z)

z z z
and consequently we have that
P (p(z), 2p' (2), zzp”(z); z) e O.

Thus, the proof is completed if it can be shown that the admissibility condition
¢ € P 2[R, g is equivalent to the admissibility condition for 1) as given in Definition

1.1. Note that
t w—=2f(fw—u 1
LA . N —
s + A (U —u ) A
Hence ¢ € ¥[Q, g] and by Lemma 1.3 we get that p(z) < ¢(z). O

In the case when ©Q # C is a simply connected domain with Q@ = h(D)
for some conformal mapping h of D onto £, the class @ 2[h(D), q] is written
as @y 2lh, q]. The following result is an immediate consequence of the above
theorem.

Corollary 2.22. Let A > —1, u—2 € C\Z; and ¢ € ®yo[h,q] with ¢(0) = 1.
If f € A satisfies

6 (kaﬂf (2) Wau-1/(2) Wau-af (Z);z) =< h(2),

)

z z z

then
W/\wf(z)

~ <q(2), zeD.
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In the particular case ¢(z) =1+ Mz, M > 0 and in view of Definition 2.20
the class of admissible functions ® 22, ¢] is simply denoted by @5 22, M| as
described below.

Definition 2.23. Let €2 be a set in C and M > 0. The class of admissible
functions ¢ [, M] consists of those functions ¢ : C* x D — C such that

EX+p —

. 1 .
é (1 + Me"? 1+ Me",
w—1

LN+ kX204 A = 3) 4+ (n — 1) (n — 2)] M e
* G- 2) ) e

whenever z € D, A > —1, p— 2 € C\Zy, R(Le™*?) > (k — 1)kM for all real 0
and k > 1.

Corollary 2.24. Let A > —1, u—2 € C\Zy and ¢ € ¢, M]. If f € A

satisfies
& (WA;LJC(Z) Wiy u—1£(2) Wxu—2f(2) . Z> €Q,

) ’ .

z z z
then

’WA’“JC(Z) — 1‘ <M, zeD.
z

In the special case 2 = ¢(D) = {w: |w — 1| < M}, the class ¢ 2[Q, M] is
denoted by ¢ 2[M] and the above corollary takes the following form.

Corollary 2.25. Let A > —1, u—2 € C\Z; and ¢ € du[M]. If f € A
satisfies

‘¢ <WA,/;f(Z) 7 W/\,u;lf(z)’ WA,H;QJC(Z); z) — 1‘ < M,
then

‘WA’“_lf(Z) - 1’ <M, zeD
z ’ ’

Corollary 2.26. Let A > —1, u—1€ C\Z; and M > 0. If f € A satisfies

W)\,M—l.f(z) _ W)\,uf(z) < A
z z w—1

o,
then

’W—1‘<M, z € D.
z
Proof. This follows from Corollary 2.22 by taking ¢(u,v,w;z) = v — u and

Q = h(D) where h(z) = %z O
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Further, taking A = 1 and f(z) = 1 :

in Corollary 2.26, we get the next
result.

Corollary 2.27. Let u—1 € C\Zy and M > 0. If the modified Bessel function
1,, satisfies
< M

D (p) |22

Lu—2(Vz) _ 2:”“1,11—%(\/2)

pn—2 M

z €D,

z 32 z 32
then

p—1

’F(M)Qp_llu_l(ﬁ) - 1’ <M, zecD.

z 2
3. Superordination results for the operator W, ,

The dual problem of differential subordination, the differential superordi-
nation of the integral operator Wy , is investigated in this section. For this
purpose, a new class of admissible functions is given in the following definition.

Definition 3.1. Let 2 be a set in C and g € Ho with 2¢'(z) # 0. The class of
admissible functions ®/; €2, ¢] consists of those functions ¢ : C* x D — C that
satisfy the admissibility condition

P(u, v, w; () € Q,
whenever A () + ( \ yma(z)
B Az (2) 4+ (w— A — 1)mg(z
u=q(z), v= m(M_D
and
(p—D(p—2w—(p=A=1)(p—A—2u 2u—3 Lo (2d(2)
n (S )< ()

forzeD,(€dD,m>1,A>—-1, p—2€C\Z,.
Our first main result of this section reads as follows.

Theorem 3.2. Let A > -1, u—2 € C\Z, and ¢ € ®4[Q,q]. If f € A,
Wi f(2) € Qo and ¢ (W, f(2), Wi i1 f(2), Wy —2f(2); 2) € S(D), then

QCH{d (Wi uf(2), Wxu1f(2), Wy u2f(2);2) : €D}
implies
q(z) < Wy, f(z), zeD.
Proof. With p(z) = Wy ,f(z) and

’l/](’f’,Sﬂf; Z) = (jﬁ(u,v,w;z),
_<Z5<7” sSA+ (p—XA—=1Dr t)\2+>\(2ﬂ—>\—3)5+(u—)\—1)(M—)\—2)7"_Z)
RN p—1 ’ (k=1 (p—2) ’
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we have
QcC {1/1 (p(z),zp/(z),ZQp"(z);z) 1z € ]D)} .
Since
bt =D =2u—(p=A-1)p—-A-2)u  2u-3
s A(p— Do — (1= A= D) Tt

the admissibility condition for ¢ € ®%[, q] is equivalent to the admissibility condition
for 1 as given in Definition 1.2. Hence ¢ € ¥’[(), ¢] and by Lemma 1.4 we have that

q(z) < p(2)- O

If Q = C is a simply connected domain, then Q = h(D) for some conformal
mapping h of D onto €2, and then the class @ [h(D), q] is written as ®;[h, .
Proceeding as in the previous section, the following result is an immediate
consequence of Theorem 3.2.

Corollary 3.3. Let A > —1, u—2 € C\Z;, q € Ho, h € S(D) and ¢ € D'y [h,q].
If f S A> W)\,,uf(z) S QO and (b(W)\,/J,f(’z%W)\,p,flf(Z)aW)\,p,flf(z);Z) S
S(D), then
(31) h(Z) = d) (WA,/Lf(Z)a W)\,/L—lf(z)7w>\,#—2f(z); Z)
mmplies
q(z) < Wy ,f(z), zeD.

The following theorem proves the existence of the best subordination for an

appropriate ¢.

Theorem 3.4. Let A\ > —1, p—2 € C\Zg , h be analytic in D and ¢ : C>xD —
C. Suppose that the differential equation

p (q(Z% Azq'(z) + ELM—_1A —1)g(z)
N2¢"(2) + Cu—=A=3)A2¢'(2) + (= A =1)(p = A = 2)q(2) Z) — ()
(b= 1)(n—2) ’
has a solution q(z) € Qo. If ¢ € ®y[h,q], f € A, Wy ,f(2) € Qo and

¢ (WA,;Lf(Z)aW)\,,uflf(z)vWA,y72f(z); Z) € S(D)a

)

then
h(z) = ¢ (Wx ., f(2), Wi -1 f(2), Wx u—2f(2); 2)
mmplies
q(z) < Wy ,f(z), z€D
and q is the best subordinant.

Proof. The proof is similar to the proof of Theorem 2.6 and is therefore omitted.
O

By combining Corollary 2.3 and Corollary 3.3, we obtain the following
sandwich-type result.
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Corollary 3.5. Let A > —1, u—2 € C\Zy, h1 and ¢1 be analytic in D,
he € S(D), g2 € Qo with ¢1(0) = q2(0) =0 and ¢ € Pylha, 2] NPy [h1, 1] If
feA
W)\,Mf(z) S HO N QO and (b (W)\,uf(z)aw)\,uflf(z)aW)\,uflf('z); Z) € S(D>7
then

hl(z) = (b (W)\,uf<z)?w)\,uflf(z)aW)\,;J,fo(Z); Z) < h2<2’)
implies

q1(2) < Wy, f(2) < qa(2), zeD.

Definition 3.6. Let Q be a set in C and ¢(z) € H; with ¢(z) # 0, z¢'(z) # 0.
The class of admissible functions ®%; [, q] consists of those functions ¢ :
C3 x D — C that satisfy the admissibility condition

(b(u,v,w; C) € Qa
whenever
B 1 3 )\zq’(z)_
w=az), o= (= e+ 2 1) () 20
and
(=D ((p=Dw =)+ 1—w) 2Apu=1) =2 1\_ 1 (")
P -2 —uu D+ 1) PR *A)S m(ﬂz) “)’

for zeD, (€D, A > -1, u—3 € C\Z; and m > 1.

Now, we give another dual result of differential superordinations, concerning
Theorem 2.13.

Theorem 3.7. Let A > —1, u—3 € C\Z; and ¢ € ¥y ,[Q,q]. If f € A,

Wau-1£(2) W1 f(2) Wapoaf(2) Wauaf(2).
W) © 2 ¢< Wl (2) ’Wx,uflf(ZyWA,ufzf(Z)’Z) €5,
then

Wi u-1f(2) Wi of(z) Wi, sf(z) .
hc {¢( W f(2) ’Wx,ﬂ-lﬂz)’wx,u-zf(z)’Z) 2el }

implies
Wiu—1f(2)
Wi f(2)

Proof. In view of the proof of Theorem 2.13 we have
Q) C {1/) (p(Z),zp/(z)7Z2p//(Z);Z) = ]D)}

and we can see that the admissibility condition for ¢ € ®';,[Q, g] is equivalent
to the admissibility condition for i as given in Definition 1.2. Hence 9 €
U’[Q, q] and by Lemma 1.4, we get ¢ < p. O

q(z) < z € D.
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If Q # C is a simply connected domain and 2 = h(ID) for some conformal
mapping h of D onto 2, then the class @, [h(D),q] is written as ®% ,[h, ql.
Proceeding similarly as in the previous section, the following result is an im-
mediate consequence of Theorem 3.7.

Corollary 3.8. Let A > —1, p—3 € C\Zy, g € Hi1, h € H(D) and ¢ €
(I)}-I,l[ha q] Iff € A?

Wi u-1£(2) Wi u—1f(2) Wi u—af(z) Wi u-sf(z).
W)\,p.f(z) € Ql and ¢ ( W)\,u.f(z) ) W)\”u,flf(z)7 W)\7u72f(z) 5 Z) e S(D)7
then
h(z) < ¢ (Wx,u—lf(z) Wi u—2f(z) Wi ,—3f(2) z)
Wanuf(z) " Wauo1f(z) Wapu_af(z)’
implies
ale) < Tt e,

Combining Theorem 2.13 and Corollary 3.8, we obtain the following sandwich-
type theorem.

Corollary 3.9. Let A\ > —1, u—3 € C\Zy , h1,q1 € H(D), he € S(D), g2 € 1
with ¢1(0) = q2(0) = 1 and ¢ € @y 1[ha, g2] N Py 1 [ha, ] If [ € A,

Wi u-1£(2) Wau—1f(2) Wau—of(2) Wi,u_sf(2)
Wanf(z) © NG and ¢’< Wanf ) W 17(2) Wag 2f(2)" ) es),
th
WS (2) W1 f(2) Wauaf(2)
implies
q1(z) < W < qa(z), zeD.
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