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ABSTRACT. Let  be a class of unital C*-algebras. We introduce the
notion of a local tracial Q-algebra. Let A be an a-simple unital local
tracial Q-algebra. Suppose that o : G —Aut(A) is an action of a finite
group G on A which has a certain non-simple tracial Rokhlin property.
Then the crossed product algebra C*(G, A, «) is a unital local tracial Q-
algebra.
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1. Introduction

The Rokhlin property in ergodic theory was adapted to the context of von
Neumann algebras by Connes in [2]. It was adapted by Hermann and Oc-
neanu for UHF-algebras in [15]. Rordam [25] and Kishimoto [17] introduced
the Rokhlin property to a much more general context of C*-algebras. More
recently, Phillips and Osaka studied finite group actions which satisfy a certain
type of Rokhlin property on some simple C*-algebras in [21-23] and [24].

N. C. Phillips raised the question how to introduce an appropriate Rokhlin
property for non-simple C*-algebras. In [16] J. Hua introduced a certain
Rokhlin property for non-simple C*-algebras. When the C*-algebra is sim-
ple, this Rokhlin property is weaker than the Rokhlin property in [21].

Let Q be a class of separable unital C*-algebras. In this paper, we introduce
the notion of a local tracial Q-algebra. When A is a simple unital local tracial
Q-algebra, then the definition we give is equivalent to the definition given by
Yang and Fang, in [26]. We prove that if A is a unital local tracial local tracial
Q-algebra, then A is a unital local tracial Q-algebra. Using this result, we
show that if A is an a-simple unital local tracial 2-algebra with the property
SP, and if o : G —Aut(A) is an action of a finite group G on A which has a
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Local tracial C*-algebras 138

certain non-simple tracial Rokhlin property, then the crossed product algebra
C*(G, A, ) is a unital local tracial 2-algebra.

2. Preliminaries and definitions

Let a and b be two positive elements in a C*-algebra A. We write
[a] < [b](ct Definition 3.5.2 of [19]), if there exists a partial isometry v €
A** such that, for every ¢ € Her(a),v*c,cv* € A vv* = P,, where P, is
the range projection of a in A**, and v*cv € Her(b). We write [a] = [b] if
v*Her(a)v = Her(b). Let n be a positive integer. We write nfa] < [b], if there
are n mutually orthogonal positive elements by, bs, - -+ , b, € Her(b) such that
[a] < [bi],i=1,2,...,n.

Let 0 < 01 < 02 <1 be two positive numbers. Definie

1 iftZO'Q
()= =2 ifor1<t<oy
0 if0<t<oy

We say a C*-algebra A has the property SP, if every nonzero hereditary C*-
subalgebra of A contains a nonzero projection.

Definition 2.1. ([21]) Let Q be a class of separable unital C*-algebras. Then
Q is finitely saturated if the following closure conditions holds:

(1) If Ac Qand B = A, then B € ).

(2) If A1, Ag, ... Ay € Q, then &7_, A, € QU

(3) If A€ Qand n €N, then M,(A) € Q.

(4) If A€ Q and p € A is a nonzero projection, then pAp € Q.

Definition 2.2. ([21]) Let Q be a class of separable unital C*-algebras. A
unital local Q-algebra is a separable unital C*-algebra A such that for every
finite set S C A and every € > 0, there is a C*-algebra B in the finite saturation
of  and a unital *-homomorphism ¢ : B — A(not necessarily injective) such
that dist(a, o(B)) < ¢ for all a € S.

Let A be a C*-algebra, and let F' be a subset of A, a,b,x € A,e > 0. If
lla — b|| < &; then we write a . b. If there exists an element y € F' such that
lz — y|| < e, then we write z €, F'.

Definition 2.3. ([20]) Let © be a class of separable unital C*-algebras. A
unital C*-algebra A is said to be a unital local tracial Q-algebra if for any
€ > 0 and any finite subset F' C A, any nonzero positive element b, there exist
a nonzero projection p € A and a C*-algebra B in the finite saturation of 2 and
a unital *-homomorphism ¢ : B — A (not necessarily injective) and ¢(1p) = p
such that

(1) ||Jzp — pz|| < e for all x € F,

(2) prp € 9(B) for all x € F,

(3) [1=p] <[p).
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Definition 2.4. Let Q be a class of separable unital C*-algebras. A unital
C*-algebra A is said to be a unital local tracial Q-algebra if for any positive
numbers 0 < 03 < 04 < 01 < 092 < 1, any € > 0, any finite subset ' C A,
any nonzero positive element b, and any integer n > 0, there exist a nonzero
projection p € A, and a C*-algebra B in the finite saturation of 2 and a unital
*-homomorphism ¢ : B — A (not necessarily injective) and ¢(1p) = p such
that

(1) ||Jzp — pz|| < e for all x € F,

(2) pxp €. ¢(B) for all z € F,

(3) L — p] < [pl, n[fZ2((1 - p)b(L — p)] < [£52 (pbp))-

We will prove that if A is a simple unital local tracial Q-algebra, then Defi-
nition 2.3 is equivalent to Definition 2.4 given by Yang and Fang.

Definition 2.5. ([12]) A unital C*-algebra A is said to belong to the class
T AQ if for any positive numbers 0 < 03 < 04 < 01 < 03 < 1, any € > 0, any
finite subset F' C A containing a nonzero positive element b, any integer n > 0,
there exist a nonzero projection p € A, and a C*-subalgebra B of A with B € Q
and 1 = p such that

(1) lap —pz|| < e for all x € F,

(2) prp €. B for all x € F,

(3) nlL—pl < [pl, nlf22 (1 = p)b(L = p))] < [£52 (pbp))-

When a unital C*-algebra A is a unital local tracial Q-algebra and each
¢(B) € Q, then A belong to the class T AQ.

Let A be a C*-algebra and « either a single automorphism of A or a group
action on A. We shall say A is a-simple if A does not have any non-trivial
a-invariant closed two-sided ideals.

In [16], J. Hua introduced a certain tracial Rokhlin property for non-simple
C*-algebras with an action of the group Z. X. Yang and X. Fang in [27]
given the analogous tracial Rokhlin property for non-simple C*-algebras to
that defined by Hua for an action of a finite group.

Definition 2.6. ([27]) Let A be a finite unital C*-algebra and let o : G —
Aut(A) be an action of a finite group G on A. We say « has the tracial Rokhlin
property if for any finite set ' C A, any € > 0 , any nonzero positive element
b€ A, and any element x € A, there exist g;, g; € G and mutually orthogonal
projections e, € A for g € G such that

(1) lag(en) —egnl| < e forall g, h € G,
(2) |lega — aeg|| < € for all g € G and all a € F,
(3) lleg;weg: | = Izl — e,
(4) with e = Xgeqey, [ag, (1 —e)] < [b].

Theorem 2.7. ([16,27]) Let A be a unital C*-algebra. Let oo : G — Aut(A)
be an action of a finite group G on A which has the tracial Rokhlin property.
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Suppose that A is a-simple. Then the crossed product C*-algebra C*(G, A, @)
is a simple C*-algebra.

Theorem 2.8. ([16,27]) Let A be a unital C*-algebra with the property SP and
let a: G — Aut(A) be an action of a finite group G on A which has the tracial
Rokhlin property. Then any non-zero hereditary C*-subalgebra of the crossed
product algebra C*(G, A, o)) has a nonzero projection which is equivalent to a
projection in A.

Theorem 2.9. ([18]) For any 0 < §1 < d2 < 01 < o9 < 1, there exists
n = n(d1,02) > 0 such that for any positive elements a and b with |la — b|| < n
and al, b <1 we have [f22(a)] < [f32(b)] < [8]

Theorem 2.10. ([21]) Let n € N, and (e;;)1<j, k<n be a system of matric
units for M,,. For every € > 0, there is a § > 0 such that whenever B is a
unital C*-algebra and w; i, for 1 < j, k < n, are elements of B such that

(1) JJwjx* —wrj|| <8 for1 <j, k<m,

(2) ij1,k1w]'2,k2 - 5j2,k1wj1,k2H <0 fO’I“ 1 <71, j2, k1, k2 <m,

(3) wj ; are orthogonal projections with Yi_jwj; = 1, there exists a unital
homomorphism ¢ : M, — B such that ¢(e;;) = w;; for 1 < j < n and
llo(ejn) —wik| <e forl<j, k<n.

The proof of the following theorem is similar to [12]. We do not give a proof.

Theorem 2.11. Let Q be a class of separable unital C*-algebras. If A is a
unital local tracial Q-algebra, then pAp and M, (A) are unital tracial Q-algebras
for any projection p € A and positive integer n.

3. The main results
The proof of the following theorem is similar to [11].

Theorem 3.1. Let Q) be a class of unital C*-algebras. The Definition 2,3 and
Definition 2.4 are equivalent for any untial simple C*-algebra A.

Proof. Firstly we prove that Definition 2.3 implies Definition 2.4. We need to
show that for any € > 0, any finite subset F' C A, any nonzero positive element
b, any 0 < 03 < 04 < 01 < 09 < 1, and any integer n > 0, there exist a
projection p € A and a C*-algebra B in the finite saturation of © and unital
*-homomorphism ¢ : B — A with ¢(15) = p, such that

(1) |[px — zp|| < € for any = € F,

(2) pxp €. @(B) for any = € F,

(3) nll - p] < [p], nlf22((1 — b(L - p))] < (22 (pbp)]

Since A satisfies Definition 2.3, there exist a projection p; € A and a C*-
algebra A; in the finite saturation of 2 and unital x*-homomorphism ¢ : A; — A
with ¢(14,) = p1 such that

(1) |lprx — zp1|| < € for any = € F,
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(2') prep1 €c p(Ay) for any x € F,

() [1 -] < ]

We may assume that A has the property SP. Since A has the property SP,
there exist a nonzero projection ¢’ € Her(f7?(p1bp1)) and there exist projec-
tions e € Her(f72(p1bp1)), f € (1 — p1)A(1 — p1) such that [e] < [¢/] and
1f] = [e]

By Theorem 2.11, (1 — p1)A(1 — p1) is a local Q-algebra, there exist a pro-
jection py € (1 — p1)A(1 — p1) and a C*-algebra A, in the finite saturation of
Q and unital *-homomorphism ¢’ : As — (1 — p1)A(1 — p1) with p(14,) = po
such that

(1) lpo(1 = p)(1 = p1) — (1= pr)(1 — pa)pal| < e for any @ € F,

(2") p2(L = p1)z(1 — p1)p2 €c p(A2) for any x € F,

(3") [ = p1 —po] < [f].

Take B = A; @ Az and p = p; +po. Then B is in the finite saturation of €,
we have a unital *-homomorphism (¢+¢’) : B — A with (o+¢’)(15) = p1+p2
such that

(1) llz(pr + p2) — (p1 + p2)z|| < llepr — pra 4+ zps — poz|| < [[prz — api || +
lp2z — poxp1 — xp2 + praps|| + ||pexp1 — praps| < 4e for any xz € F.

(2) [[(p1 + p2)x(p1 + p2) — praep1 — p2xp2|| < 2e, (p1 + p2)x(p1 + p2) €22 B
for any z € F,

(3) /22 (1= pr—p2)b(1—pr—p2))] < [1—p1—pa] < [f] < [e] < [f52 (mrbp1)] <
(/53 (prbp1)] + [f37 (p2bp2)] < [f52 ((P1 + p2)b(p1 + p2))]-

Using the same method as in [12], we can prove that Definition 2.4 holds.

Secondly we prove that Definition 2.4 implies Definition 2.3. For any € > 0,
and finite subset F' C A, any nonzero element a > 0, any integer n > 0, since
A is a simple unital C*-algebra, there are x; € A (i =1, 2,..., k) such that
Yk (w;ax)) = 1. Take 0 < d; < dp < 1 such that HEf:lmal/zfjf(a)alﬂx;‘ -
1| < 1. Put z = (Zlexialﬂfjf (a)a'?x)~1, y; = 2=V 2x;0"/%. Then we have
Eleyifgf (a)y; = 1. We may assume that o4 < d3 < ds < dy < dy < 01 and
|la]] < 1. Since A satisfies Definition 2.4, there exist a nonzero projection r € A
and a C*-algebra C' in the finite saturation of 2 and a unital *-homomorphism
¢ : C — A with ¢(1¢) = r such that

1" |ar —rz|| < e for all x € F’,

(2"") rar €c o(C) for all x € F' and

(3") nk[fg2((1 = r)a(l = )] < [fi(rar)].
where F' = {y;, y7, fjf(a), a, 14} UF.

By functional calculus, there are z; € (1—r)A(1—r) such that X7, z; 512 ((1—
r)a(l —7r))zf =1 —r. We have

[L— 7] < RIFE2(( = r)a(l —7))].
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Therefore we have

[l —r] < nk[f32((1—r)a(l — )] < [f3 (rar)] + [f5 (1= r)a(l —1))]
< [f5;(a)] < [al.

The method and technique of the following theorem is similar to [10].

Theorem 3.2. Let Q be a class of unital C*-algebras. If A is a unital local
tracial local tracial Q-algebra, then A is a unital local tracial Q-algebra.

Proof. Since A is a unital local tracial local tracial Q2-algebra, for any 6 > 0 and
any finite subset G C A, there exist a projection p € A and a C*-algebra B in
the finite saturation of local tracial {2 and a unital *-homomorphism ¢’ : B — A
with ¢(1p) = r such that

(1) |Jap — pz|| < 6 for all x € G,

(2)" pxp €5 ¢'(B) for all x € G,

(3 2[1a — ] < [a].

Suppose that [14 — p] # 0. By (3)’, there exist partial isometries vy, vy € A
such that viv; = 14—p, v3vys = 14 —p, v10], vavs € Her(a) and (viv})(vevd) =
0. Set a; = v1v}, as = vov3. Then we have a1 # 0, a2 # 0, a1, a2 €
Her(a), ajas = 0.

For H = FU{a;} and € > 0, there exist a projection t € A and a C*-algebra
C in the finite saturation of local tracial 2 and a unital *-homomorphism
@ C — A with ¢ (1¢) =t such that

()" ||lat — tz|| < e for all z € H,

(2)" tat €. @ (C) for all z € H, and ||tast|| > |la1] — ¢,

(3" [La — 1] < [aa].

By (1)” and (2)"”, there exist a} € C and af € (14 —t)A(14 — t) such that
llar — a} — af|| < 2e. We have af # 0 and [a}] < [a1].

For any € > 0 and finite subset H = {txz1t, tast,..., tept, o)}, since C is
in finite local finite saturation of €2, there exist a projection r € A and a C*-
algebra in the finite saturation of 2 and a unital *-homomorphism ¢ : D — A
with ¢(1p) = r such that

()" ||totr — rtxt|| < e for all x € F,

(2)" rtatr €. D for all z € F,

(3)" [t — 1] < [af].

Therefore we have

(1) [Jzr —rz|| < 3¢ for all z € F,

(2) rer €3. D for all x € F,

) Ma—r]<[la—t]+ [t —r] < [ag] + [a1] < [az] + [a1] < [a]. O

Theorem 3.3. Let Q be a class of unital C*-algebras. Let A be a local Q-
algebra and a-simple unital C*-algebra with the property SP. Suppose that o :
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G — Aut(A) is an action of a finite group G on A which has the tracial Rokhlin
property. Then the crossed product algebra C*(G, A, «) is a local 2-algebra.

Proof. C*(G, A, a) is a simple C*-algebra by Theorem 2.7. suppose F'is a finite
subset of the unit ball of A, and G = {g1, g2, . .. gm }, and g is the unit of G and
ug, € C*(G, A, @) is the canonical unitary implementing of the automorphism
ag,. For any finite subset G of the form G = FU{ugy, : 1 <i <m}, any ¢ > 0,
any nonzero positive element b € C*(G, A, «), we need to show that there exist
a nonzero projection e € A, and a C*-algebra B in the finite saturation of
and a unital *-homomorphism ¢ : B — A with ¢(1p) = e such that

(1) |lex — ze|| < € for any = € G,

(2) exe €. p(B) for any x € G,

(3) [1a— ] < .

By Theorem 2.8, there exists a nonzero projection p € A which is Murray-
von Neumann equivalent to a projection in bC*(G, A, a)b, i.e., [p] < [b].

Set § = ¢/(16m). Choose > 0 according to Theorem 2.10 for m given above
and § in place of e. Moreover we may require n < ¢/[8m(m + 1)]. Applying
Definition 2.6 to o with F' given above, 7 in place with ¢, and p in place of b,
there are g € G' and mutually orthogonal projections e;, € A for 1 < i < m,
such that

(1/) ||agi(€gj) - e!]z‘gj H <n for any 1 < ia .7 < m,

(2") |leg,a — aeg,|| <m for any 1 <4 < m and any a € F,

(3) [, (1 — )] < [p], with ¢ = Z1%c,..

By (1’) and (2), we have |[ea — ae|| < X", |leg,a — aey, || < mn.

Define Wg,,g; = Ug,g;~1€g; for every 1 <14, j < m.

Using the same methods as in [24], we can prove that the elements wy, 4, €
eC*(G, A, a)e (1 <14, j <m) satisty the conditions in Theorem 2.10.

Let (fi;) (1 <, j < m) be a system of matrix units for M,,. By Theorem
2.10, there exists a unital homomorphism ¢g : M, — eC*(G, A, a)e such that
lleo(fij) —wg, g1l <0 forall 1 <i, j <m,and ¢o(fii) = eg, forall 1 <i <m.
Now we define a unital homomorphism ¢ : M,, ® ey, Aey, — eC*(G, A, a)e by

¢(fij ® a) = po(fir)apo(fi1)
forall 1 <4, j <m and a € ¢4, Aegy,. Then

o(fi; @ eg,) = polfir)eg o(f15) = po(fij) = eqpo(fij)eg;

and ¢(1a,, ®eq,) =e.

Take B = M, ® €4, Aey,. Then B is in the finite saturation of local tracial
Q. By Theorem 2.7, we have B is in the finite saturation of local tracial Q.

Using the same method as in [11], we can prove that

(1) ||ae — eal| < mn < ¢, for any a € G,

(2) exe €. (M., ® eg4, Aeg, ) for any x € G,

(3) [1a —e] = [ag, (1 —e)] < [p] < [0]. O
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