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ABSTRACT. Using variational arguments, we prove the existence of in-
finitely many solutions to a class of p-biharmonic equation in RN . The
existence of nontrivial solution is established under a new set of hypothe-
ses on the potential V' (z) and the weight functions hi(x), ho(z).
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1. Introduction and main result

In this paper, we are interested in the existence of multiple solutions for the
p-biharmonic equation

A(|AuP2Au) + V(@)[uf%u = f(a,u), xRV,

1.1
(1) ue E=D*RN)nLIRY,V),

where f(z,u) = hy(z)|u|™ 2u+ ho(2)|u|7%u, 2p < N, 1 <p < qg<m < p, =
Np_sz and V(z) > 0 is a potential function.
When Q is a bounded domain of RY, the problem
A?u = h(z,u), x€Q

u=Au=0, x€0dQ

(1.2)

has been studied extensively in recent years. Problem (1.2) arises in the study
of traveling waves in suspension bridges and the study of the static deflection of
an elastic plate in a fluid, see [10,16,27]. Since then, more nonlinear biharmonic
equations and p-biharmonic equations have been studied, and the existence of
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solutions for nonlinear fourth order differential equations have been paid a great
deal of interest, see [3,12,13,17]. In those papers, the equation

(1.3) A(|Au|P72Au) = h(z,u), z€Q

with suitable boundary condition is studied. For p = 2 and Q = R, fourth-
order elliptic problem (1.3) also attracts a lot of attention, see [5,8,19,26,28,29].
However, to the author’s knowledge, it seems that very few results are de-
voted to the elliptic equations of p-biharmonic type in unbounded domain R,
The main purpose of this paper is to investigate the existence of multiple
solutions of problem (1.1). Different from some known works, the equation that
we considered is quasilinear, which might have degeneracy or singularity. In
fact, if p > 2, the equation is degenerate at the points where Au = 0; while if
1 < p < 2, then the equation has singularity at the points where Au = 0. Since
the nonlinear term f(x,u), in general, is not radially symmetric with respect
to x, it is inappropriate to seek for the radial solutions. Here, we use the
variational methods to study the existence of nontrivial solutions for problem
(1.1). In particular, we are interested in the existence of solutions depending
on the potential function V' (x) and the weight functions hq(x), ho(x) in (1.1).
Many authors have also considered the existence and multiplicity of solutions
for the equation
(1.4)
— div(|VuP=2Vu) + V() [u|P~2u = Ay (2)|u]?%u + ho(z)|u|™%u, = e RN

and we observe that interesting conditions on V(x) have been studied. For
examples, the paper due to Berestycki and Lions [4] with the potential V (z) =
b > 0 in RY was considered, also see [0, 14,27]. In Jeanjean and Tanaka [15],
Liu [18], the potential V' (z) has been assumed asymptotic to a positive constant,
that is, there is @ > 0 such that

(1.5) 0<V(z)<a YzeRY and lim V(z) = o

|z] =00

In Miyagaki [23], Mihéilescu and Radulescu [22], the authors have focused
attention on the case in that V() is coercive, that is, V(z) — oo as |z| — oo.
In Barstch and Wang [2], a more weak condition than coercivity on V() has
been assumed, more precisely, it was supposed that for all M > 0,

(1.6) meas({z € RY : V(z) < M}) < .

This assumption guarantees that the embedding W1 2(RY) < L*(RY) is com-
pact for 2 < s < 2* = 2N/(N — 2). The potential V' (z) vanishing at infinity,
that is, V(z) — 0 as |z| — oo, has also received much attention, see [1,7,20]
and the references therein.
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In this paper, we are motivated by the above papers and interested in the
existence of multiple solutions for problem (1.1) by considering a new set of hy-
potheses on the potential V' (z) and the weight functions hy(z), he(z). Through-
out this paper, we make the following hypotheses.

(H1) The power parameters p,q, m satisfy 2p < N and 1 < p < g <m <

_ _pN
Dx = N-—-2p"

(Hy) V(z) is continuous and positive in RY.
(H3) The functions hi,hy € L¥(RY), hi(z) > 0 a.e. in RY and ho(z) > 0
in RY. In addition,
B2 e 1 ®Y) and @)V (@) 5 0, ha(@)|V@)[FE 20 as fa] - oo,
(Hy4) The functions hi,hy € L¥(RY), hi(z) > 0 a.e. in RY and ho(z) > 0
in RY. In addition,

hi(z) € L*(RYN), ha(z) € LP(RY), where a = P , B= P
1(x) € LYRY), ho(x) € L7(RY) p— P

Remark 1.1. Assumptions (Hjz) — (Hy) are independent. For example, let
V(z) =1 and k > N, then the function

1, 0< |z <1,
(17) () = {

exp(—\x|k|sin7r|x\|1/0‘), |z] > 1

satisfies (Hy), but hi(x) 4 0 as || — oo. On the other hand, the function
hi(z) = 1 for |z| < 1 and hy(x) = |2|=° for |z| > 1 and any § > 0 satisfies
(Hs), but does not necessarily verify (Hy).

Remark 1.2. The authors in [14] studied the existence of infinitely many solu-
tions of (1.4) with p =2,A =1,V (z) = 1 and different assumptions on h; and
hg. Our assumption (Hg) is different from their assumptions.

In order to state our main result, we introduce some Sobolev spaces and norms.
Let

(1.8) X =D?*?R") = {ue LPRY): Aue LP(RY)}
with the norm [ju||x = [|Aul|, and

(1.9) E= {u € D*?(RV) : /NV(x)|u|pdx < oo}
with the norm ’

(1.10) ulle = (/RN(lAu\p +V(@)[ul”)dz) /7.

We denote by S, the Sobolev constant, that is,
) S~ |AulPdx
i
weD2:2(RN)\{0} (fRN |u Dx dg;)P/P*

(1.11) S, =
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and
(1.12) s*(/RN lu

Obviously, the embedding X « LP~(RY) is continuous.

It is well known that S, is achieved by a (unique, up to a multiplicative
constant, and up to dilations and translations in RY) positive and radially
symmetric function, see [25].

P+ )P/ P+ S/ |Au|Pdz, Yu € D*P(RY).
RN

Definition 1.3. A function u € F is said to be a (weak) solution of (1.1) if
for any ¢ € F, there holds
(1.13)

/ (|Au|P2Aulp + V]u[P~2up)dz z/ (R |u|™2u 4 ho|u|?u)pd.
RN RN

Our main result in this paper is as follows.

Theorem 1.4. Let (Hy) — (Hz) hold. In addition, suppose that either (Hs)
or (Hy) is satisfied. Then problem (1.1) admits infinitely many nonnegative
solutions u, € E such that J(u,) = 00 as n — oo.

This paper is organized as follows. In section 2, we set up the variational
framework and establish some lemmas, and then we prove theorem 1.3.

2. Proof of Theorem 1.4

In this section, we first set up the variational framework for problem (1.1),
and in the position of the hypotheses in Theorem 1.4, we derive some lemmas
and finally give the proof of Theorem 1.4.

Let J(u) : E — R be the energy functional associated with problem (1.1)
defined by

1 1 1
2.1) J(u) = —|ullf, — — hilu|™dx — - holul?dz, Yu € E.
1) T = lullp = - [ mpde =2 [ hafultae, v e

From the hypotheses on hy and hsy, we see that the functional J € Cl(E,R)
and its Gateaux derivative is given by
(2.2)

J’(u)go:/N(\Au|P72AuAap+V|u|p72ug0)dxf/N(h1|u|m72u+h2|u|q72u)apdm,Vgo €E.
R R

In order to prove the main theorem, we recall some useful concepts and
results.

Definition 2.1. Let E be a real Banach space, J € C'(E,R) and ¢ € R. We
say that J satisfies the (PS). condition if any (PS). sequence {u,} C E such
that

(2.3) J(up) = e, J'(up) =0 in E* as n— oo
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has a convergent subsequence in E.

Proposition 2.2. (Theorem 6.5, [24]). Let E be an infinite dimensional real
Banach space, J € CY(E,R) be even and satisfy the (PS). condition and
JO0)=0. IfE=Y @ Z, in which Y is finite dimensional, and J satisfies

(J1) there exist constants p, g > 0 such that J(z) > ap on 0B, N Z;

(J2) for each finite dimensional subspace Eo C E, there is an R = R(Ep)
such that J(z) <0 on Ey \ Br, where Bg ={z2 € E: ||z|g < R},0Br ={z €
E:|z|p = R}

Then J possesses an unbounded sequence of critical values, i.e. there exists
a sequence {u,} C E such that J'(un) =0 and J(u,) — 00 as n — 0.

In the following, we let all hypotheses in Theorem 1.4 hold.
Lemma 2.3. Any (PS). sequence {u,} of J is bounded in E.

Proof. Let J(u,) — ¢,J' (u,) = 01in E* as n — co. Then, for large n, one sees
that

1 1 1
(24) et 1+ lunlle = J(un) — gJ’(un)un > (5 - 5)\\un\l%-
This implies that the sequence {u, } is bounded in E and the proof is finished.

O
Lemma 2.4. The space E is compactly embedded in L™ (R, h1) and LY (RN, ha).

Proof. Let {u,} be a bounded sequence in E. Then there exists a subsequence
of {uy}, still denoted by {u,}, and v € E such that as n — oo,

(2.5)  unllp £ M, u, — v weakly in E, u, — v in Lj (RY),
1 <5< py, up(z) = v(z) ae in RY

with some constant M > 0.
We begin with assuming (Hs). First it is important to observe that for each
fixed z € RY, the function

(2.6) g(s) =V(x)sP™™ + 7™ Vs >0
attains its minimum A\ [V (z)| %5 at so = oL V(z), where
_ —p\rr
(2.7) =2 p<m p) .
Px =M \Px — MM

Hence,
(2.8) M|V ()| 777 < g(s) = V(x)s" ™ 4 s"~ ™, Vo eRN, Vs> 0.
By (Hs), for any small € > 0, there exists a > 0 such that

Px—m

(2.9) 0<hi(z) <eq[V(x)]r—r, Vz|>a
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and so
(2.10)0 < hy(2)|s|™ < eM (V(z)|s|? + |s
Then inequality (2.10) gives

(2.11) o ()| < e)\l/ V(@) |un]? + [un

c c
Ba a

P+) Vx| > a, and Vs € R.

P)dx.

where B, = {z € RN : |z| < r} and B¢ = {z € RY : |z| > r} for r > 0.
On the other hand, it follows from the Young inequality with € > 0 and

(1.12) that
(2.12) 0 < /h1|un|mdm
B,
< e/h1|un\pdx+05/h1|un\p*dm
B, B,
< 6M1||un||£,V+MQC€Hun|€E*
where
(2.13)
My = x| Mo = max{hn ). ully = [ Vi

Then we get from (2.11) and (2.12) that
(214)  0< / (@) n| ™ < €My |2y + MoCollun[%
RN

Similarly, for any € > 0, there is b > 0 such that

(2.15) Og/hzlunlqu < eMslunlly y + MaCellun|%

By

haluy|%dz < e/(V(m)|un|p+ [t |P*)d

B¢ B¢
and
(216) [ |hal@)llualdo < eMallunl] + MiCelunl

R
where
ho

(2.17) My = H b My = max{1, || ha]|o}-

Choosing My = max{Ml,M3} and € =
(2.16) that

4p}%, we obtain from (2.14) and

Px
E

1
(2.18) 0 < / o | d +/ hlun]?de < —[[un |2 + Co
RN RN 2p

with some constant Cy > 0.
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On the other hand, it follows from (2.5) and (2.11) that

(2.19) 0 g/B

where M is the constant in (2.5). Since m € (p,p.) and hy € L>®(RY), it
follows from Sobolev compact embedding in bounded domain that

hilu,|™de < 2eMP and 0 < / hilv|™dx < 2e MP,
B

c c
a a

(2.20) fim [ B (@) un| " dz = / ha ()]0 da.
n—roo Ba. Ba,

Then, combining (2.19) with (2.20) yields

(2.21) lim [ B ()| de = / o () |o| ™ dav.
n—oo RN RN

Using Brezis-Lieb Lemma [6], we derive

(2.22) lim hi(x)|u, —v|™dx = 0.

n—oo RN

Similarly, we have

(2.23) lim ho(x)|uy, — v|%dx = 0.
n—oo RN
Arguing as in [30], if (Hy) is true, then for every € > 0, there exists py > 0
such that
(2.24) / |hi(x)|%dx < e, for p > po.
Be¢

P

Note that hy is bounded in B, and {u,} is also bounded in LP*(R"). Thus we
have from Holder’s inequality that
(2.25)

i m
/ 7 (@) [un—v|™dz < thHoo/ |un7v|mdx+(/ |h1(a:)|°‘dx) - (/ |un7v|p*dx)
RN B, Bg Bg

Using the fact u, — v in L™(B,) and (2.24), we obtain (2.22) from (2.25).
Similarly we have (2.23). This completes the proof of Lemma 2.4. O

Lemma 2.5. Let {u,} be a (PS). sequence and satisfy (2.5). Then the fol-
lowing statements hold.

(i) The weak limit v € E is a critical point of the functional J.
(#9) un — v in E, that is, the functional J satisfies (PS). condition.

Proof. (). From (2.5) and Lemma 2.3, one sees that as n — oo,

(2.26) /RN|Aun|P_2AunAg0dx — - |Av|p_2AvA<pdx, Yo € CSO(JRN)
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and
(2.27)

/ V(@) (fun P2 — [oP~20)pdz > 0, / (F(@yun) — F(2,0))pdz — 0.
RN RN

Then, it follows from J'(u,) — 0 in E* and (2.22)-(2.27) that
(2.28) 0= lim J (un)p = J (v)p, Ve OFRY).

Since the set C§°(RY) is dense in E, we have J'(v)p = 0,V € E. In
particular, J'(v)v = 0. Hence, v is a critical point of J in E.
(#i). Denote J'(u,)(upn — v) := P, — R, where

P, = / [|Aun|p_2AunA(un —v)+ V(x)|un|p_2un(un —v)|dx

(2.29) Ry

R, = / [hl(:c)|un|m_2un + hg(m)|un|q_2un](un —v)dz.
RN

Then the fact J'(u,) — 0 in E* implies that J'(uy)(u, —v) — 0 as n — oo.
Moreover, the fact u,, — v in F gives @Q,, — 0, where

(2.30) O, = /R 1A AvA (i, — ) + V(@) ol (un — v)]dr.

Furthermore, we have from (1.12), (2.5), (2.22) and (2.23) that as n — oo,
(2.31)

m— m m 1/m
[ @l en=vlds < Crllalalun B ( [ b@)llu—o]de)' "™ 0
RN RN

with some constant C; > 0. Similarly, we can derive that as n — oo,
(2.32)

_ 1
[ ra(e)un = vlde < Callhallllunll( [ ool ~ ol7dz) 7 =0
RN RN

Hence, we have that for large n, P, — Q. = 0,(1), where
(2.33)

P—Qn :/NUAun|p_2Aun—\Av|p_2Av)A(un—fu)+V(x)(|un|p_2un—|v|p_2v)(un—fu)]d:r.
R
For any k € N, using the standard inequality [11] given by
(2.34)
ez —yl’, p>2, Vo,yeR”
cplz —yl”
(lzl + ly[)>=»"

we have from (2.33) and (2.34) that ||u, —v||p — 0 as n — oco. Thus J(u)
satisfies (PS),. condition on F and the proof of Lemma 2.5 is finished. O

(lz|” %2 — |y["2y)(z — y)

(|22 — |y[P2y)(z — y)

\Y]

k
1<p<2, Ve,y e R,

Y]
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Proof of Theorem 1.4. Clearly, the functional J defined by (2.1) is even in
E and J(0) = 0. By Lemma 2.4, the functional J satisfies the (P.S), condition.

By dint of Proposition 2.1, we verify the conditions (J;) and (J2). For
assumption (Hzs), it follows from (2.18) that

1
(2.35) J(u) > %Huﬂ% - Collully, uekE.
Let |lullg =p = (@%0)1/(1’*_1’) and then
1
(2.36) J(u) > @pp =ap >0, with |jul|lg = p.

So, the condition (J;) is satisfied.
For assumption (Hy), we have from Holder inequality and (1.12) that

(2.37) 0 < /N(hﬂulm + holul)dz < Co(llhllallullE + Ih2llslullk), e E,
R

and

1
(2.38)  J(u) > I;HUII% = Ca(llhallallullz + [1h2llsllully), w e E,

with some constant Cy > 0. Similarly, (J1) is satisfied.

We now verify condition (J2). For any finite dimensional subspace Fy C E,
we assert that there holds J(u,) — —o0 as |lus||g = 00, u, € Fy. Arguing by
contradiction, suppose that for some sequence {u,} C FEy with ||u,||g — oo,

there is > 0 such that J(u,) > —n,Vn € N. Set v, (x) = ‘ﬁfﬁ})ﬂ , then |lv, || =
1. Passing to a subsequence, we may assume that v, = v in E, v,(z) = v(x)
a.e on RV Since Ej is finite dimensional, then v,, — v in Ep, v # 0 in R and
vl =1. Set A= {x € RN :v(z) # 0}. Then meas(A) > 0. For a.e. z € 4,
we have lim,,_, |u,(z)| = co. Hence, A C Z,, = {x € RN : |u,(x)| > 1} for
large n € N. Then, it follows from (2.1) that

- n 1 1 _
0= tim < im0 <t [2 -2 ]

< l —/]R lim inf (hl(w)lu"(x)‘m_pXZn ($)|Un($)|p)dm — .

P N N—00

Hence we conclude a contradiction. So, there is R = R(FEp) > 0 such that
J(u) < 0 for u € Ey and ||u||g > R. Then the application of Proposition
2.1 proves that problem (1.1) admits infinitely many solutions w, € F with
J(u,) — 0o as n — oo. The solutions u, can be supposed nonnegative since
J(un) = J(Jun|). Then, we complete the proof of Theorem 1.4. O
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