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ABSTRACT. The purpose of this paper is to introduce a new mapping for
a finite family of accretive operators and introduce an iterative algorithm
for finding a common zero of a finite family of accretive operators in a
real reflexive strictly convex Banach space which has a uniformly Gateaux
differentiable norm and admits the duality mapping j,, where ¢ is a
gauge function invariant on [0,00). Furthermore, we prove the strong
convergence under some certain conditions. The results obtained in this
paper improve and extend the corresponding ones announced by many
others.
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1. Introduction

Let X be areal Banach space, and X* be its dual space. The duality mapping

J: X — 2% is defined by
J(@) = {f* € X*: (., f*) = ||« || = ll«]},

where (-,-) denotes the duality pairing between X and X*. Tt is well known
that, (i) if X is a Hilbert space then J = I where I is the identity mapping;
(ii) if X is smooth then J is single-valued which is denoted by j (see [35]).

Let C be a nonempty closed convex subset of X. Recall that a self-mapping
f:C — C is said to be a contraction if there exists a constant « € (0,1) such
that || f(z) — f(y)ll < ellz —yl, Yo,y € C.

A mapping T : C — C is said to be nonezpansive if |Tx — Ty|| < ||z — y|
for all z,y € C. We denote Fiz(T) by the set of fixed points of T, that is,
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Fiz(T) = {x € C : To = 2}. Let A: D(A) C X — 2% be a multi-valued
mapping. We denote D(A) by the domain of A, R(A) by the range of A and
N(A) by the set of zeros of A (i.e., N(A) = {z € D(A) : 0 € Az} = A710).
An operator A is called accretive if for all z,y € D(A), there exists j(z + y) €
J(x + y) such that

(u—wv,j(x—y)) >0 for all u € Ax and v € Ay.

Note that the accretive mapping in a Hilbert space is called monotone. If
A is accretive, then we can define a nonexpansive single-valued mapping J,. :
R(I +rA) = D(A) for each 7 > 0 by J, := (I + rA)~!, which is called the
resolvent of A. An operator A is said to be m-accretive if it is accretive and
R(I+rA)is X for all r > 0 and A is said to satisfy the range condition if

D(A) C R(I+rA) for all r > 0, where D(A) denotes the closure of the domain
of A.

Accretive operator theory has been studied widely in nonlinear analysis.
Note that most of the accretive operator theory is connected with the theory
of differential equations. It is well known that many physically significant
problems can be modeled by the initial value problems of the form

{ 2/ (t) + Az(t) = 0,

(L) 2(0) = o,

where A is an accretive operator in an appropriate Banach space (see [10]).
Typical examples where such evolution equations occur can be found in the
heat, wave, or Schrodinger equations. Especially, one of the fundamental re-

sults in the theory of accretive operators, which is due to Browder [7], states
that if A is locally Lipschitzian and accretive, then A is m-accretive. This
result was subsequently generalized by Martin [25] to the continuous accretive

operators. If z(¢) is independent of ¢, then (1.1) reduces to Au = 0 whose
solutions correspond to the equilibrium points of system (1.1). Consequently,
considerable research effects have been devoted, especially within the past 20
years or so, to iterative methods for approximating these equilibrium points.

In recent years, some iterative methods have been developed for finding zeros
of accretive operators and related fixed points problems, see [9-11, 1619, 20,

—33,37,39] and the references therein.

In 1974, Bruck [8] introduced an iteration process and proved the conver-
gence of the process to a zero of a maximal monotone operator in the setting of
Hilbert spaces. In 1979, Reich [28] extended this result to uniformly smooth Ba-
nach spaces provided that the operator is m-accretive. Inspired by the proximal
point algorithm of Rockafellar [30] and the iterative methods of Halpern [15],
in 2003, Benavides et al. [13] studied the following Halpern type iteration pro-
cess to find a zero of an m-accretive operator A in a uniformly smooth Banach
space with a weakly continuous duality mapping J, with gauge function ¢ in
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virtue of the resolvent J, of A:
(1.2) Tptp1 = apu + (1 —ap)Jp, oy, Vn > 1.

Xu [38] and Marino and Xu [24] established the convergence theorems of the
iteration process (1.2) in a uniformly smooth Banach space. Song et al. [33]
extended the results of Xu [38] and Marino and Xu [24] to a reflexive Banach
space with a weakly continuous duality mapping J,.

In 2007, Aoyama et al. [3] studied the following iterative process in a uni-
formly convex Banach space having a uniformly Gateaux differentiable norm for
the resolvents J,, of A such that A=10 # ) and D(A) C C C (,~o R(I +1A4):

(1.3) Tpt1 = apu+ (1 — ap)Jy, Ty Y > 1,

where {a,,} C (0,1) and {r,} C (0,00). They proved that {z,} generated by
(1.3) converges strongly to a zero of A under certain appropriate conditions on
the parameters {ay, } and {r,}.

Recently, Hu and Liu [17] studied strong convergence theorem for a common

zero of a family of accretive operators in a real strictly convex Banach space.
To be more precise, they proved the following result.
Theorem HL. Let C be a nonempty closed convex subset of a real strictly
convex Banach space X which has a uniformly Géteaux differentiable norm.
Let A;: C — X (i=1,2,...,N) be a finite family of accretive operators with
ﬂﬁil N(A;) # 0, satisfying the range condition:

D(A;) CC C (R +7A;) fori=1,2,...,N.

>0

Let {ay}, {8} and {7, } be sequences in (0,1) and {r,} be a sequence in RT,
satisfying the following conditions:

(C]-) Qp +ﬂn + VY = 1;

(C2) limyyoo v =0, D07 | vy, = 00;

(C3) 0 < liminf,, o0 By < limsup,,_, o Bn < 1;
(C4) lim, oo, =7 € RT.

For any u,zo € C, the sequence {x,} is given by
(1.4) Tnt1 = Qpl + BTy + YnSr, Tn, Y1 >0,

where S, :=aol +a1J} +asJ? +...+anJY, with J, = (I +r,A;) " for
0<a;<lfori=0,1,...,N and vazl a; = 1. Then {z,} converges strongly
to a common solution of the equations A;xz =0 for i =0,1,..., N.

On the other hand, let {T;}X | be a finite family of nonexpansive mappings

such that ﬂf\;l Fiz(T;) # 0. In 1999, Atsushiba and Takahashi [1] (see also
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[21]) defined the mapping W,, : C — C as follows:

Un,l = )\n,lTl + (1 - An,l)Iv

Un,2 = AN 2ToUp 1+ (1= A 2)1,

Uon-1 = An—1Tn-1Upn_a+ (1= A n-1)],
Wh = Un,N = An,NTNUn,N—l + (1 - >\n,N)17

where {\,;}Y; C [0,1]. In 2000, Takahashi and Shimoji [36] proved that
if X is a strictly convex Banach space, then Fiz(W) = ﬂfil Fix(T;), where
Dhad, € (0,1).

Very recently, Kangtunyakarn and Suantai [20] introduced a mapping for
finding a common fixed point of a finite family of nonexpansive mappings. For a
finite family of nonexpansive mappings {7;}Y ; and sequence {\,;}¥; C[0,1],
the mapping K,, : C — C'is defined as follows:

Un,l = /\n,lTl + (1 - )\n,l)Ia

U2 = M 2ToUp1+ (1 — Ay 2)Un,

Uwn-1 = An—1In-1Upn—a+ (1= Ay n—1)Un n-2,
K, = Uyn = MnNINUpn-1+ 1 =X N)Up N1

This mapping is called the K-mapping generated by T7,T5,...,Tx and Ay 1,
)\n’g, ey >\n,N~

The present work is motivated and inspired by the idea of Kangtunyakarn
and Suantai [20] and Hu and Liu [17]. First, we introduce a new mapping as
follows: Let C be a nonempty closed convex subset of a real Banach space.
Let 4, : C— — > X(i = 1,2,...,N) be a finite family of accretive operators
and let {\,;}Y, in [0,1] and {r,;}¥, be a sequence in (0, 00). We define the
mapping W, : C — C as follows:

Uy, = Aad) (=),
Unz = Mn2J] Unai+ (1= A 2)Un s,
(1.5) :
Unn-1 = AanN—1J) Wan—2+ (1= A n-1)Unn—2,
- = U,n= )\n7NJ7{VUn,7N_1 + (1= AN)Un N1,

where J; = (I +r,A;) " foralli=1,2,...,N.

Second, we introduce an iterative algorithm for finding a common zero of a
finite family of accretive operators A; : C' — X (i =1,2,...,N) as follows:
(1.6) Tna1 = Qn f(Tn) + Bntn + VaWnn, Yn > 1,

where W, is defined by (1.5). Furthermore, we obtain the strong convergence
theorem under some certain conditions of the purposed iterative algorithm in
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a real reflexive strictly convex Banach space which has a uniformly Gateaux
differentiable norm and admits the duality mapping j,, where ¢ is a gauge
function invariant on [0, 00).

2. Preliminaries

Let U := {2z € X : ||z|| = 1} denote the unit sphere of a Banach space X.
The space X is said to be Gateauz differentiable if the limit

[l + tyl| — ||

0 t

exists for each x,y € U. The space X is said to be uniformly Gateauz dif-
ferentiable if for each y € U, the limit is attained uniformly for x € U. It is
well known that if the norm of X is a uniformly Gateaur differentiable, then
the duality mapping is single valued and norm-weak™ uniformly continuous on
each bounded subset of X (see p. 111 of [35]). The space X is said to be
strictly convez if for a; € (0,1) (¢ = 1,2,..., N) such that Zf\]:l a; = 1, then
laiz1 + aszo + - +anazn| < 1foraz; e U (1 =1,2,...,N) and z; # z; for
some i # j. In a strictly convex Banach space X, if

o1l = llz2fl = --- = lzn ]| = llarz1 + agzy + - + anan||

for all z; € X, a; € (0,1) (i =1,2,...,N) and Y~ a; = 1, then z, = x =

- =y (see [35]). The space X is said to be uniformly convez if, for each
€ € (0,2], there exists a § = d(e) > 0 such that for each z,y € U, ||z —y|| > ¢
implies M < 1-4. It is known that a uniformly convex Banach space is

a reflexive and strictly convex Banach spaces (see [35]). Let C' be a nonempty
closed convex subset of X. We call that C' has the fized point property for
nonexpansive mappings if every nonexpansive mapping of a bounded closed
convex subset D of C has a fixed point in D.

Let ¢ : [0,00) — [0,00) be a strictly increasing continuous function such
that ¢(0) = 0 and p(t) — 0o as t — oco. This function ¢ is called a gauge
function. The duality mapping J,, : X — 2% " associated with a gauge function
@ is defined by

Jo(@) ={f" € X7 {a, f7) = [lellelll), £l = w(llzl), V2 € X},

where (-,-) denotes the generalized duality paring. In particular, the duality
mapping with the gauge function ¢(t) = t, denoted by J that referred to as
the normalized duality mapping. In this case o(t) = t¢~!, ¢ > 1, the duality
mapping J, = J, is called generalized duality mapping. It follows from the

SO(||$||)J($) for each x # 0, and Jq(aj) = ||.T||q_2J($>7

definition that J,(z) = 2]

q>1 (see [0]).
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Remark 2.1. For the gauge function ¢, the function @ : [0, 00) — [0, 00) defined
by ®(t) = fot o(7)dT is convex and strictly increasing continuous function on
[0,00). Then ® has a continuous inverse function ®~1.

Remark 2.2. If a Banach space X has a uniformly Gateaux differentiable norm,
then Jy is single-valued which is denoted by j,.

Lemma 2.3. ([22]) For all z,y € X, the following inequality holds:

([l +yl) < @(lz]) + (v, dp(z +9)), Jo(z +y) € Jo(z +y).

Let D be a nonempty subset of C. A mapping @ : C' — D is said to be
sunny [27] if

Q(Qz +t(z — Qx)) = Qu,

where Qz+t(x—Qx) € Cforx € C and t > 0. A mapping @ : C — D is said to
be retraction if Qx = x for all x € D. Furthermore, () is a sunny nonexpansive
retraction from C onto D if @) is a retraction from C onto D which is also sunny
and nonexpansive. A subset D of C is called a sunny nonexpansive retraction
of C' if there exists a sunny nonexpansive retraction from C onto D. It is well
known that if X is a Hilbert space, then a sunny nonexpansive retraction Q¢
is coincident with the metric projection from X onto C.

Lemma 2.4. (see [14,23,27]) Let C be a closed and convex subset of a smooth
Banach space X and D be a nonempty subset of C. Let @Q : C — D be a
retraction and J be the normalized duality mapping on X. Then the following
are equivalent:

(a) @ is sunny and nonexpansive.

(b) 1@z — Qyl* < (z -y, J(Qr — Qy)) for all z,y € C.
(¢) (x—Qx,J(y — Qz)) <0forall z € C and y € D.

Lemma 2.5. Let C be a closed and convex subset of a smooth Banach space
X and D be a nonempty subset of C. Let Q : C — D be a retraction. Let
J be the normalized duality mapping and J, be duality mapping with a gauge
function ¢. Then the following are equivalent:

(@) (x —Qx,J(y—Qzx)) <0foral z e CandyeD.
(0) (x —Qz,J,(y —Qz)) <Oforallz € C andy € D.

Proof. Assume that y # Qz, from Lemma 2.4, we see that

lly — Qx|
< m@ - Qz,J,(y —Qz)) <0
N

(z = Qu, J,(y — Qu)) < 0.
This completes the proof. O

(x —Qux,J(y —Qx)) <0
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Lemma 2.6. (The Resolvent Identity [5]) Suppose that A > 0, u > 0 and

x € X. Then
M 12
Jr = JH()\x—i— (1 — A)Jmc).

Lemma 2.7. ([34]) Let {z,,} and {l,,} be bounded sequences in a Banach space
X and {B,} be a sequence in [0,1] with 0 < liminf, . B, < limsup,,_,. fn <
1. Suppose that 11 = (1—PBn)ln+ Bnxn for alln > 0 and limsup,,_, oo (|| ln+1—
Lol = [|#n+1 — @nl]) < 0. Then

lim ||, —z,] = 0.
n—oo

Lemma 2.8. ([38]) Assume that {a,} is a sequence of nonnegative real num-
bers such that

apt1 < (1 - Un)an +6n, Y0 >0,

where {o,} is a sequence in (0,1) and {6, } is a real sequence such that
(1) 2nZoon = 005

(ii) limsup,,_, U—n <0 or Y7 o]0 < oo.
n
Then, lim, . a, = 0.

Lemma 2.9. ([12]) Let C be a nonempty closed convex subset of a real reflexive
strictly convex Banach space X which has a uniformly Gateauz differentiable
norm and admits the duality mapping j,. Let W : C — C be a nonewpansive
mapping such that Fix(W) # 0 and f : C — C be an a-contraction mapping
with a constant a € (0,1). Suppose that {a,} is a sequence in (0,1) such that
lim,, o0 &, = 0. Then, the sequence {z,} defined by

Ty = Qpf(2n) + (1 — an)Wa,, Vn>1,
converges strongly to a point x* € Fiz(W).

Definition 2.10. Let C be a nonempty and convex subset of a real Banach
space X. Let 4; : C — X (i = 1,2,...,N) be a finite family of accretive

operators and let A1, Ao, ..., Ay be real numbers such that 0 < A\; < 1 for all
1=1,2,...,N. We define a mapping W : C — C as follows:

Uz = MJ}+ (1=,

Us = )\QJEUl‘i’(l_)\Q)Ul,
(2.2) .

Unv-1 = AnaaJN HUn—o+ (1= An-1)Un—o,

w = Unx=AJNUn_1+ (1= AN)Un_1,

where J! := (I +7rA;)" ! foralli=1,2,...,N.
Tha above mapping W is called the W-mapping generated by J}, J2, ..., J~
and )\1,A2, PN >>\N-
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3. Main results

Lemma 3.1. Let C be a nonempty closed convex subset of a real strictly convex
Banach space X. Let A; : C — X (1 = 1,2,...,N) be a finite family of
accretive operators such that ﬂivzl N(A;) # 0, satisfying the range condition:
D(A;) S CC ()RU+74;) fori=1,2,...,N.
r>0

Let A1, A, ..., AN be real numbers such that 0 < \; <1 foralli=1,2,...,N.
Let W be the W -mapping generated by JX, J2, ..., JN and A1, N, ..., An. Then
Ui,Us, ..., Un—1 and W are nonexpansive. Moreover, Fixz(W) = ﬂf\il N(A)).

Proof. For each i = 1,2,..., N, A; satisfies the range condition, we have J! is
well defined nonexpansive mapping from R(I +rA) — C with ﬂfil Fiz(J) =
ﬂij\; N(A;). Then Uy, Us,..., Uy and W are nonexpansive mappings.

To show that Fix(W) = ﬂfvzl N(A;), we first show that ﬂfil N(4;) C
Fiz(W). Let z € (), N(A;), then

Uiz = MJlz+(1—-X\)z =z,

Usz = /\2J3U12+(1—)\2)U12::Z,

Un—1z2 = NN WNn_az + Ay 1IN WUN_22 = 2,
Wz = UNZ:)\NJﬂVUN,lZ-l-(l—)\N)UN,lZ:Z.

Hence, Wz = z, i.e., z € Fiz(W).
Next, we will show that Fiz(W) C ﬂivzl N(A4;). Let w € Fix(W) and
v e ﬂfvzl N(A;). By the definition of W, we have
[w—=2l = [[Ww—o|
AN (TN Un—1w = 0) + (1 = An) (Un—1w — 0)|

< ANIINUN 1w = ol + (1= An) [Un—1w — o]
< [[Unvw =
= ||)\N,1(J,{V_1UN,2w—v)+(1—)\N71)(UN,2w—v)||
< Aol YT Un—ow = o] 4 (1= An-1)[[Un—2w — |
< [ Un—2w — ||
< Ui =
A (Jiw = v) + (1= M) (w — )|
< Alltw =l 4 (1= M) w o]
(3.1) < w2
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This implies that

lw = [l = A (Jrw — v) + (1 = Ag)(w — v)
and

[w = vl = A || Jiw = o] + (1 = M) [w = v].

So |lw—wv|| = ||[Jlw—wv||. By the strict convexity of X, we obtain that J!w = w,
ie, w € Fiz(J}!). This implies that Uyw = w. From (3.1) together with
Ujw = w, we have

lw =l = [A(J2U1w —v) + (1 = A)(Uaw — v)|
= [Ae(JFw = v) + (1 = A2)(w = v)|

and
lw =l = | 201w — vl[ + (1 = A2) [Urw — o]
= Xl S2w = vl + (1= Ao)w = v].
So ||w—vl|| = ||J2w —w]||. By the strict convexity of X, we obtain that J2w = w,
i.e., w € Fiz(J?). This implies that Usw = w. Applying the same proof as
above, we get w = Jlw = J2w =--- = JN " lwand w = Uyw = Uyw = - -- =

Un_1w. Since w € Fix(W) = Fiz(Uy) and Uy_1w = w, then w = Ay JNw +
(1 — Ay)w. This implies that w = JNw. Therefore, w € ﬂi\il Fiz(Ji) =
ﬂfil N(A;). This completes the proof. O

Lemma 3.2. For each r,s > 0,
| Jrx — Jsx| < |1 - E|||JT30 — x| for all z € X.
T

Proof. Follows from the resolvent identity, we can conclude the desired result
easily. a

Lemma 3.3. Let C be a nonempty closed convex subset of a real Banach space
X. Let A; : C — X (i =1,2,...,N) be a finite family of accretive operators
such that ﬂfvzl N(A;) # 0, satisfying the range condition:

D(4;) CCcC (VRU+r4y) fori=1,2,...,N.
r>0
Let {\,;} (¢ = 1,2,,...,N) be a sequence in [0,1] such that A\, — A; as
n — oo and {r,} be a sequence in (0,00) such that r, — r asn — co. Suppose
that W is the mapping generated by J*, J2, ..., JN and A\, N, ..., Ay and for

ryYrs
each n € N, W,,-mapping is the mapping generated by Jrln,an,...,JfX and
An1y An2s s An,n. Then, for each x € C, we have

lim,, o [|Whz — Wa| = 0.
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Proof. Let x € C. Suppose that Uy, is the mapping generated by J!, J2, ..., J~
and Aj, Ag,...,An and for each n € N, Uy, is the mapping generated by
Jrln, an, e Jg and A1, An2, ..., Ap,n. From Lemma 3.2, we have

[Uniz —Ur| = [Mnadt a4+ (1= A)a— M Jre — (1= M)z

— e @ — J1) + e - M) (T — )]

< /\n,1||7;75n$ —Jrz| + Pug = Ml S — =

< L= =2l + o = Ml e - 2

Tn
< (1= =0l 17k — .
Using the same argument as above, for each i = 2,3,..., N, we obtain that
[Un iz — Up||

= | Mrxd? Uprrz+ (1= Apr)r — M JFU—10 — (1 — M)z
ok (JE Uy = T8 Up 1) + A (JE Uy — JEUg )
+ Nk = M) (JF U1z — )|
< /\n,kHJrann,k—lx — Jrank—lx” + >\n,k||JTank—1x — Jka_1l‘||
Ak = Ml [T Up—rz —
< NUnprz = Uprz]| + |1 = {17 Uk-12 = Upaa]
+|/\n,k - /\k|||J7Ika_1IE — .TH
It follows that
[Wha — W [Un,nz — Unall
||Un,1x - Ul-TH + Zivzl |>\n,i - )\z|||JﬁU1_1l’ - Ui—l'TH

,
(‘1 — $| + A1 — )\1|) |Jte — x|
+ 30 i = Xl iU 12 — Uz

Since 1y, — r and A\, ; — A; as n — oo, then lim,,_, o |Wpz — Wz|| = 0. This
completes the proof. O

IA

IN

Next, we will show that the sequences {x,,} which is defined by the iterative
algorithm (1.5) is a convergent sequence.

Theorem 3.4. Let C' be a nonempty closed convexr subset of a real reflexive
strictly convex Banach space X which has a uniformly Gateaur differentiable
norm and admits the duality mapping j,. Let A;: C — X (i =1,2,...,N) be
a finite family of accretive operators such that ﬂf\;l N(A;) # 0, satisfying the
range condition:

D(A;)) cCcC mR(I—i—rAi) fori=1,2,...,N.
r>0

Let f : C — C be an a-contraction mapping with a constant o € (0,1). Let
{Mi} =1,2,...,N) be a sequence in [a,b] with 0 < a <b <1 and {r,} be
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a sequence in (0,00). Let {a,}, {Bn} and {yn} be sequences in (0,1). Assume
that the following conditions hold:

(Cl) an+Bn+vm =1

(C2) limy oo vy, =0, Y07 | iy = 00;

(C3) 0 < liminf,, o By < limsup,,_, o Bn < 1;
Tn+1
—_— = 1 N

(C4) liminf,, oo > 0, lim,, o . ;
(C5) Timp o0 Ant1i — Ani| =0 for alli=1,2,...,N.
For all n € N, let W, be a W-mapping generated by J J2,...,JN and
An,la )‘n,Qv
< An.N- For given x1 € C, if {x,} is the sequence defined by

(32) Tn41 = Oénf(-rn) + Bntn + VaWnzy, Vn 2> 1.

Then {x,} strongly converges to a common solution of the equations A;x = 0
foralli=1,2,... ,N.

Proof. First, we will show that {x,} is bounded. Taking p € ﬂivzl N(A;), we
have

[Zn+1 — pll
= |lan(f(xn) = p) + Bn(xn — p) + Y (Wnzy — p)||
< an|lf(@n) = FO) + anll f(p) = pll + Ballzn — pll + Y [Wazn — p|
< apallzn = pll + anll f(p) = pll + Bullzn — 2l +vnllzn — Dl
= (1—an(l—a))llzn —p| + anl f(p) —pl
< max{Hxn =l ”f(lpz ap|| }

By mathematical induction, we obtain that

L0 =2l g,y

[, — pl| < max {[|z1 —p]|,
Hence, {z,} is bounded and {f(z,)} and {ann} are also.

Next, we show that lim, o |Whtiwn — Whwy|| = 0, where {w,} is a
bounded sequence in C. Let i = 2,3,..., N — 2. From Lemma 3.2, we ob-
serve that
1Un+1,8—iwn — Un,N—iwn]|

= Ang1,n— ern+1Un+1 Neic1wn + (1 = Ang1,N—i)wn

—)\n,NﬂJNfZUn Nei—1Wn — (1 — An,N— Z)wn”
<An+1N z||JN_'Un+1N i— 1Wn_Jrn+1UnN i— lwn”
+>\n+1 N— zHJr ZUnN i—1Wn — Jrn_lUnN i— 1wn||
FAnt1,n—i — >\n,N I T Un, N —i—1wn — wal|
<NUns1,N—i—1wn — Un,N—ic1wn |41 — %H'Ji\iii(]n,Nfiflwn —Un,N—i—1wn||
n

+|Ant1,N—i — An,N7i|||J7{\;7i71Un,N7iflwn — wnl|

r
< HUn+1,N—i—1wn — Un’qu;flwnH + (’1 — :7“’ + |An+1,N7i — )\n,N7i|)M2,
n
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where My > 0 is a constant such that M, = sup,s; {||J} wn — wall +

S 1 Unim1wn = Upimawn|l}-
It follows that

HWn-‘-lwn - annH

- ||Un+1,an - n,anH

N
T'n
< NUn+1,1wn — Uniwn || + Z (!1 - TH ! + [ Ang1, — )\nzl) Mo

i=2 n

A

N
761 _ 7":7“| + | Ant11 — )\n,1|) ||J,}wn - wn”—’_qu _ In41 ’+|)\n+1,i — )\n,z‘|)M2

i=2 Tn
N
< Z (‘1 — %‘ + | Ant1, — )\n,ioMz-
i—1

From the conditions (C4) and (C5), we obtain that

(3.3) le IWht1wn — Whwy| = 0.
Next, we will show that lim,, ,« ||Zn+1 — zn|| = 0.

Let 41 = Bnan + (1 — Bn)l, for all n > 1. Then, we have

Tn+2 — /Bn+lxn+1 _ Tn+1 — ﬁnxn

ln+1 - ln =

1- ﬁnJrl 1- ﬁn

_ o1 f(@ng1) + Vi WoiZngyr anf(@n) — 1 Waan
B 1- ﬁnJrl 1- ﬁn
_ a1 f(@ng1) + (1 = ang1 = Bag ) Wag1Tnia
B 1= Bnt1

_Ocnf(ilfn) + (1 —an— L)W,

1- 8.

= 5 i) = Waizasn) = 725 ((n) = Wan)

+Wn+lxn+1 - Wn+117n + Wn-&-l‘rn - ann
It follows that

On41
N1 = lall = 2041 — zull < ———1f(@ns1) = Wat12n41 ||
1- ﬁn-i—l
Qo
+1 7 ||f($n) - ann” + HWnJrlxn - Wnﬂan

From the conditions (C1), (C2) and (3.3), we have
limsup([llp1 = lnl = l#nt1 — @al]) < 0.
n—o0
Hence, by Lemma 2.7, we obtain that

limy, o0 [|ln — zn]| = 0.
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Consequently,
(3.4) nh_?go [#n41 — 2 = nh_{{.lo(l = Bn)llln — @all = 0.
Note that

|Zn+1 — Whzs|| l|an f(zn) + Brxn + (1 — an — Bn)Waxn — Waty||
on || f(zn) — Wazn || + Bnl|Tn — Wazn ||

anllf(@n) = Wnan|[+Bn ([2n — zni1l+lzni1 — Waznll),

INIA

which implies that

fonss = Waall € T2 £(n) = Wl + 225 [ = .
From the conditions (C2), (C3) and (3.4), we have
lim,, oo [|Tntr1 — Wha,|| =0,
and hence
[zn = Waaznl < [lon — nga || + 2041 — Waanl||
(3.5) — 0asn— oo.
Note that
|z — Wy || |z = Wazn|l + [[Wazn — W, ||

<
< len = Waan | + sup,ec [[Waa — W],
In view of Lemma 3.3 and (3.5), we obtain that

(3.6) nh—>Irolo |zn — Wa,|| = 0.

Let tm = am f(tm) + (1 — am) Wiy, where {a,,} is satisfies the condition of
Lemma 2.9. It follows from Lemma 2.9, then we have x* = lim,, 00 Um. We
note that

lum — 2 lle(lum — 2al)
= an (f (Um) — xn»jw(um =) + (1 = am) (Wi — xnngo(um —Zn))
= (f(um) = f(2%) = U + 2%, o (U — 1))
Fam (f(x*) = 2%, o (Um — Tn)) + Qm (Um — T, Jio (U, — T7,))
+(1 = o) Wi — Way, jo (Um — x5))
+(1 —ap)Wzy, — 20, jo(Um — T4))
< Num = walle(lum — zull) + IWzn — zoll@(|tm — 20l])
a1+ a)p(lum — znl)) |tm — 2.

This implies that

(37) <f(x*) - x*ngo(xn - um)> <

where M3 > 0 is a constant such that Mz = sup,, > {¢(||[um — z4|)}. Now,
taking the upper limit as n — oo and m — oo, respectively, we obtain that

W, — 2]

O

Ms + (1 + )|ty — || Ms,

(3.8) limsup lim sup(f(z*) — 2", j,(zn — um)) < 0.

m—r0o0 n—oo
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Since j, is norm-weak™ uniformly continuous on bounded sets, as m — oo,
then

(flz™) = x*’jw(mn —Um)) = (f(z*) - m*mj‘P(xn —z")).
Hence, for each € > 0, there exists NV > 1 such that if m > N, for all n > 1,
then

3.9)  (f(2") —a", jo(wn —27)) < (f(27) =27, jo(2n —um)) + €.

Thus taking upper limit as n — oo and m — oo in both sides of (3.9), we get
from (3.8) that

limsup,, .o (f(z*) — %, jo(z, — %)) < e
Since € > 0 is arbitrary, then we obtain that

(3.10) limsup(f(z*) — 2", jy(xn, —2¥)) <O.

Since ®(t) = f(f o(T)dr, ¥t > 0 and ¢ : [0,00) — [0,00) is the gauge function,
then for 1 > k > 0, p(ky) < ¢(y), we get

kt t t
B(kt) = / o(r)dr = k / o(ky)dy < & / o(y)dy = k1),

Finally, we will show that x,, — =* as n — co. From Lemma 2.3, we note that

O([|zns1 — 2*))
D ([l (f(2n) = f(2) + an(f(z*) — %) + Bulxn — 2¥)
YWy — 2%)|)

< ‘I)(”O‘n(f(xn) — f(@*)) + Bu(@n — %) + Y (Whan — x*)”)
+Oén<f(13*) - :C*ajgo(l'n-&-l - 1'*)>

< ‘I)((l —an(l =)z, — 33*”) + an(f(@*) — 2%, jo(Tnt1 — %))

< (1= an(1 — @)@ (lwn — 2*) + anf(@*) — 2%, o (Ener — 2°)).

From the condition (C2), we see that > | (1—a)a, = co and by using (3.10),
we get

hmsupn%oomﬁ(iﬂ )—=z 7]<p(xn+l —z%)) <0.

Thus, by Lemma 2.8, we have ®(||z, —2*||) — 0 as n — oo. From the property
of ®, implies that z,, — x*. Therefore, we conclude that xz,, — x*. This
completes the proof. O

Remark 3.5. Theorems 3.4 improves and extends [17, Theorem 3.1] in the
following ways:

i) The fixed element u € C is replaced by more general f(zx,), where
y g
f:C — C is a contraction mapping, we obtain that is called viscosity
approximation method.
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(ii) The normalized duality mapping J : X — X* is extended to more
general duality mapping J, : X — X* with a gauge function ¢ :
[0,00) — [0, 00) which covers the case p(t) = t.

(iii) The algorithm (3.2) likes completely the Hu and Liu’s algorithm (1.4),
but the mappings S,, and W, are very different.

Remark 3.6. The mapping W, defined by (1.4) is very different from the map-
ping K, in [20] because the mapping K, is contains a finite family of nonex-
pansive mappings while the mapping W,, is contains a finite family of accretive
operators.

If we take f(x) =wu € C in Theorem 3.4, then we have the following result:

Corollary 3.7. Let C' be a nonempty closed convex subset of a real reflexive
strictly convex Banach space X which has a uniformly Gateauz differentiable
norm and admits the duality mapping j,. Let A;: C — X (i =1,2,...,N) be
a finite family of accretive operators such that ﬂi\il N(A;) # 0, satisfying the
range condition:
D(A;)CCcC (VRU +r4y) fori=1,2,...,N.
r>0

Let {\,;} (i = 1,2,...,N) be a sequence in [a,b] with 0 < a < b < 1 and
{rn} be a sequence in (0,00). Let {an}, {Bn} and {vn} be sequences in (0,1).
Assume that the conditions (C1) —(C5) of Theorem 3.4 hold. For given u, 1 €
C, if {x,} is the sequence defined by

(3.11) Tpt1 = QU + By + W Whay, Yn > 1.

Then {x,} strongly converges to a common solution of the equations A;x = 0
fori=1,2,...,N.

If we take N = 1 in Theorem 3.4, then we have the following result for a
single mapping:

Corollary 3.8. Let C be a nonempty closed convex subset of a real reflexive
strictly convex Banach space X which has a uniformly Gateaux differentiable
norm and admits the duality mapping j,. Let A: C — X be a finite family of
accretive operators such that N(A) # 0, satisfying the range condition:

D(A) C C C R(I +1A).

Let f : C — C be an a-contraction mapping with a constant o € (0,1). Let
{rn} be a sequence in (0,00) and {an}, {Bn} and {y,} be sequences in (0,1).
Assume that the conditions (C1)—(C4) of Theorem 3.4 hold. For given x1 € C,
if {xzn} is the sequence defined by

(3.12) Tnt1 = an f(@n) + Bnn + Yo dr, Tn, VR > 1.

Then {xz,} strongly converges to a common solution of the equation Ax = 0.
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4. Some applications

In this section, as applications, we will utilize Theorem 3.4 to deduced several
results. As a direct consequence of Theorem 3.4, we have the following results:

4.1. Application to a finite family of continuous pseudocontractive
mappings. Let C be a nonempty closed convex subset of a real Banach space
X which admits the duality mapping j,. A mapping T : C' — C' is said to be
pseudocontractive if there exists j,(x —y) € J,(x — y) such that

(Tx =Ty, jo(x —y)) < ||z —ylle(lz —yll), Y,y € C.

It is well known that the class of pseudocontractive mapping is more general
than the class of nonexpansive mapping. Moreover, the class of accretive map-
pings is the class of pseudo-contractive mappings. A mapping A : C' — X is
said to be pseudocontractive if T := I — A is accretive. From Theorem 3.4, we
observe that z* is a zero of the accretive mapping A if and only if it is a fixed
point of the pseudocontractive mapping 1" := I — A.

Theorem 4.1. Let C' be a nonempty closed convexr subset of a real reflex-
we strictly convex Banach space X which has a uniformly Gateaux differ-
entiable norm and admits the duality mapping j,. Let T; : C — X (i =

1,2,...,N) be a finite family of continuous pseudocontractive mappings such
that N\, Fiz(T;) # 0. For eachr > 0, let Ji := (I+r(I—T;))" " = (2 —T;)~"
(i=12,....,N) and f : C — C be an a-contraction mapping with a con-

stant o € (0,1). Let {\,;} (¢ = 1,2,...,N) be a sequence in [a,b] with
0<a<b<l,{r,} beasequencein (0,00), {an}, {Bn} and {y,} be sequences
(0,1) which satisfy the conditions (C1) — (C5) in Theorem 3.4. For alln € N,
let W,, be a W-mapping generated by J!, J2, ..., J,{V and Ap 1, An2, -0 An,N-

For given x1 € C, if {z,} is the sequence defined by

(4.1) Tpt1 = A f(Xn) + BnZn + 1 Wnn, Vn > 1.

Then {x,} strongly converges to a common fized point z* € ﬂf\il Fix(T;).
Proof. For each i = 1,2,..., N, we set A; := I — T; into Theorem 3.4. Then,
Fiz(T;) = N(A;) for all i = 1,2,.., N and hence (\\, Fiz(T;) = N, N(A;).
Furthermore, each A; for i = 1,2,..., N is m-accretive. Therefore, the proof

is complete from Theorem 3.4. O

4.2. Application to a viscosity approximation with weak contraction.
Let C' be a nonempty closed convex subset of a real Banach space X. A
mapping g : C — C'is said to be weakly contractive (see [1]) if

l9(x) = 9@l < llz =yl = d(llx = yl)), Yo,y € C,

where ¢ : [0,00) — [0, 00) is a continuous and strictly increasing function such
that ¢(0) = 0 and lim;_,o, () = co. As a special case, if ¥(t) = (1 — a)t for
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t € [0,00) and « € (0, 1), then the weakly contractive mapping g is contraction
with a constant a.

In 2001, Rhoades [29] proved a Banach contraction principle for the weakly
contractive mapping as follows:

Lemma 4.2. ([29]) Let (X,d) be a complete metric space, and g be a weakly
contractive mapping on X. Then g has a unique fized point in X.

Lemma 4.3. ([2]) Assume that {a,} and {b,} are sequences of nonnegative
real number and {a,} is a sequence of a positive real number satisfying the

conditions: ZZOZO ap =00 and lim, o — = 0. Let the recursive inequality
an

ant1 < ap — ay¥(ay) + by, Vn >0,

hold, where ¥(a) is a continuous and strict increasing function for all a > 0

with U(0) = 0. Then, lim, o a, = 0.

Theorem 4.4. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X which has a uniformly Gateaux differentiable norm and admits
the duality mapping j,. Let A; : C — X (i = 1,2,...,N) be a finite family
of accretive operators such that F := ﬂfil N(A;)) # 0. For all > 0, let
Jii= (I +rA)t (i=1,2,...,N) and g : C — C be a weakly contractive
mapping with the function . Let {A\,;} (i = 1,2,...,N) be a sequence in
[a,b] with 0 < a < b < 1, {r,} be a sequence in (0,00), {an} {Bn} and
{n} be sequences (0,1) which satisfy the conditions (C1) — (C5) in Theorem
3.4. For alln € N, let W,, be a W-mapping generated by J, J2,...,JN and
A1y An2s - An n. For given zq € C, if {x,} is the sequence defined by

Then {x,} strongly converges to a common solution of the equations A;x = 0
foralli=1,2,... N.

Proof. Since a Banach space X is smooth, then by Lemma 2.5, there exists a
sunny nonexpansive retraction @) from C onto F. Moreover, Q) o g is a weakly
contractive mapping. Indeed, for all z,y € C, we see that

[(Qog)z—(Qog)yll = [1Q(g(x)) —Q(g(v))ll
< lg(z) =gl < llz —yll — ¥z —yl).
By Lemma 4.2, it guarantees that @ o g has a unique fixed point z* € C such
that Q(g(x*)) = z*. Now, we let y; € C and define a sequence {y,} by
Yn+1 = ang(x*) + ﬂnyn + 'Yanyvu Vn > 1.

Then by Corollary 3.7 with u = g(2*), we have limy, o0 yn = Q(g(a*)) = z* €
F.
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Next, we will show that z,, — =* as n — co. Note that

lrn+1 — Yniall
llon (g(zn) — g(x™)) + Bn(Tn — yn) + 1 (Wnzn — Wayn)||

< anllg(@n) = gyn)ll + anllg(yn) — 9@l + Ballzn — ynll| + Vo[ Waan — Wayal|
< anllzn = yull = anp(|zn — yull) + anllyn — 2" — antp(llyn —27|))
+(1 — an)l|zn — ynll
< lzn = ynll = antp(lzn — ynll) + anllyn — 27
Since limy, 00 [|[yn — =*|| = 0, then by the condition (C'1) and Lemma 4.3,
we have lim,,_, o |2 — yn| = 0. Therefore, we conclude that x,, — «*. This
completes the proof. O
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