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ABSTRACT. Hyperplanes and hyperplane complements in the Segre prod-
uct of partial linear spaces are investigated. The parallelism of such a
complement is characterized in terms of the point-line incidence. As-
sumptions, under which the automorphisms of the complement are the
restrictions of the automorphisms of the ambient space, are given. An
affine covering for the Segre product of Veblenian gamma spaces is estab-
lished. A general construction that produces non-degenerate hyperplanes
in the Segre product of partial linear spaces embeddable into projective
space is introduced.
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1. Introduction

The term affinization is not widely used. Its idea however, is not only well
known but also applied very often in geometry. It has been spotted in [19] and
means construction of the complement of a hyperplane in some point-line space,
inspired by construction of an affine space as a reduct of a projective space. To
be fair we should cite a lot more papers here. Those of a great impact for our
work are [5] and [6]. A problem that is closely related to the removal of a point
subset or a line subset or both is reconstruction of the ambient space from the
remainder. This is addressed in [20] for projective spaces and for Grassmann
spaces, while [23] deals with the Segre product of Grassmann spaces.

The main part of the paper starts with the characterization of hyperplanes
in the Segre product 2 of partial linear spaces (Theorem 4.1). These are sim-
ilar to structures investigated in [1] and [2]. Generalized projective geometries
introduced in [1] are products of two geometries, such that some distinguished
subsets of this product have the structure of an affine space. In the case of
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Affinization of Segre products 1102

projective spaces, these subsets are directly affine spaces that emerge as hy-
perplane complements. Likewise, we are interested in locally affine structures
obtained as a hyperplane complement 9t \ 3, the result of affinization. In this
context issues typical to affine geometry with parallelism arise. Our goal is to
solve some of them.

The automorphism group of M \ H is characterized (Theorem 4.18). We
prove that the parallelism ||4¢ is definable in terms of point-line incidence of
the product 9 (Proposition 4.17) like it is in most of geometries that resemble
affine spaces. One of the exceptions could be a spine space with affine lines
only (cf. [24]).

The next problem concerns the existence of a hyperplane H in 9 such that
the complement 91\ H is not isomorphic to the Segre product of the related
hyperplane complements taken in the components of 9. Those isomorphic to
such products are relatively easy to find (cf. Proposition 4.9). In any case,
under assumption that 9 is the product of Veblenian gamma spaces with lines
thick enough, the complement 9t \ K is covered by affine spaces (Fact 5.1).

In the last section we focus on the Segre product 997 which components are
embeddable into projective space. For such 9t we introduce a general construc-
tion of a hyperplane, which idea is based on the characterisation of hyperplanes
in Grassmann spaces provided in [27] (see also [7,11,12]). This makes possible
to show that numerous non-degenerate hyperplanes in 91 exist. The complete
characterization of hyperplanes in 971 is challenging and worth to be done, but
it is not the goal of this paper. This characterization frequently involves com-
putations related to multilinear forms and hyperdeterminants. Many results in
this area can be found in the literature or the Internet, but none of them gives
an ultimate answer to our problems. So, we can only explicitly characterize
hyperplanes in the Segre product of projective spaces, which is, with no doubt,
the most significant class.

2. Generalities

2.1. Partial linear spaces, hyperplanes and parallelism. A structure
M = (S,L), L C 9(S), where the elements of S are called points and the
elements of £ are called lines, is a partial linear space if and only if there are
two or more points on every line, there is a line through every point, and any
two lines that share two or more points coincide. We say that the points a,b € S
are collinear or adjacent in 9 and write a ~ b when they are on a line of 91,
denoted by a,b. It might be confusing which line is which when substructures
of 9 come into play but this should be clear from the context. The set of
all the points adjacent to a given point a is [a]. := {b € S: a ~ b}. A partial
linear space where every two points are collinear is a linear space. Two lines
L, K are said to be adjacent, in symbols L ~ K, whenever they share a point.
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We say that three pairwise distinct points a,b,c € S form a triangle in 9
if they are pairwise adjacent and not collinear. A subspace of 9 is a subset X
of S with the property that if a line L shares two or more points with X, then
L is entirely contained in X. A subspace X of 9 is strong if any two points
in X are collinear. We call a subspace X of 9T a hyperplane if it is proper and
every line of 9 meets X. In other words a hyperplane is a set X of points such
that every line meets X in one or all points.

A partial linear space is connected if and only if adjacency relation ~ is
connected, i.e., when any two points p,q can be joined by a sequence p =
ag ~ ay ~ - ~ ap, = q. It is strongly connected if and only if given at
least 2-element strong subspace X and a point p, there is a sequence of strong
subspaces Yy, ...,Y, such that X = Yy, p € Y,,, and 2 < |Y;_1 NY;] for all

i =1,...,n. It is clear that every strongly connected partial linear space is
connected. In what follows we restrict ourselves to connected partial linear
spaces.

Our results involve two specific properties of hyperplanes which we define
here in general setting. A subset X of S is called
e spiky when every point a € X is adjacent to some point b ¢ X,
e flappy when for every line L C X there is a point ¢ ¢ X such that
L C[a]~.

Lemma 2.1. A flappy hyperplane of a partial linear space is spiky.

Proof. Let 9 = (S, L) be a partial linear space, let H be a hyperplane in 9.
Suppose that H is not spiky. Then there is a point ¢ € H such that each line
through ¢ is entirely contained in H. Let ¢ € L € L. As H is flappy there is
a ¢ H such that L C [a]~. In particular, a ~ ¢, which is impossible. a

However, a spiky hyperplane need not to be flappy.

Example 2.2. Let P = (S, L) be a projective 3-space, L be a line, and
H a hyperplane in P such that L C H. Take a line M, which is skew
to L. There is a bijection f: L — M. Let £1 = {a,f(a): a € L} and
Lo={K e L: KNL=0}. Then ¥ is spiky but non-flappy in (S, £; U Ls).

Obviously, in case of linear spaces all hyperplanes are flappy and thus spiky
as well. Moreover, in this case hyperplanes are maximal proper subspaces,
so there are no distinct hyperplanes such that one is contained in the other.
However, it is possible in partial linear spaces.

Example 2.3. Take a projective space 8 = (S, £) that is at least a plane. Let
X1, X5 be two distinct hyperplanes in . Set H; := X7 N X5, Hy := X, and

M = <X1 UXQ,{LEﬂZ LCX, UX2}>.

It is clear that 90t is a partial linear space where J{;, s are two distinct hy-
perplanes with J; C Hs.
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One can also say that hyperplanes in linear spaces are minimal sets satisfying
their definition. Spiky hyperplanes, which are of our principal concern in this
paper, exhibit similar behaviour in partial linear spaces, they are minimal sets.

Lemma 2.4. Let Hy,Hy be hyperplanes in a partial linear space with H; C Ho.
If Hy is spiky, then Hy = Ho.

Proof. Suppose that there is a point p € Hy \ Hy. As Ho is spiky, there is a
line L such that L N Ha = {p}. But then L NH; = ), a contradiction. O

A hyperplane restricted to a substructure is a hyperplane in that substruc-
ture.

Lemma 2.5. Let Sg C S, Lo C LNK(Sy), and H be a hyperplane in M. If
So & H, then H N Sy is a hyperplane in (So, Lo).

Proof. Set My := (So, Lo) and Hy := H N Sy. Let L € Ly be such that
|LNHo| > 2. Then |[LNKH| > 2. Since L C Sy, we have L C Hy. Therefore
Ho is a subspace of My. The assumption Sy € H implies that Hy is a proper
subspace of 9My. Next, let K € L. Notice that thereisp € KNH. As K C S
we get p € K N Hy which completes the proof. O

A gamma space is a partial linear space where [a]. is a subspace for all
a € S. Gamma spaces are also known as those partial linear spaces satisfying
none-one-or-all axiom. A partial linear space is said to be Veblenian if and
only if for any two distinct lines L1, Lo through a point p and any two distinct
lines K7, K5 not through the point p whenever Ly, Lo ~ K7, Ko, then K7 ~ Ks.
Note that a projective space is a Veblenian linear space with lines of size at
least 3.

A structure

2 = <S’ L, ||>

is a partially affine partial linear space if and only if (S, L) is a partial linear
space and || is an equivalence relation on £ such that L ~ K and L || K implies
that L = K for all L, K € L. A partially affine partial linear space 2[ is an
affine partial linear space (cf. [25]) when for all a € S,L € L there is K € L
such that a € K || L. A partially affine partial linear space 2 is said to satisfy
the Tamaschke Bedingung when

(2.1) for any two lines Ly, Lo through a point p and any two other lines
Kl,KQ not th’f‘OUghp Zf Kl ~ Ll,LQ, K2 ~ Ll, Kl || K2 then L2 ~ KQ,
and it is said to satisfy the parallelogram completion condition when

(2.2) for any two pairs of parallel lines Ly || Lo, K || Ka
Zf Ll,LQ ~ K1 and L1 ~ KQ, then L2 ~ Kg.
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Observe that, in this approach, an affine space is an affine linear space which
satisfies the Tamaschke Bedingung and the parallelogram completion condition.

2.2. Segre products. Let I be a countable set (2 < |I]) and let 9M; = (S;, L;)
be a partial linear space for i € I. Take
S = XierS;.

To make notation easier we apply the following convention: given a = (ai,as...)
in S and i € I, for a point = € S; we write

a[z/x] = (ala sy A1, L5 Bt 1y - - - )7
for a set A C S; we write
a[z/A] = {(al, e ,ai,l)} X A X {(ai+1, e )}7

for a family F = {A; C S;: j € J} of subsets of S;, J being some set of indices,
we write

ali/F) = {{(al, cosaio)} X A; X {(aig1,.. )} g € J}.

Now take
L= U{a[i/ﬁi]: ae 5}.
iel
The structure

®9ﬁz = <S’ ‘C>

il
will be called the Segre product of 9t;. We say that a line L in this product
arises as a line [ of M; if L = a[i/l] for some a € S, i € I. Based on [15] let us

recall some simple facts.

Fact 2.6. Let M = Q)

(i) The product M is a partial linear space. The connected component of a
point a of M is the set {x €s: ‘z T # ai| < oo}. Consequently, M is
connected whenever I is finite.

(ii) A triangle in O has the form ali/T;] for some a € S, i € I, and a triangle

(iii) A strong subspace of M has the form ali/X;] for some a € S, i €I, and
a strong subspace X; in IM;.

(iv) If all the M; are gamma spaces, then M is a gamma space.

(v) If all the M; are Veblenian, then M is Veblenian.

IM; be the Segre product of partial linear spaces M.

If 2; = (S, Ls, ;) is a partially affine partial linear space for i € I we define
the Segre product A = &),.; A = (S, L,[|) so that (S, L) = &, (Si, Li) and
for lines L, K of 2 we have

(2.3) L||K : ifandonlyif (Jiel)[L;|: K]
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L;, K; being i-th coordinate of L, K respectively. For further applications
let us define a parallelism ||~ on £ by the following formula, much more, in
fact, in the spirit of a product

Fact 2.7 (cf. [25]). (i) The Segre product U is a partially affine partial linear
space. Its connected components are as in Fact 2.6(i).

(ii) If the A;’s are affine partial linear spaces, then 2 is also an affine partial
linear space.

(i) If2A; satisfies the Tamaschke Bedingung for all i € I, then 2 also satisfies
this condition.

(iv) If2; satisfies the parallelogram completion condition for all i € I, then A
also satisfies this condition.

Remark 2.8. The structure 20 = (S, L, ||™) is a partially affine partial linear
space, but it is not an affine partial linear space. To show this, note that,
clearly 2 is a partial linear space and ||™ is an equivalence relation on £. Let
iel,ae S, 1l eL;and L = ali/l]. Suppose that there is K € £ such that
L~ K and L ||~ K. Then K = a[i/k] for some line k € £;, k ||; | and lines k,
[ share a point. It follows that k£ = [ and consequently K = L, so 2 is partially
affine.

There is however b € S such that for some i1,i5 € I we have b;,,b;, # a; for
all i € I. Hence no line through b is parallel to L, and thus 2( is not affine.

3. Affinization of partial linear spaces

Let M = (S, L) be a partial linear space and H its hyperplane. We write
L> ={L e L: L {H}. Foreach L € L there is a unique point L € H with
L* € L. This enables us to define a natural parallelism ||g¢ on £> x L= by
the following condition

(3.1) Ly K < L®=K>.

The complement of H in 9 is

(3.2) M IC = (S5, L%, 150).
With straightforward reasoning we get the following.

Fact 3.1. Let M be a partial linear space and let H be its hyperplane.

(i) The complement A = M\ H is a partially affine partial linear space.
(i1) If H is spiky, then the complement A is an affine partial linear space if
and only if a ~ b for alla € H and b ¢ H.
(iil) If M is a linear space, then A is an affine linear space.
(iv) If9 is Veblenian, then A satisfies the parallelogram completion condition
and the Tamaschke Bedingung.
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Remark 3.2. The converse of Fact 3.1(iii) is false, in general. To see this,
take any linear space 9 = (S, L) with a hyperplane H (e.g. let 9% be a
classical projective space). Consider the set L(H) = {L € £L: L C K}, then
M = (S, L\ L(H)) is not a linear space. Nevertheless, H is a hyperplane of
M and P\ H =M\ K is a linear space.

Affinization may break vital properties like connectedness.

Example 3.3. Let Y7,Ys be two projective k-subspaces of a projective space
B such that H = Y7 NY;5 has dimension £ — 1 > 1. Let 9 be the restriction of
B to Y7 UY5. Then M is a strongly connected Veblenian gamma space and H
is a flappy hyperplane in 9. However, 9 \ H is not connected, and thus not
strongly connected.

It may also break the property of being spiky or being flappy. That is, if
X is a flappy hyperplane in 90, then its restriction to a substructure (Sp, Lo),
in the sense of Lemma 2.5, may be non-spiky, and consequently non-flappy,
hyperplane in that substructure.

There is a natural correspondence between strong subspaces of hyperplane
complements in Veblenian gamma spaces and strong subspaces of the respective
ambient spaces.

Lemma 3.4. Let M be a Veblenian gamma space with lines of size at least 4
and let H be a hyperplane in M. A set X C S is a strong subspace in M\ H
if and only if there is a strong subspace Y in MM such that X =Y \ H.

Proof. (=) Set L>(X):={L € L>: |[LN X| > 2}. Let us begin proving that
(%) given a € X and L € L>(X) there is a line K € £>(X) such that
a€ K ||g-( L.

We drop the trivial case where a € L and assume that a ¢ L. Take two distinct
points p,q € LN X. As X is strong we have a ~ p, q. Hence by none-one-or-all
axiom a ~ L in M. Set K := a, L>°. Now take a point 7 € a,p N X distinct
from a,p. The line g, r intersects two sides of the triangle a,p, L* in 9 so, it
intersects K in some point b by the Veblen condition. Note that ¢,r € X and
L*>® ¢ q,r thus b € X. Finally, K = a,b € £L%(X), and then a € K |5 L.
Thereby the condition () is true.

Now, set X := {L>*: L € £L2(X)} and Y := X U X*°. We will show that
Y is a strong subspace in 1.

Let w € X*° and a € X. Note that u = L™ for some L € £L5(X). Then by
(x) we have a ~ u and a,u C Y.

Now, let u,w € X*°. There are L, M € £L5(X) with u = L* and w = M*°.
Take a,b € M N X. By (%) we get u ~ a,b. Then, by none-one-or-all axiom
u ~ w. What is left is to show that u,w C Y. Take a point v € u,w distinct
from u,w. Hence v € H. As a ~ u,w we get a ~ v by none-one-or-all axiom.
Take a point p € u,a distinct from u,a. The line K := v,a intersects two
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sides: u,w and u,p, of the triangle u,w, p. Hence, by the Veblen condition, it
intersects w, p but not in w or p as otherwise we would have v = w or v = u,
respectively, which is impossible. Therefore |K N X| > 2 and thusv € K CY.

(<) Immediate by the definition of a strong subspace. O

3.1. Recovering. Right from the definitions (3.1), (3.2), assuming that H is
spiky, the deleted points on H can be identified with the equivalence classes
of ||g¢ i.e. with the elements of £>/||5¢. To recover 9 from its affine reduct
A = M\ H we need also to determine in terms of A the (ternary) collinearity
relation on £%/||4¢. In short, this is usually achieved by use of planes in 2 that
intersect . This is a very rough approximation of what should be done. The
root of the problem is to determine assumptions under which this recovering
procedure can be implemented.

The points ai,as,... of M are said to be collinear when they all are on a
line of M, in symbols L(ay,ag, ... ).

Proposition 3.5. Let 9 be a Veblenian gamma space with lines of size at
least 3. If H is a flappy hyperplane in I, then for all pairwise distinct points
p1,P2,p3 € H we have
(3.3)

L(pl,pg,pg) < (3@1,@2,@3 es \ :H:) I:/\;ﬁ(i,j7k«) (ai ~ aj AN Pr € m) ] .

The lines of H are defined in an abstract way as the equivalence classes of the
relation

(3.4)
L([L1]y, [La]y, [Ls])) <= there is a triangle with the sides K1, Ko, K3
such that K; || L; for alli=1,2,3 in M\ H.

Proof. (=) Let L be the line through pi,p2,p3 € H. Since H is flappy there
is a point a ¢ H such that a ~ p; for every i = 1,2,3. Take a point b € a,py
distinct from a,p;. Since a ¢ H we get b ¢ H as well. We have ps ~ a,p;
and thus p; ~ b. Let K = b,ps. From the Veblen condition we get a point
ce KnNa,ps of M\ H. Finally a,b,c € S\ H form the required triangle.

(<) As M is a gamma space, from as ~ as,a; we get ag ~ po, and then
P2 ~ as,as yields ps ~ p1. The line L = py1, p2 meets a1, as in a point ¢, that
follows from the Veblen condition. Furthermore L C H, thus ¢ € H. If q # ps
then ¢,p3 € H and a;,as € H in particular, that contradicts the assumptions.
Therefore ¢ = p3 and points py, p2, p3 are collinear. O

It is more than likely that the above method that relies on flappy property
of hyperplanes to recover the ambient space is not unique and there are other
procedures that could be applied. We do not want however to go any deeper
into discussion of possible methods.
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3.2. Automorphisms. Let H be a hyperplane of a partial linear space 9t =
(S,L). Forpe S, K € £ we define

O(p,K) = J{M eL:pe M, MNK #0}.

Two possibilities arise: either p € K and then II(p, K) is the set of all points
on lines through p, or p ¢ K and then II(p, K) = 0 or II(p, K) is the set of all
points on lines through p that cross K not in p. We call II(p, K) a near-plane
of Mif pé K, (p, K) # (), and II(p, K) is not a single line.

The following is just a standard exercise.

Fact 3.6. Let H be a hyperplane of a partial linear space M = (S, L) and let
A =9\ H.
(i) If F is an automorphism of O that preserves H, then F | (S\ H) is an
automorphism of .
(i) Let f € Aut(2).
(a) If H is spiky, then f extends to a bijection F of S determined by the
conditions:
F(z) = f(z) forz e S\H, F(L*>®)= f(L)*>® for every line L of 2.
(b) If H satisfies the condition:

(3.5)  for every point p ¢ H and every line K ¢ H
the near-plane I(p, K) of 9 meets H in a line,
and the following analogue of flappy condition:

(3.6) for every line L C H there is a near-plane I(p, K) of M
containing L such that p ¢ H and K € H

then F from (a) is an automorphism of MM preserving 3.

Lemma 3.7. Let 9 be a Veblenian gamma space with lines of size at least 3.
(i) Hyperplanes of M satisfy (3.5).
(ii) Flappy hyperplanes of M satisfy (3.6).

Proof. (i) Let H be a hyperplane in 9. Let II(p, K') be a near-plane of 0 with
p ¢ Hand K € H. Since 9 is a gamma space and the size of K is at least
3, by definition the near-plane II(p, K) contains 3 distinct lines Ly, Lo, L3 such
that p € L1,Lo,L3. Let a; € L, N K, b; € L, NH for i = 1,2,3. As M is a
gamma space we get a; ~ bg, and next by ~ by. Let by,bo = L. Assume also
bs ¢ L. None-one-or-all axiom gives by ~ b3 and b3 ~ by. Denote by, by = L’
and b3, by = L”. Then, from the Veblen condition, K meets lines L, L', L" in
at least two distinct points. These points are on K, that contradicts K ¢ H.
Thus bs € L, and consequently 3 satisfies (3.5).

(ii) Assume that the hyperplane X is flappy, and let L be a line contained
in H. There is a point p ¢ H such that L C [p].. Since |L| > 2 there are
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two distinct lines L1, Ly such that p € Ly, Ly and L; N L # () for i = 1,2. Let
a; € L; N L and take b; € L; with b; # a;,p for i = 1,2. From none-one-or-all
axiom a; ~ bo, and then by ~ b; as well. Denote by,by by K. Note, that
K ¢ 3 as by, by ¢ H. As M is Veblenian, we have K N L # 0. Let us consider
the near-plane II(p, K) and a point az € L. If a3 = a1, a3 =ag orag € KN L,
then immediately a3 € I(p, K). Otherwise we take a line L3 := az,p. The
lines K, L3 intersect L, L; so that there are 4 distinct points of intersection.
Hence, the Veblen condition yields K N L3 # 0. So, we get a3 € II(p, K), and
thus L C II(p, K). O

From Fact 3.6 and Lemma 3.7 we obtain

Theorem 3.8. If 9 is a Veblenian gamma space with lines of size at least 3
and H is a flappyhyperplane of M, then every automorphism of M\ H can be
uniquely extended to an automorphism of 9.

Observe that, if 97 has lines of size 2 and we remove a haperplane from 9,
then there are no lines in the remainder. This means that 9t\ H is not a partial
linear space and there is no way to reconstruct 9t from 9t\ H, that is to extend
an automorphism of M\ H to M. In view of Example 3.3, connectedness of
9 need not to imply connectedness of 9 \ H. Therefore, an essential tool to
redefine H in terms of its complement in 91 is the parallelism ||5¢. That is why
one needs to be aware that Theorem 3.8, as well as forthcoming Proposition
4.6 and Theorem 4.18, are false for a hyperplane complement considered as a
point-line incidence structure without parallelism.

4. Affinization of Segre products

4.1. Hyperplanes in Segre products. Let 9; = (S;, £;) be a partial linear
space, and let H; be the family of all hyperplanes in 99%; and the point set .S;
fori € 1. Set S := X;erS; and M = Q). ., M;. Consider a hyperplane H in
M. We will write

(4.1) Hl = {x € S;: ali/a] € H}.

for a point @ € S and i € I.

i€l

Theorem 4.1. For H C S the following conditions are equivalent:
(i) K is a hyperplane in M.
(ii) For alla € S and i € I we have ﬂ'fz[a] € H; but fHZ[-a] # S; for some a € S
and i € I.

Proof. To justify the equivalence of (i) and (ii) it suffices to consider the sets
ali/S;] for arbitrary @ € S and ¢ € I, which are subspaces of 9. Note that
either 3 N afi/S;] is the whole of a[i/S;] or a hyperplane in it. Clearly, for
fixed a € S and i € I the map S; 3 z; — ali/z;] is an isomorphism of M; onto
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ali/S;]. Therefore, there is X € H,; such that a[i/S;] N H = ali/X]. Tt is seen
that X = . O

In particular case of a product of two spaces, Theorem 4.1 can be worded in
terms of a correlation.

Remark 4.2. Let I = {1,2}. The set H C S is a hyperplane in 9t if and only
if there are two maps: 0;: S; —> Hs3_; such that

(5i(ai) = }C:[Sall and (53_i(a3_i) = {ai €8;:a3_; € (51(al)}

for all a = (a1,a2) € S; x So, i € I and there is a; € S; with J;(a;) # Ss_; for
some ¢ € I. Moreover, if H is a hyperplane then

H= {(al,ag): a] € Sl,CLQ S 51(&1)} = {(al,ag): ao € Sg,a1 S (52(0,2)}.

Remark 4.3. If H is a spiky hyperplane in the product 9t of partial linear
spaces on at least three points each, then 9\ H is not an affine partial linear
space (cf. Fact 3.1(i)).

Proof. Note first that for a point a in 9t we have [a]~ C UJ,c; a[i/S;i]. Suppose
to the contrary that 91\ H is an affine partial linear space. Let p € H. In view
of Fact 3.1(ii), all the points non-collinear with p lie on H. In that case z; # p;
for all ¢ yields x € H, for every x € S. From the assumptions, there exists
p’ € S such that p;- # p; for all j € I. Let 4 € I. There exists x € §; with
x # p;,p;. Take ¢ € S with ¢; = z, q; = p; for j # i. We have, consecutively,
p’ € H (as p and p’ differ on all of the coordinates), and ¢ € H (as p’ and ¢ differ
on all of the coordinates). So, we get that: if p € H and ’{z el:p; = p;}‘ <m
with m = 1, then p’ € H. Inductively, we can enlarge m and finally we get
H =S, a contradiction. O

Although complements of spiky hyperplanes are not affine partial linear
spaces these hyperplanes remain beneficial for affinization: all the points of a
spiky hyperplane 3 are directions of the parallelism ||g¢ in 9\ K.

4.1.1. Non-degenerate hyperplanes. In recovering the Segre product from the
complement of its hyperplane we heavily rely on the flappy property of that
hyperplane. It will be shown later that this property is related to another
intrinsic property of hyperplanes.

A hyperplane H of a Segre product of partial linear spaces is called non-
degenerate when 9’(1[“] is a hyperplane for all @ € S and ¢ € I. In the context
of Remark 4.2 we can say that H is non-degenerate if both §; and J, take
hyperplanes as their values.

Main properties of non-degenerate hyperplanes of the Segre product come
into hyperplanes of its components.

Proposition 4.4. Let H be a hyperplane of M. The following assertions are
fulfilled:
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(i) Assume that H is non-degenerate. Then H is flappy if and only if fHEa]
is a flappy hyperplane in IM; for alla € S and i € I.

(ii) The hyperplane H is spiky if and only if for every a € S there isi € 1
such that J{Ea] s a sptky hyperplane in 9N;.

Proof. Only the right-hand part of the equivalence in (ii) seems to be not
evident. Suppose that there is a point a € S such that either S'Cga] = S; or ﬁfga]
is non-spiky for all ¢ € I. Thus, for every i € I there is a point b; € fHEa], which
is collinear with no point in 9; \ iHEa]. Then b = (by, b2,...) € H is collinear
with no point in 9\ H, so H is non-spiky. O

Immediately from Proposition 4.4 we obtain

Corollary 4.5. Let M, be a linear space for alli € I and let H be a hyperplane
i M.
(i) The hyperplane H is flappy if and only if H is non-degenerate.
(ii) The hyperplane H is spiky if and only if for every a € S there isi € I
such that J—CEG] is a hyperplane in IMN;.

Now, by Proposition 3.5, we can state the following.

Proposition 4.6. If M is a Veblenian gamma space with lines of size at least
3 and H is a non-degenerate flappy hyperplane in M, then M can be defined
in terms of M\ H.

4.1.2. Degenerate hyperplanes. Degenerate hyperplanes are indeed defective
from our view.

Lemma 4.7. Degenerate hyperplanes of M are not flappy.

Proof. Let H be a degenerate hyperplane of a Segre product. So, there are a
and 4 such that J{Z[a] = S;, which means that a[i/S;] C H. Let | € L;, then
L = afi/l] is a line of the product contained in H. In view of Fact 2.6(ii) a
triangle in the product with L as one of its sides is contained in a[i/S;], so no
point outside H can be a vertex of such a triangle. O

There is quite natural construction of a hyperplane in the Segre product as
long as there are hyperplanes in all of the components. The outcome, however,
is degenerate. For hyperplanes 3{; in 9;, ¢ € I, we write

(42) ®i6[f}ci = U(SlX"'XSi—lxg-CiXSi+1~-~)-
icl
To shorten notation let us set H := ®;<;H;.

Proposition 4.8. The set H is a degenerate and non-spiky hyperplane in 9.



1113 Petelczyc and Zynel

Proof. Let a be a point of 9 and L; a line in 9M; for some ¢ € I. Then
L = a[i/L;] is a line in M. There is a point a, € L; N H; and thus afi/a}] is a
common point of L and H. Hence H is a hyperplane of 9.

Take a point b with b; € H;. Then ﬂ-(g-b] = S, for any j # ¢ and thus H
is degenerate. Let d be a point of 9 with d; € H; for some i = i1,i5 € I,
i1 # i3. Clearly d € H. Let d’ be a point of the product collinear with d. So,
d' = d[i/d]] for some i € I, d; ~; d;. It is easy to note, that d’ € H for any
1 € I. Consequently, H is not spiky. O

Observe that the points and the lines of the complement 9\ H coincide with
the points and the lines of the product &), ; (M; \ I(;). Since all complements
M, \ H; for i € I are partially affine partial linear spaces by Fact 3.1(i), we
can apply (2.3) to define parallelism | on their product @),.; (Si \ Hs, L5F).
This parallelism however, is not compatible with the parallelism |5 in the
complement 9\ H. As H is a hyperplane introduced in (4.2) the parallelism
l¢ in M\ K is the relation ||~ given by (2.4) with ||;=]|g¢,. This is the subject
of the following statement.

Proposition 4.9. The following assretions hold.
(1) (S\FH, LX) = Quep (Si\ Hi, L),
(i) M\ T = (SN ICLS lae) = (@yer (i \ T L5, [17)-
Proof. (i) It suffices to note that
SNH = XierSi \ [ J(S1 x -+ x Siy x Hi x Sipr...) = Xier(Si \ ).
il
(ii) Take L, K € L such that L ||g¢ K. Then L = a[i/L;], K = b[j/K;] for
some a,b € S\ H, L; € L, K; € L, and 4,5 € . It is seen that
ali/L7°] = L™ = K> = b[j /K;>]
which means that i = j, a; = b, for all s # 4, and L; ||s¢, K;. This reasoning

can be easily reversed. (]

4.2. Strong subspaces. Directly from Fact 2.6(iv)—(v) and Lemma 3.4 we
get the following.

Lemma 4.10. Let M; be a Veblenian gamma space with lines of size at least 4
for alli € I and let H be a hyperplane in M. A set X C S is a strong subspace
in M\ H if and only if there is a strong subspace Y in M such that X =Y \ K.

This lets us get a more detailed characterization of strong subspaces in the
complement of a product.

Proposition 4.11. Let OM; be a Veblenian gamma space with lines of size at
least 4 for all i € I and let H be a hyperplane in M. For X C S the following
conditions are equivalent:



Affinization of Segre products 1114

(i) X
(i) X
(ifi) X
Proof. (i)=-(ii) According to Lemma 4.10 we have a strong subspace Y in 91
such that X =Y \ K. By Fact 2.6(iii), Y = a[i/Y;] for some a € S, i € I and
a strong subspace Y; in M. Thus X = a[i/Y;] \ K.

(ii)=-(iii) For X = 0 it suffices to take X; = ), so assume that X # ). Hence
U{EG] is a hyperplane in 9;. Taking X; :=Y; \ f]-(l[a] we are through by Lemma
3.4.

is a strong subspace of the complement MM\ K.
=ali/Y;] \ H for some a € S, i € I, and a strong subspace Y; in ;.
= ali/X;] for somea € S, i € I, and a strong subspace X; in Sml-\f}fl[a].

(iii)=-(i) Immediate by the definition of a strong subspace. O
By Facts 2.6(v) and 3.1, we infer the following.

Corollary 4.12. Let 9; be a Veblenian gamma space with lines of size at
least 4 for all i € I. If 3 is a hyperplane in MM, then the complement M\ H
satisfies the parallelogram completion condition and the Tamaschke Bedingung.
Consequently, its strong subspaces are affine spaces.

4.3. Parallelism in terms of incidence. Most of the time, also in a hyper-
plane complement of a Segre product, parallelism can be defined in terms of
incidence using the Veblen configuration as follows. Let L1, Ly € L.

(4.3) L1 |° Ly <= L; =Ly V there are lines K7, K5 through a point p
such that p ¢ Ll,LQ A Ll,LQ ~ Kl,KQ AN L1 76 L2.

There is however parallelism typical to a Segre product.

(4.4) Ly || Ly < there exists a quadrangle p, g, r, s without diagonals
such that L1 = p,q A Ly =1, s.

It is based on the fact that four lines L1, Lo, K1, Ko form a quadrangle without
diagonals in 9 if they all arise as lines [y, Is, k1, ko of some component 9I1; where
l1,12, k1, ko form a quadrangle without diagonals, or they are from different
components. If the latter is the case, inspecting coordinates carefully one can
easily see that the opposite sides are always disjoint. Note that if 9t; are line
spaces, then only the latter holds true.

In an affine space the parallelism can be defined in terms of the incidence.
The same can be done in the Segre product of affine spaces.

Theorem 4.13. Let A; = (S;, L;,]|;) be an affine space and A, = (S;, L;) for
all i = 1,2. The parallelism || of the Segre product 2y ® Ay can be defined in
terms of the point-line incidence, i.e. in A} @ Aj.

Proof. Let Ly, Ly be lines of the product 2 := 201 ® 2s. It suffices to observe
that in view of (4.3) and (4.4) both ||° and ||* are definable in 21} ® 21}, and
that the following three facts hold true:
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(a) L1 ||N Lg if and Ol’lly if Ll HO LQ.

(b) If Ll ||>'< LQ, then Ll || LQ.

(¢) Lq, Lo are parallel in 2 if and only if there is a line L with Ly ||~ Ls ||* Lo.
]

To characterize ||3¢ a new parallelism comes in handy. Let L;, Lo € L™,
then

(4.5) Li|lo Ly < there are lines K1, Ko, My, M> such that
Ky ||* Ko A My, My, Ly ~ Ky, Ko A Ly ~ My, My A Ly # Lo.

In plain words: L ||o L2 if and only if L, Lo are non-adjacent in 9t \ K,
there is a quadrangle @ without diagonals such that L; intersects the lines in
one pair of the opposite sides of @@, and Lo intersects the other pair of sides.

Lemma 4.14. Assume that all the lines in L; are of size at least 4 for alli € I
and H is non-degenerate. If L1, Lo € L™ are distinct lines through a point on
H and there is no b € S, i € I with Ly, Ly C b[i/S;], then Ly |0 La.

Proof. Let a € H and a € Ly N Ly. Up to an order of variables we can
assume that Ly = (I1,a9,as,...) and Ly = (a1,l2,as,...) for some l; € L4,
lo € Lo. For brevity, we omit the coordinates ag, a4, ..., which does not affect
our reasoning. Every point (aq,z) with @ # as is on Ly \ H. Let ls > = #
ag. Then (l1,z) is a line through (a1,), which is not contained in H. If
(v',z) € (l1,z) N K then all points (y,x) on (I1,z) with y # y' are outside
H. Take y1,y2 € I3 such that yi,y2 # y'. Clearly the intersection points
(yiyaz) € L1 N (y;,12) are outside H for ¢ = 1,2. There is exactly one point in
H on the line (y;,l2), so there is z € Iy such that z # as,x and (y;, 2) ¢ H. The
line through the points (y1, 2), (y2, z) intersects Lo in a point (a1, z). Finally,
the points (y1,z), (y1,2), (y2,2), (y2,2) give a required quadrangle without
diagonals and L1, Lo both cross their sides, as required. O

Two lines in M\ H are parallel if they share a point on H, and there are two
possibilities: they arise as lines of one hyperplane complement, in one variable,
or of two distinct hyperplane complements, in two distinct variables. This
observation makes the following fact immediate.

Fact 4.15. Let H be non-degenerate and L1, Lo € L*. Then Ly ||3¢ Lo if and
only if one of the following holds

(i) thereisa € S, i €I such that Lj = ali/l;] for somel; € L;, j = 1,2, and
ll Hj_f[_a] lg, or
(i) thereisnoa € S, i€ I asin (i) and Ly ||o Lo.
The parallelism ||, can be expressed in terms of the point-line incidence
of M\ H via (4.5) and Lemma 4.14. To be able to express |g¢ in terms of
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incidence we need to do so with [[,.. The problem is that it depends not

only on the variable ¢ but also on a € S. So, we need to distinguish those
products 9 where every parallelism of any hyperplane complement in 9; can
be defined by a single uniform formula in terms of the point-line incidence of
that complement for all ¢ € I. If that is the case, Fact 4.15 is a half-way to
express ||g¢ in terms of incidence. What is still missing is an incidence formula
for two lines being in one component of the product. This is addressed by the
next fact which follows from Proposition 4.11 and [15].

Fact 4.16. Let M; be a Veblenian gamma space with lines of size at least 4
and let M; \ 3—(1[-“] be strongly connected for all a € S, i € I. Given two lines
L1, Ly € L the following conditions are equivalent:
(i) there isa € S, i € I such that L1, Ls C ali/S;],
(ii) there is a sequence Yy,...,Y, of strong subspaces in 9IM \ H such that
L1 CYy, Lo CYy,, and Y;_1,Y; share a line fori=1,...,m.

This together with Fact 4.15 and the remarks below it gives

Proposition 4.17. Let M; be a Veblenian gamma space with lines of size at
least 4 such that the parallelism of every hyperplane complement in OM; can be
uniformly defined in terms of the point-line incidence of that complement for
alli € I. Assume that H is non-degenerate and IM; \ﬂ{ga] is strongly connected
foralla € S, i€ I. Then the parallelism ||s¢ in M\ H can be characterized in
terms of the point-line incidence of the product 90T.

Example 3.3 shows that a strongly connected space could turn out to be not
connected after affinization. So, the assumption that hyperplane complements
in the components of the product are all strongly connected is indispensable in
Fact 4.16 and Proposition 4.17.

Proposition 4.17 is applicable in case of projective and polar spaces as the
parallelism in question is uniformly definable in affine spaces (a folklore) and
in affine polar spaces (cf. [5]). We do not know however, if parallelism is
uniformly definable in affine Grassmann spaces (we guess so) and in affine
polar Grassmann spaces.

4.4. Automorphisms. Whether an automorphism of a hyperplane comple-
ment can be extended to an automorphism of the ambient space is one of the
most common questions when it comes to affinization. We have discussed that
for partial linear spaces in Section 3.2 and now we are doing so for the Segre
product.

Theorem 4.18. Let M; be a strongly connected partial linear space for all
i € I, and let H be a flappy hyperplane in M = @, M;. Set A := M\H. The
automorphisms of A are the the automorphisms of M that preserve I, restricted
to the point set of A. More precisely, a map [ is an automorphism of 2 if and
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only if there is a permutation o of I and a family of isomorphisms f; that map
M; onto My (;y such that the map F defined by the condition F'(a); = fi(a;)
preserves H and f is the restriction of F' to the point set of 2.

Proof. Let f € Aut(2(). By Lemma 2.1 the hyperplane H is spiky, so according
to Fact 3.6(ii-a) we have the extension F' of f to the point set of 9 such that
F(L*>®) = f(L)* for every line L of 2. As K is flappy in view of Fact 2.6(iv)—
(v) and Lemma 3.7 we can apply Fact 3.6(ii-b). Hence F' is a collineation of
N that preserves H. Now, from [15, Proposition 1.10] the required o and f;
exist. ]

5. Applications and examples: products of partial linear spaces
embeddable into projective spaces and their affinizations

Let M 1= Q,c; M = (S, L) be the Segre product of partial linear spaces
with a hyperplane H. If K is given by (4.2), then in view of Proposition 4.9(i)
the complement 9T\ K is isomorphic to the product of hyperplane complements,
when both of them are considered as incidence structures without parallelism.
It need not to be true however, in case of other affinizations. From Remark 4.3
we know that if H is spiky, then the complement I\ K is not an affine space.

The family of strong subspaces in the hyperplane complement 9%\ H will
be written as
(5.1)

SC(OM\ H) := {a[z’/Xi]: a €S, iel, X;isastrong subspace of M, \J{EQ]}.
A straightforward outcome of Proposition 4.11 and Corollary 4.12 is as follows

Fact 5.1. If all M; are Veblenian gamma spaces with lines of size at least /,
then SC(OMM \ H) is a covering of the hyperplane complement M\ H by affine
spaces, i.e. S\ H =JSC(OM\ H).

As we are interested in affine-like Segre products, due to Fact 5.1 we will
investigate products of some analytical Veblenian gamma spaces: projective
spaces, polar spaces, Grassmann spaces, and polar Grassmann spaces. All of
them are strongly connected. Thus, Proposition 4.17 and Theorem 4.18 can
be applied as far as there are non-degenerate or flappy hyperplanes in these
spaces. Constructions of hyperplanes with such properties will be established
for products of spaces that are embeddable into a projective space. We focus
on geometries of common types, although hyperplanes are also known in many
other embeddable spaces (cf. [20]).

5.1. Algebraic background. Let V be a (left) vector space over a division
ring D. The set of all subspaces of V' will be written as Sub(V') and the set of all
k-dimensional subspaces as Suby (V). For H € Subg_1(V) and B € Suby1(V)
with H C B a k-pencil is the set

p(H,B) := {U € Suby(V): H CU C B}.
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Taking k-subspaces as points and k-pencils as lines we get a Grassmann space

(cf. [17,25])
Pk(V) = <Subk(V),Pk(V)>

For k = 1, and dually for ¥ = n — 1 when V is of finite dimension n, Py (V)
is a projective space, while for 1 < k£ < n — 1 there are non-collinear points
in Pi(V), so it is a proper partial linear space. It is worth to mention that
Pr(V) =Pr_1(P1(V)).

Given a reflexive bilinear form £ on V, we write Q(§) for the set of all
isotropic k-subspaces of V w.rt. & If H € Subi_1(V), B € Qi41(€), and
H C B (actually we have H € Qr—1(£)), then we get an isotropic k-pencil

pg(H,B) = p(H,B) ka(g)

Taking isotropic k-subspaces as points and isotropic k-pencils as lines we get a
polar Grassmann space (cf. [17,18,28])

P(&) :== (Qr(£),Gr(€)).

It is embedded in the Grassmann space P(V) in a natural way, so that the
points and lines of Py () are the points and lines of P (V') respectively. Note
that P1(§) is a polar space and P (§) = Pr—1(P1(8)).
Recall that the map

g: (ur, .o uk) = (ur A Aug)
provided that D is a field, is the well known Grassmann embedding (sometimes
called also the Pliicker embedding) of the Grassmann space Py (V) into the
projective space P1(A V).

5.2. Hyperplanes arising from Segre embeddings. Let V; be a vector

space over a field D of characteristic not 2 for ¢« = 1,...,n and let k =
ki + -+ + k, for some positive integers ki,...,k,. For brevity of notation
we apply a convention that v’ = [uf,...,u} | € V¥ and w = (ul,...,u") for

u € X?:lViki =: V. Here, we investigate the Segre product
(5.2) M =My, ok, Vi, . Vo) =P, (V1) @ @ Py, (Va).
Consider a mapping p: V' — D that is semilinear and alternating on every of
n segments w.r.t. k1,..., ky, i.e. with the property that
(g, ooty ug) = Q% (U, e Uy e Ug)
for some automorphism ¢; of D and any o € D, and
(U, Uy Wy e U) = — (U Wy Uy, UR)

foralli=1,...,n andjl,jz such that k1 +---+k;_1 <j1 <J2 < ki+---+k;.
We shall say that p is segment-wise semilinear and alternating. Note that
oj, = 0j, for ji,jo within one segment like above. Thus there could be up to
n field automorphisms o; associated with pu.
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[u]

For u € V define a map p,; *: Viki — D by setting

M'Eu](xz> = ,LL(’LL17 e ’ui—l,wi,ui-'rl’ M ’un)'

It is an alternating k;-semilinear form on V; associated with some field auto-
[

i“] there is an alternating k;-linear form 7 on

V; with its zero-set equal to that of ugu], ie. ,ugu] (1,...,2k,) = 0 if and only

if n(zq,...,xp,) =0 for all x1,...,zx, € V;. A k-linear form p' such that the

morphism ¢;. For every map pu

zero-sets of p and p' coincide exists only if oy = -+ = o,. This justifies not
taking p to be simply k-linear.

In case 07 = --- = 0, = id, that is when p is k-linear, it determines an
n-linear form p* on (A" V1) @ --- @ (A" V;,) in a standard way as follows
(5.3) prug A Aug, ® - @up A Aug ) = plut, .. u™),
where u’ € Vllc fori=1,...,n.

It is known that every hyperplane in the projective space P1(V) is of the
form Ker(n) for some linear form or a covector n € V*, and indeed forn =k =1
we have 1 € V*. A standard embedding s of the product @', P1(V;) into the
projective space P1(®)._, V;) given by

(5.4) s: ((wr), .., (wy)) — (W1 @ -+ @ wy).

is called a Segre embedding. Let us define

(6.5)  Hpy..o ok, (1) == {(<u1>, . (u”}) € Suby, (V1) x -+ x Subg, (V,):
p(ut, ... u™) =0}.

Since n, k, k1, . .., ky, are all fixed we will abbreviate Hy, k(1) = H(p) as it
should cause no confusion. For k-linear p we have

H(p) =" (g1 x - x g, ") (Ker(u")).
For all u € V such that U := ((u'),...,(u")) € Suby, (Vi) x - -+ x Suby, (V;,)
by (4.1) and (5.5) we have
(5.6) H(ul") = {{a') € Suby, (Vi): p(a7) = 0} =
{X € Suby, (Vi): U[i/X] € 3(u)} = 3 ()",

so by Theorem 4.1 the following proposition is evident.
Proposition 5.2. The set H(u) is either a hyperplane in 9 or all of M.

We say that p is non-zero on i-th segment when for all v € V' such that
(%) v’ is a linearly independent system in Vj, where 1 <j<n, j#1i
there is :C.i e vk with ugu} (x%) # 0. Note that u is linearly independent if and
only if u A -+ A u{cj # 0 in (5.3). Moreover, the system u/ must be linearly
independent to have (u/) € Suby, (V;) in (5.5).
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Proposition 5.3. If the form u is non-zero on at least one of n segments, then
H(u) is a hyperplane in M. If u is non-zero on all n segments, then H(u) is
a non-degenerate hyperplane in .

Immediately, from Proposition 5.3 we get
Corollary 5.4. There is a (non-degenerate) hyperplane in IN.

Following [10, Chapter 14.1] the form u is GKZ non-degenerate if for all u €
V thereisi € {1,...,k} and v € V such that p(uy,...,ui—1,0;, Uity ..., u) #
0.

Remark 5.5. If ky =--- =k, =1, i.e., if M is the Segre product of projective
spaces, then the form p is GKZ non-degenerate if and only if 3 (u) is spiky.

According to [10, Chapter 14] the form p is GKZ non-degenerate if and only if
the hyperdeterminant of the multidimensional matrix associated with p is non-
zero. This let us interpret non-zero hyperdeterminants as those corresponding
to spiky hyperplanes in suitable Segre products.

Two papers [12] and [27] (see also [6,7]) provide an exhaustive characteriza-
tion of hyperplanes in Grassmann spaces. Let us recall the embeddable case.

Fact 5.6. Let n =1, so M is a Grassmann space embeddable into a projective
space. Then H is a hyperplane in M if and only if H = H(u) for some non-zero
k-linear alternating form p.

In view of [5], by Fact 5.6 we get the following result.

Fact 5.7. Letn =k =1, so M is a projective space, and let & be a bilinear
reflexive form on V. Then H is a hyperplane in the polar space P1(€) if and
only if H = H(p) NQ1(&) for some non-zero pn € V* such that Q1(&) € H(p).

Then, as a natural generalization of Fact 5.7, we obtain a formula for hy-
perplanes in the Segre product of polar Grassmann spaces.

Proposition 5.8. Let & be a bilinear reflexive form onV; for alli=1,...,n.
Assume that p and &1, ..., &, satisfy the following condition: if (u’) € Qx, (&;)

for j # i, then %(ugu]) N Qk,; (&) is neither empty nor a single point for all

u' e VF i =1,... n. If u is non-zero on all n segments and Qg, (£1) X --- X

Qk, (§n) SZ H(u), then

:H:(:U’, 517 cee ,gn) = g{(/u‘) N (le (51) X X an (gn))
is a non-degenerate hyperplane in Py, (§1) ® -+ @ Py, (&).

Proof. Set H := H(u,&1,...,&,) and take
U= ({u'),.... (") € Qr, (&) x - x Qp, (§n)-

Note that fHEU] = fH(uEu]) N Qk,(&). By the assumed condition and Lemma
2.5 the set J{EU] is a hyperplane in Py, (&;) as the intersection of a hyperplane
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and the point set Qg, (&;) of the polar space Py, (&;) embedded into Py, (V;) for
i =1,...,n. Therefore, H is non-degenerate. O

Some families of non-degenerate hyperplanes were presented so far, but in
view of Theorem 4.18 flappy hyperplanes are needed.

We say that u is non-degenerate on i-th segment when for all u € V satisfying
(*;) any linearly independent system xi,...,z} _; € V; can be completed with
"E;c, € V; so that ugu} (%) # 0. This notion is a strengthening of a corresponding
notion for alternating k-linear forms in [11]. More precisely, in case n = 1,
i.e. for Grassmann spaces, if u is non-degenerate, then y is non-degenerate in
the sense of [11], while the inverse is true only for & < 2. Obviously, if p is
non-degenerate on i-th segment, then it is non-zero on i-th segment.

Lemma 5.9. If i is non-degenerate on i-th segment, then J{(,u,gu]) s a flappy
hyperplane in Py, (V;) for all uw € V satisfying (x;).

Proof. Let us fix u € V that satisfies (x;) and let L = p(H, B) be a line
of Pg,(V;) contained in J—f(,ugu]). Assume that H = (uy,...,ug,—1) for some
U1,...,Uk;—1 € V;. Note that B = H & (w1, ws) for some wy,wy € V;, U; 1=
H & (wj) are points on L, and u[u]

K3

(ui, ..., up—1,wj) =0for j =1,2. As ,ugu] is
non-degenerate there is v € V; such that ugu] (u1,...,uk;—1,v) # 0. This means
that ui,...,ug,—1, w1, ws, v are linearly independent, in other words we have a
point U := H @ (v) in Py, (V;) which together with Uy, U; forms a triangle, i.e.

spans a plane, and U ¢ J-C(ugu]). (|
Proposition 5.10. If u is non-degenerate on all n segments, then H(u) is a
flappy hyperplane in IN.

Proof. Note that H(u) is a non-degenerate hyperplane. Let us take U =
((u),...,(um)) € Suby, (V4) X -+ x Subg, (V). By Lemma 5.9 H(ul") =
U{(M)EU] is a flappy hyperplane in Py, (V;) for all i = 1,...,n. By Proposition
4.4(i) the hyperplane H(u) is flappy. a

In particular cases, combining Propositions 5.8 and 5.10 yields the formula
for flappy hyperplanes in the Segre product of polar spaces.

Proposition 5.11. Assume that k = n i.e. k| = --- =k, = 1 or M is the
Segre product of projective spaces. If & is a non-degenerate symplectic bilinear
form on'V; foralli =1,...,n and p is non-zero (or equivalently non-degenerate

in this case) on all n segments, then H(pw,&1,...,&n) is a flappy hyperplane in
the Segre product P1(§1) @ -+ - @ P1(&n).-

Proof. Set H := H(p,&1,...,8n), take U € Q1(&1) X -+ x Q1(&y), ¢ € I, and
consider the set }CEU]. Let L € (Q2(&) such that L C J—Cz[U]. We take any two
points Uy, Uz on L and set A := Ullé"' N U;gl. It is impossible that A C J'CEU].
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Recall that Q1(&;) and the point set of P1(V;) coincide, so f}{z[-U] is not all of
P, (V;). We are through by Corollary 4.5(i). O

When n = 1 and k£ = 2 the form p turns out to be a bilinear symplectic
form. Hence, in view of Lemma 5.9, we can state the following corollary.

Corollary 5.12. If i1 is a non-degenerate symplectic bilinear form on'V (i.e.,
n=1,k=2), then the set Q2(p) of all isotropic 2-subspaces of V w.r.t. p is
a flappy hyperplane in My (V).

Let us consider the Segre product of two projective spaces and its hyper-
planes.

Proposition 5.13. Let Vi, Vs be vector spaces over a division ring D. Then
the following conditions are equivalent:
(1) H is a hyperplane in My 1(V1, Va).
(ii) There is a sesquilinear form £: Vi x Vo — D which determines a conju-
gacy L by the condition that (u1) L (u2) if and only if {(u1,u2) = 0 for
all u; € V; and we have H = {(p,q): p L ¢} (actually H =1).

Proof. (i)=(ii) The hyperplane H determines a relation L on Vi x V5 by the
condition u; L wuo if and only if wy is null or uy is null or (<u1>, <u2>) e H.

In view of [14, Theorem 32.6] there is a required sesquilinear form £ such that
LI=1,.
(ii)=(i) Straightforward. O

Note that Proposition 5.13 provides examples of hyperplanes corresponding
to forms that are essentially segment-wise semilinear.

Corollary 5.14. There are hyperplanes in My 1(V1, V) that do not arise from
a Segre embedding.

Remark 5.15. If k =n > 2 and p is alternating, then H(u) is non-spiky and
thus non-flappy. This, together with Proposition 5.13, means that in the Segre
product of two projective spaces a hyperplane is flappy if and only if it is given
by some non-degenerate 2-semilinear form p (i.e. H(p) is non-degenerate in
view of Corollary 4.5(i), but it is no longer true if the number of factors is more
than two.

Moreover, when kK = n > 2 and D is algebraically closed there are no
forms p that are non-zero (or equivalently non-degenerate in this case) on all n
segments. So, it follows that there are no non-degenerate hyperplanes that arise
from a form (cf. Proposition 5.3), and thus there are no flappy hyperplanes by
Lemma 4.7.

The theory of multilinear forms is definitely complex in general. Even for 3-
linear forms there is no complete classification (cf. [9]). Therefore, it should not
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be expected that the classification of hyperplanes in Segre products of many
factors is possible at the moment.

Clearly, there are non-flappy hyperplanes in Py (V') as well. An interesting
example of such hyperplane can be established without the form p. Let H (W)
be the set of those k-subspaces of V' that non-trivially intersect some fixed
subspace W of codimension k in V' (cf. [6]). Note that H (W) is a hyperplane
in Pr(V) regardless of whether it is embeddable or non-embeddable, while
H(u) occurs only in embeddable case.

Lemma 5.16. All hyperplanes of the form H(W) in Pr(V) are non-spiky.

Proof. Consider a hyperplane H = H(W) in P(V). Take a point U; on H
such that dim(U; N W) > 2. Any point Us not on H is complementary to .
Suppose that Uy ~ Uy ¢ H, ie. dim(U; NU) = k — 1. Then the subspace
Uy NUs is a hyperplane in U; and as such non-trivially intersects at least 2-
dimensional subspace U; "W of U;. Hence, there is a non-zero w € Uy NUsNW
a contradiction as Uy N W should be trivial. U

Immediately from Lemmas 2.1 and 5.16 none of hyperplanes of the form
H(W) is flappy. Nevertheless, hyperplanes of this type are used to assemble
hyperplanes in specific Segre products of Grassmann spaces.

Proposition 5.17. Let V be a a finite-dimensional vector space. For integers
k1, ko such that 1 < ky < dim(V) — 1 and k1 + ko = dim(V)

g{kl,k‘g(v) = {(Ul,UQ) € Su‘bk1 (V) X Suka(V): 0< d1m(U1 N UQ)}
is a non-degenerate non-spiky hyperplane in My, x, (V,V).

Proof. Tt suffices to note that for all U = (Uy,Usz) € Subg, (V) x Suby, (V)
and ¢ = 1,2 the set (Hp, &, (V))E»U] = H(Us—;) is, by Lemma 5.16, a non-spiky
hyperplane in Py, (V). Hence Hg, 1, (V) is a hyperplane in our product by
Theorem 4.1. It is clear that this hyperplane is non-degenerate. So, Hp, , (V)
is non-spiky by Proposition 4.4(ii). O

The example above is interesting in that the complement
mk17k2 (‘/7 V) \ g{kl,kz (V)

is a pretty well known structure of linear complements i.e. the substructure of
the respective product defined on the set

(5.7) {(U1,U3) € Suby, (V) x Suby, (V): V =U; @ Uz}

(cf. [16,23]). Such structures however are investigated with no parallelism
involved in the mentioned papers. The set (5.7) is also the geometric interpre-
tation of (k,n — k)-involutions in GL(V'), and it was used in the description of
automorphisms of GL(V) (cf. [8,17]).
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5.3. Affinization of the product of projective spaces vs the product of
affine spaces. According to Fact 5.1 most of affinizations of Segre products
of partial linear spaces are covered by affine spaces. Obviously it does not
mean that these affinizations are, up to an isomorphism, products of affine
spaces in general. Nevertheless, one could suppose that the complement of
some hyperplane in the product of projective spaces will be isomorphic to the
product of affine spaces, as affinizations of all components of this product are
exactly affine spaces. The complement of a degenerate hyperplane given by
(4.2) is, loosely speaking, very close to be that kind of (cf. Proposition 4.9),
and the only barrier is a parallelism. In view of Proposition 4.4(ii) all non-
degenerate and a lot of degenerate hyperplanes in the product of projective
spaces are spiky.

Let us stress on that the complements of spiky hyperplanes in products of
projective spaces and products of affine spaces are essentially distinct.

Proposition 5.18. The complement of a spiky hyperplane in a product of
projective spaces is isomorphic to no product of affine spaces.

Proof. The sufficient reason is that according to Remark 4.3 the complement
in question is not an affine partial linear space, while the product of any affine
spaces is an affine partial linear space by Fact 2.7. 0

The Segre product of affine polar spaces, or affine Grassmann spaces, or
affine polar Grassmann spaces seems to be also an affine partial linear space,
although it is not straightforward by Fact 2.7 and may require specific reason-
ing. Thus we believe that the following analogy of Proposition 5.18 is true.

Conjecture 5.19. Let 2y, s, A3 be respectively the complement of spiky hyper-
plane in the product of polar spaces, Grassmann spaces, and polar Grassmann
spaces. Then

(i) 24 is isomorphic to no product of affine polar spaces,

(ii) Ao is isomorphic to no product of affine Grassmann spaces,

(iii) 23 is isomorphic to no product of affine polar Grassmann spaces.

We presume that for the product of projective spaces even more can be said.

Conjecture 5.20. If 2 is the complement of a spiky hyperplane in a product
of projective spaces, then the family of lines of 2 cannot be completed so that
the arising structure is a product of affine spaces.

To justify Conjecture 5.20 let us think through the following example.

Example 5.21. Let V, W; be vector spaces over a field D for alli=1,...,n
and let H be a spiky hyperplane of P1(V) @ P1(V). Set Aproj == P1(V) ®
Pi(V)\ H. Assume that 2,,; can be completed by adding some new lines
to an affine partial linear space which is the product of affine spaces 2.5 :=
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&, A(W;). Then the maximal strong subspaces of po; and ug should be
isomorphic. Moreover
Aut(lemj) = Aut(%laﬁ').
Let us compute the size of the corresponding automorphism groups. All the
calculations will be done under the assumption that D = GF(p) for a prime p,
dim(V) = m/, and dim(W;) = m for all i = 1,...,n. Let o be a permutation
of {1,...,n} Then any collineation of A,g is a map f5 = (fr1,-- -, fon), Where
foi is an isomorphism that maps A(W;) onto A(W,;)). Thus
|Aut(Aag)| = n! p™|GL(p, m)|, where
IGL(p,m)| = (p™ = p") (0™ —p*) ... ("™ — ™).
By Proposition 5.13 the hyperplane J is determined by some non-degenerate
bilinear form §. The automorphisms of 2. are exactly the automorphisms
of the relation L¢ (cf. [23]) and each of these is uniquely determined by a
collineation f of P1(V) and a permutation in Ss. Thus
|GL(p, m’)|
p—1
The sizes of both respective automorphism groups are polynomials in the vari-
able p. Their degrees and leading coefficients are, respectively, m? +m, n!, and
m'? — 1, 2. From the isomorphism assumed we get n = 2, m’ = m and then
m? +m = m? — 1 yields m = —1, a contradiction.

[AUb(prog)| = 2
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