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ABSTRACT. We define hyperbolic harmonic w-a-Bloch space BS in the
unit ball B of R™ and characterize it in terms of

w((X =[P (1 = [y*)*~F)f (@) = f(v)

[z, y]7|z — y[L =

where 0 < v < 1. Similar results are extended to little w-a-Bloch and
Besov spaces. These obtained characterizations generalize the corre-
sponding ones which were obtained by G. Ren and U. Kahler in 2002
and 2005.
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1. Introduction

Let B be the unit ball in R™ with n > 2, dv the normalized volume measure
on B and do the normalized surface measure on the unit sphere S = 0B. A
function f € C?*(B) is called hyperbolic harmonic (briefly, h-harmonic) if it
satisfies the hyperbolic Laplace’s equation

Apu=(1—|z/))?Au+2(n —2)(1 — |z|*)(Vu,z) = 0,

where A denotes the ordinary Laplacian operator and V denotes the gradient.
Obviously, when n = 2, all h-harmonic functions are harmonic functions. We
denote by H(B) the class of all h-harmonic functions on the unit ball B.

For each a > 0, the hyperbolic harmonic a-Bloch space B* consists of all
functions f € H(B) such that

I £lla = sup(1 = [2[*)*[V f(z)| < oo,
r€B
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On characterizations of hyperbolic harmonic Bloch and Besov spaces 1184

and the little a-Bloch space BS consists of the functions f € H(B) such that
lim sup(1 — |z|*)*|Vf(x)| = 0.
B

|z| =17 ze
The hyperbolic harmonic Besov space B, is the space of all functions in H(B)
for which

/B (1 - ||V f (@) Pdr(z) < oo,

where p > n — 1 and d7(z) = (1 — |z|?)"dv(x) is the invariant measure on B
(cf. [4,10]).

Let w : [0, +00) — [0, +00) be a continuous increasing function with w(0) =
0. We call w majorant if w(t)/t is non-increasing for ¢ > 0 (cf. [5]). Following [3],
for each ao > 0, the hyperbolic harmonic w-a-Bloch space BS consists of all
functions f € H(B) such that

1f |, = ilélgtd((l — |z*)*)|Vf(z)| < o0,

and the little w-a-Bloch space B o consists of the functions f € H(B) such
that
lim supw((1 = |z[*)*)|Vf(2)] = 0.

|z| =17 2B
In particular, when w(t) = t, the space Bg (resp. BS ) is B* (resp. BY).
Let p,v > 0 and f be a continuous function in B. If there exists a constant
C such that

(1= 21 = [y1*)"|f () = f(y)| < Clz —yl,
for any x,y € B, then we say that f is a weighted Lipschitz function of indices
(1) (ct. [10, 11]).

In the theory of function spaces, the relationship between Bloch spaces and
weighted Lipschitz functions has attracted much attention. In 1986, Holland
and Walsh [6] established a classical criterion for analytic Bloch space in terms
of weighted Lipschitz functions. Since then, a series of works has been carried
out to characterize a-Bloch, little a-Bloch and Besov spaces of holomorphic and
harmonic functions along this line. For instance, Li and Wulan [8], Zhao [16]
characterized holomorphic a-Bloch space in terms of

(1= [2)? (L = y)* "I f (=) = F(w)]
[z =yl
For the case of harmonic functions, we refer to [11,14]. In [10], Ren and Kéhler

extended Holland and Walsh’s criterion to the setting of h-harmonic functions.
Especially, they proved the following theorems.

Theorem 1.1. Let 0 < 3 <1 and f € H(B). Then f € B* if and only if

_glf@) = fly)l .
sup{(l — |x|2)'3(1 — |y|2)1 ’BW cx,y €EByx # y} < 0.
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Theorem 1.2. Let 0 < 3 <1 and f € H(B). Then f € B} if and only if

HES* sup {(1 —|z]?)?(1 - |y|2)1—BM

:ye]&y;«éx}zo.
o] [z -yl

Moreover, the same authors characterized the space B, as follows.

Theorem 1.3. Let f € H(B) and p € (2(n—1),00). Then f € B, if and only

if
[ [a-iamra- s {0 @) =IO\ 41 (2)ar (y) < oo,
BJB -y

X

Since the space B can be viewed as an extension of 5%, the following ques-
tion arises: can we also characterize it in terms of weighted Lipschitz functions?
In [3], Chen et al., obtained the analogue of Theorems 1.1 and 1.2 for the spaces
BS and B, in the unit disc D, respectively.

The main purpose of this paper is to give some characterizations for the
spaces B}, By ; and B, in the unit ball B of R™ along Ren and Kéhler’s direction.
In Section 2, we collect some known results that we need later. Our main
results and their proofs are presented in Sections 3 and 4. Throughout the
paper, constants are denoted by C, they are positive and may differ from one
occurrence to the other. The notation A < B means that there is a positive
constant C' such that B/C < A < CB.

2. Preliminaries

We shall be using the following notation: we write z € R™ in polar coordinate
by z = |z|2’. For any a,b € R™, let

[a,b] = ‘|a\b —d

Then the symmetry lemma gives that
[a,b] = [b,a].

For a € B, we denote by ¢, the M&bius transformation in B. It’s an involution
of B such that ¢,(0) = a and ¢,(a) = 0, which is of the form

bu(r) = |z — al?a [501 a]2|a2)(x — a)’x cB.

By simple computations, we have
|¢a(z)| =

(1 =[x — af?)
[z, a]?

|z —al

9

[z, a]

1 —[¢a(2)]* =

)
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and ,
ool = Sl

where J¢, denotes the Jacobian of ¢, (cf. [1,11]).
For a € B and r € (0,1), the pseudo-hyperbolic ball E(a,r) with center a
and radius r is defined as

E(a,r) ={w e B: |¢p,(w)| <7}
Clearly, E(a,r) = ¢4(B(0,r)).

)

The following result comes from [10, Lemma 2.1].
Lemma 2.1. Letr € (0,1) and y € E(x,r). Then 1 — |z|?> <1 — |y|* = [z,y].

As an application of Lemma 2.1, we easily get the following.

||

Corollary 2.2. Let v € (0,1) and X\ = inf,cp 5 yep(ar) (;7;2), then \ €
(0,1).

For x € B and f € H(B), we define 6]0(1') of f at x by
Vi(x) = V(f 0 d:)(0).

We call |V f(z)| the invariant gradient of f at z, motivated by the following
proposition which can be found in [12].

Proposition 2.3. Let f € H(B) and x € B. Then |§f(x)| =(1—|z]?)|Vf(z)]
and

IV (f o)) =(Vf)od(x)|

for any Mébius transformation ¢ in B.

Lemma 2.4 ([10]). Let o > —1 and 8 € R. Then for any x € B,

(- [e)~%, B>,
(1 - Jy»)" 1
= { log —— =0
J gt = s . 8=0
1, B8 <0.
We end this section with two inequalities which will be used in the sequel.

Lemma 2.5 ([3, Lemma 6]). Let w(t) be a majorant and u € (0, 1], v € (1, 00).
Then for t € (0,00),

wut) > uw(t), wvt) <ovw(t).

Lemma 2.6. Let a,b>0,0<s < 1. Then sa+ (1 —s)b> a*b'=%.
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3. Hyperbolic harmonic Bloch space

In this section, we give some characterizations of the spaces BS and B .

Theorem 3.1. Let fe HB), 0<f<1,0<a<1+Band0<~vy<1. Then
f € B2 if and only if

- su w 228 (1 — |y2)e B |f(z) — f(y)] 0
G0 b= OB g R <

Proof. Assume that (3.1) holds. Fix r € (0,1) and = € B, it follows from [10,
(3.2)] that

Vi(z) < C |f (@) = f(y)ldr(y)-

E(x,r)

Combing this with Proposition 2.3, we obtain

(1 — [2P)) |V ()] < S 2)%) o) — fy)ldr
(L= [z V()] < (1= 2p) /st)'f( ) = F(Y)ldr(y)-

By Lemmas 2.1, 2.5 and Corollary 2.2, we have

(1~ 1)) I
T o, @ = Fwlirty

w _$251—|y|2 a—p |f(z) — f(y)] .
CEW) (1= f2)"( 5 ) ) ] dr(y)

B—a wl(1 = 1212)8(1 — |yl2)e—5 |f (@) = fy)l
A /E(a:,r) (@ =1=Fa =) )[Ivy]”\xfyll’”d

CLN\—= / dr
E(z,r)

= CLN77(B(0,r)).

IN

IN

7(y)

IA

Since 7(B(0,7)) = nf(; t"=1(1 — ¢2)7"dt is a constant, we see that

ilégﬁﬂ((l = [2[*)*)|Vf(2)] < 0.

Hence f € BZ.



On characterizations of hyperbolic harmonic Bloch and Besov spaces 1188

Conversely, we assume that f € BS. For z,y € B,

1
f@) =5l = | [ Ftso+a-sas
]; |(xk - yk)/o Tm(sx +(1- 3)y)ds|

< Vilz—yl / IV sz 4+ (1 s)y)|ds

IA

1 ds
< Ck—ullilon || TRt =

Since for ,y € B and s € [0, 1],

(1—lsz+ (1=sly?)* > (1-ls+ (1= s)y))°
> (s(1 ) + (1= 5)(1 = [y]))°
> (T s a -t
> ()P0 [P (5 - [y
we get
@) =)l ' ds
prire eIl e (e
! ds
S e e
- C /1 ds
(O P e T W A e
C
<

w((I = 1z?)P (1 = [y[)o=F)’

where the last integral converges since a < 1+ 3. Thus

(1= a1~ ey DT

[z, y]"|x —y[t=
This completes the proof. O

Theorem 3.2. Let f € B, 0< <1, <a<1+pfand0<~<1. Then
[ € Bg if and only if

: 1 I2\B (1 1,12y 2—B |f(z) = f)l _
6D i i, OB ) =y =
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Proof. Sufficiency. Assume that (3.2) holds. Then for any € > 0, there exists
0 € (0,1) such that

sup  w((L - [22)P(1 = [y?)>—?) LD W

1 <€
z,y€EB,x#y [1‘7y}7|$ - y| v

whenever § < |z| < 1. It follows by an argument similar to that in the proof
of Theorem 3.1, we have

WO=RP)TI@I<C swp w((=le) 0=l ) 72
z,y€EB,x Ay z, 9]

1/ (z) — f(y)|
|

P < Ck,

whenever § < |z| < 1. Hence

lim w((1— [22)*)|V ()| = 0.

|z]|—=1—

Necessity. For t € (0,1), let f;(x) = f(tz). By the proof of Theorem 3.1, we
have

w((1- 1z|?)P (1 — |y\2)“_5) |(f = fo@) = (f = )W)

[z, y]7 |z — y|' =

< Cllf = fillwa

and

w C122)8(1 — |y[2) B |fe(z) — fi(y)l
(1= Ja) (1 = ) =?) e
w — 12281 = |y|2)* 8 [tz R
ST
|f(tz) — f(ty)]
[tz, ty]Y [t — ty|1—7
Co (1 = [2[*)° (1 = [y1*)*7) [ta, ty]
w((1 = [t2)P (1 — [ty[>)*=F) [z, y]7
for all x,y € B. By the triangle inequality, we have
(L A ety @) = F)
i, O B0 = W ) R ==
Cw((1 = |=[»)° (1 = Jy[»)* ") [te, ty]
w((1 = [tz[2)P(1 — [ty[2)o=F) [, y]7

In the above inequality, first by letting || — 1~ and then letting ¢t — 1~, we
obtain the desired result. |

/]

w,o

< C”f - ftHw,a + Hf”w,a'

By adding the restriction y € E(x,r) in Theorem 3.1, we characterize BY in
terms of Ey as follows.
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Theorem 3.3. Let r € (0,1), f € HB), 0 < < a and 0 <~ < 1. Then
f € B2 if and only if

By = L 281 — 28y @) = F@l
! yEE(S:rl,lTp),wny(( =7 = 18l )[x,y]7|x—y|1_"/ =

Proof. First we prove the sufficiency. Let f € H(B). For each x € B, it follows
from the proof of Theorem 3.1 that

C
Vi@ < Geom [E @) = 1)
)~ I,
SR N e )
This gives
. dr(y)
Vil < CEy /E@,m (1= 2P)P(1 — [gP)oP)
< C dr(y)

E(z,r) W(Aaiﬁ(l - |I|2)a) .
By Lemma 2.5, we conclude that f € BZ.

Conversely, let f € B and for any y € E(x,r),y # x,

f@) =5l = | [ L+ = sas

IN

n 1 a
S [k =m) [ G-(sa+ (1= )i
k=1
1

IA

ds
Clx — yIHfIIw,a/O w((1— sz + (1 —s)y|2))’

Since for s € [0, 1], by Lemma 2.6,

1—|sz+(1=s)yl> > 1—|sz+(1—s)y
> (1= [al) + (1= 9)(1 - |y
g2 12
> (2 4 -t
> S [y [y
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and 1 — |y|? > M1 — |2]?) for y € E(x,7),y # x, we infer that

RIEET TR is
e A e T P T
! ds
C
= /0 W(%(l—‘xp)a)\a—as)
C L gaqsg
= w((1—|x\2)a)/0 \a—as
. ¢
T w(@ = =))
Thus,
ey @)~ )
o -l pE T <o

For each y € E(z,r),
(=[x = (1= |27 (1 = 27 > (1= [2[)° (1 = [y[)* A7
By Lemma 2.6 again, we deduce that
w((1 = [2[)*) = A Pw((1 = |2[*)7 (1 = [y*)*77),
from which we see that F; < oo. ]
Similarly, we can prove the following

Theorem 3.4. Let f € B2, r € (0,1),0< 8 <aand 0 <~y < 1. Then
I € Bg, if and only if

s w((1- )1 - ) LD S0

|z|—1~ yEE(x,r),x#y [Jf, y]’y|m - y|1_7

Remark 3.5. When w(t) = t, v = 0, Li and Wulan [8] obtained the holomorphic
version of Theorems 3.3 and 3.4 in the unit ball of C".

4. Hyperbolic harmonic Besov space

In this section, we show some characterizations for Besov space B, of H(B).
Firstly, we generalize Theorem 1.3 into the following form.

Theorem 4.1. Let f € HB), p€ (2(n—1),00) and 0 < u <p. Then f € B,
if and only if

(4.1) / / <1—|x|2>‘5<1—|y|2>‘5wd¢<x>d¢<y><oo.

Zz, y]ﬂll‘ - y‘P—/L
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Proof. Assume that f € B,. Since |z — y| < [z,y] for all z,y € B, it follows
from Theorem 1.3 that (4.1) holds.

Conversely, assume that (4.1) holds. From the proof of [10] and Lemma 2.1,
we have

(- LPIviwi<c [ - |y|2>%Wdr<y>.
As an application of Holder’s inequality,
(- wpyvser < cf )(1—|m|2>5<1—|y|2>5WdT<y>
P
< ¢ [a-ppia-pp =t )
: s 1f@) = F)P
< ¢ [a-ppia-ppi Lot ),
and the result follows. O

Secondly, we give a new characterization of B, in terms of a double integral

of the function W

Theorem 4.2. Let f € H(B). Then f € B, if and only if
_ P
(4.2) I= /B/Bde(x)dv(y) < oo

Proof. Assume that f € B,. Making the change of variables y = ¢, (u) we have

_ |f ¢r O(br( )‘p w)ldv(x)dv(u
I - // q,)m o wldu(x)dv(a)

_ |fo¢x — fod.(u )‘p (1_|u|2)n v(w)dv(
- 1/ 1—|¢m DR e D)

/B / 1 0 62(0) — £ 0 da(w)Pdv(u)dr(z)
c / dr(z) / 19/ 0 62) (w)|Pdu(u)

The last inequality follows from the proof of [10, Theorem 4.1].
Since [V(f 0 ¢)(u)| = [V f(de(u))], changing variables again leads to

¢ [ dr@) [ 970 6P do(w)

p(1_|$‘2)n v(w
¢ [ ar@) [ s S Eg ).

IN

1

IN

IN
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It follows from Fubini’s theorem and Lemma 2.4 that

¢ [ 19w
B

¢ [ = Py IV w)Pdr(e).
B

1

IN

For the converse, we assume that (4.2) holds. Since for x € B,

(1= 2V f(z)| < C [f (@) = f(y)ldr(y),

E(x,r)

by Hélder’s inequality and Lemma 2.4, we have
f)l?
C / / ——————dv(x)dv
[ P ET (z)dv(y)

from which we see that f € B,. ]

IN

/ (1~ 2P|V f(z) Pdr(x)
B

IN

As an application of Theorem 4.2, we end this section with a corollary which
can be regarded as an extension of [7, Theorem 1] into the h-harmonic setting.

Corollary 4.3. Let f € HB), n < o, 8 < 0o. Then f € B, if and only if

— M —1‘2a _ 2ﬂ7‘$7’ .
J_/B/]B [z, y]o+o (1 — Jz[*)*(1 = |y*)Pdr(x)dT(y) < oc.

Proof. Let (4.3) hold. It follows from the proofs of the above theorems that

(1_|$|2)p|Vf(x)‘p = ¢ E( )|f(.%‘)—f(y)|pd7-(y)
[f(x) = F)I” 270 2
- C/MW“—'@“H (1= |yP) dr(y)

IN

|f(z) = f(y)P 121 (1 — 12 dr
¢ [ LR (1 ey (1= ) i),

from which we see that f € B,.
Now, we prove the converse. Suppose that f € B,. Then

~ @)~ f)P =P A=)
Jo= /B/IB [z, y]?" [z, y|otB—2n dv(z)dv(y)

[f(z) — fy)I?
C’/B/Bde(x)dv(y).

Following Theorem 4.2, we conclude that J < oc. ]

IA
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