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Abstract. It is shown that if M is an Artinian module over a ring R,
then M has Noetherian dimension α, where α is a countable ordinal
number, if and only if ωα + 2 ≤ l(M ) ≤ ωα+1 , where l(M ) is the length
ofM , i.e., the least ordinal number such that the interval [0, l(M )) cannot

be embedded in the lattice of all submodules of M .
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1. Introduction

Lemonnier [20] has introduced the concept of deviation (respectively, code-
viation) of an arbitrary poset, which in particular, when applied to the lat-
tice of all submodules of a module MR gives the concept of Krull dimension,
see [9, 10] and [22] (respectively, the concept of dual Krull dimension of M .
The dual Krull dimension in [6, 7, 11, 12, 14–17] and [18] is called Noetherian
dimension and in [5] is called N-dimension. This dimension is called Krull
dimension in [23]. The name of dual Krull dimension is also used by some
authors, see [2, 3] and [1]). The Noetherian dimension of an R-module M is
denoted by n-dimM and by k-dimM we denote the Krull dimension of M .

If an R-module M has Noetherian dimension and α is an ordinal number,
then M is called α-atomic if n-dimM = α and n-dimN < α for all proper sub-
modules N of M . An R-module M is called atomic if M is α-atomic for some
ordinal α (note, atomic modules are also called dual critical, N -critical and
conotable module by some authors, see [3, 5] and [21], respectively). Bass [4]
showed that if R is a commutative Noetherian ring with countable classical
Krull dimension α, then ωα ≤ O(R), where O(R) is the supremum of all the
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ordinal lengths of well-ordered descending chains of ideals of R (he also has
shown that all these ordinal lengths are countable). Later, the use of ordinal
length of a module received some attention, in the context of Krull dimen-
sion (respectively, Noetherian dimension) by some authors, see [8, 17]. In [17],
the aforementioned result of Bass, is extended to modules with Noetherian di-
mension, moreover their results implies this interesting fact that in a module
with countable Noetherian dimension every submodule is countably generated,
see [17, Crollary 1.8]. Consequently, over locally Noetherian rings, modules
with countable Noetherian dimension are countably generated, see [17, The-
orem 2.11]. Recall that Artinian modules over commutative rings have finite
Noetherian dimension, hence they are all countably generated. But these mod-
ules over non-commutative rings may have any ordinal number as their Noe-
therian dimension, see [16, 17] and [6]. The reader is also reminded that ωω is
an upper bound for the lengths of all chains in Artinian modules over commu-
tative rings, see [17, Remark 2.6]. The length of a module M , l(M ), plays a
basic role in all previous results. In [17, Corollary 1.4] it is observed that if M is
a module with n-dimM = α, then l(M ) ≤ ωα+1 . Motivated by the latter fact
we are interested to connect the countability of the Noetherian dimension of an
Artinian module M (note, Artinian modules always have Noetherian dimen-
sion) to the boundedness of its length. We show that for an Artinian module
M , n-dimM = α if and only if ωα +2 ≤ l(M ) ≤ ωα+1 , where α is a countable
ordinal number. We also observe that an Artinian module M is α-atomic if and
only if l(M ) = ωα+2 , where α is a countable ordinal number. Throughout this
paper R will always denote an associative ring with a non-zero identity and M
a unital R-module. The notation N ⊆ M (respectively, N ⊂ M) means that
N is a submodule (respectively, proper submodule ) of M .

2. Preliminaries

In this section we recall some useful facts about the concepts of Noetherian
dimension and the length of an R-module M .

First, we recall the following definition from [17].

Definition 2.1. If M0 ⊂ M1 ⊂ ... ⊂ Mα ⊂ Mα+1 ⊂ ... is an ascending
chain of submodules of a module M , then the length of this chain is λ if λ
is the least ordinal such that for each Mβ we have β < λ. We define l(M )
to be the least ordinal such that given any ascending chain of length λ in
M , then λ < l(M ). This means that l(M ) is the least ordinal such that
[0, l(M )) cannot be embedded in the lattice of submodules of M . Clearly,
if O(M ) denotes the supremum of all lengths of ascending chains in M , then
O(M ) ≤ l(M ) ≤ O(M ) + 1 . We also observe that for a limit ordinal α, we
cannot have l(M ) = α + 1 , for otherwise l(M ) > α means that M has an
ascending chain of submodules M0 ⊂ M1 ⊂ ... ⊂ Mβ ⊂ · · · , β < α, of length α,
i.e., M0 ⊂ M1 ⊂ ... ⊂ Mβ ⊂ ... ⊂ Mα, where Mα = ∪β<αMβ , is of length α+1
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and therefore l(M ) > α+ 1 , which is absurd. It should also be noted that M
has an ascending chain of maximum length if and only if l(M ) is a successor
ordinal. Finally, if M is Noetherian, then l(M ) ≤ ω; and if l(M ) is finite, then
M has a composition series.

The following lemma, which is evident by definition, is needed (note, if
l(M ) ≤ ω, then M is Noetherian).

Lemma 2.2. Let M be an R-module. If n-dimM = 1, then l(M ) > ω.

The next result is well-known, see [15, Proposition 1.4].

Lemma 2.3. Let M be an R-module. If each proper submodule N of M has
Noetherian dimension, then so does M and n-dimM ≤ sup{n-dimN+1 : N ⊂
M}.

We should remind the reader that by a quotient finite dimensional module
M we mean for each submodule N of M , M

N has finite Goldie dimension. Let
us recall the following well-known and important result, due to Lemonnier,
see [21, Theorem 2.4] and [1, Proposition 2.2].

Proposition 2.4. The following statements are equivalent for any R-module
M and any ordinal α ≥ 0.

(1) n-dimM ≤ α;
(2) M is quotient finite dimensional and for any N ⊂ P ⊆ M , there exists

X with N ⊆ X ⊂ P with n-dim P
X ≤ α.

3. The length of Artinian modules with countable Noetherian
dimension

In this section we investigate the relationship between the Noetherian
dimension of an Artinian module M with countable Noetherian dimension and
the length of M . Let M be an Artinian module, we show that n-dimM = α
if and only if ωα + 2 ≤ l(M ) ≤ ωα+1 , where α is a countable ordinal number.
We also observe that an Artinian module M is α-atomic if and only if
l(M ) = ωα + 2 , where α is a countable ordinal number.

We begin with the following lemma, whose proof is given for the sake of
completeness.

Lemma 3.1. Let M be an R-module and N be any submodule of M with
l(N ) > γ, l(MN ) > α. If γ is a limit ordinal, then l(M ) > γ + α.

Proof. Let N0 ⊂ N1 ⊂ ... ⊂ Nγ be a chain in N (note, since l(N ) > γ such a

chain exists). Now we consider M
Nγ

, since l(MN ) > α we infer that l( M
Nγ

) > α.
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Now we consider two cases for α. First, let α be a limit ordinal, hence there
must exist a chain

P0

Nγ
⊂ P1

Nγ
⊂ P2

Nγ
⊂ ... ⊂ Pα

Nγ

in M
Nγ

, by definition. Thus we have the chain

N0 ⊂ N1 ⊂ ... ⊂ Nγ ⊂ P0 ⊂ P1 ⊂ ... ⊂ Pα

of submodules of M . This shows that l(M ) ≥ γ + α + 2 > γ + α and we are
done. Now let α be a non-limit ordinal, i.e., α = β + 1. This shows that there
exists a chain

P0

Nγ
⊂ P1

Nγ
⊂ ... ⊂ Pβ

Nγ

in M
Nγ

. Consequently, in this case we also have l(M ) ≥ γ+β+2 = γ+α+1 >

γ + α and we are through. □

The following lemma improves [17, Lemma 1.5], in case M is an Artinian
module.

Lemma 3.2. Let N be an Artinian R-module. If n-dimN = α, then l(N ) >
ωα, where α is a countable ordinal number.

Proof. The proof is by induction on α. For α = 0 it is trivial. Let us first
prove it for α = 1. If α = 1, then by Lemma 2.2, we get l(N ) > ω. Now let
n-dimN = α. We consider two cases:

Case 1: α = β + 1. In this case there must exist a chain of submodules of

M , namely, N1 ⊂ N2 ⊂ N3 ⊂ ... such that n-dim Ni+1

Ni
= β for each i. Thus

by induction hypothesis l(Ni+1

Ni
) > ωβ for each i. Now by [17, Lemma 1.2], we

have l(N ) > ωβ+1 = ωα and we are through.
Case 2: Let α be a limit ordinal and assume that it is the supremum of

ordinals α1, α2, . . .. Now we apply the proof of [17, Proposition 1.12] from line
7 onwards to obtain an infinite chain

N1 ⊂ N2 ⊂ N3 ⊂ ...

such that each Ni

Ni−1
is αi-atomic, i.e., n-dim Ni+1

Ni
= αi for each i. Thus by

induction hypothesis l(Ni+1

Ni
) > ωαi for each i. Consequently, in view of [17,

Lemma 1.2], we infer that l(N ) >
∑

ωαi ≥ ωα and we are done. □

Next, we present our main result of this paper, which gives the value of
Noetherian dimension of an Artinian module in relation to its length, where
this dimension is countable.

Theorem 3.3. Let M be an Artinian module. Then n-dimM = α if and only
if ωα + 2 ≤ l(M ) ≤ ωα+1 , where α is a countable ordinal number.
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Proof. Let n-dimM = α, where α is a countable ordinal number. Then by
Lemma 3.2, we have l(M ) ≥ ωα+2 (note, for a limit ordinal α, l(M ) ̸= α+1 ).
But by [17, Corollary 1.4], we also have l(M ) ≤ ωα+1 and we are through.
Conversely, let ωα + 2 ≤ l(M ) ≤ ωα+1 . We are to show that n-dimM = α.
To this end, it suffices to prove that M satisfies part (2) of Proposition 2.4.
Hence it must be shown that for any N ⊂ P ⊆ M , Q = P

N has a nonzero factor
module with Noetherian dimension less than or equal to α. If l(Q) < ωα,
then by Lemma 3.2 and [17, Lemma 1.5], n-dimQ < α and we are through.
Now suppose that l(Q) > ωα, hence we may begin with l(Q) = ωα + 2 (note,
we always have l(Q) ̸= ωα + 1 by definition). It follows that for each proper
submodule N of Q, l(N ) ≤ ωα, by definition. We infer that for each proper
submodule N of Q, n-dimN < α, by Lemma 3.2 and [17, Lemma 1.5]. Hence
in view of Lemma 2.3, n-dimQ ≤ sup{n-dimN + 1 : N ⊂ Q} ≤ α and we
are done. Now suppose that ωα + 2 < l(Q). It is clear that l(Q) ≤ ωα+1

(note, we always have l(Q) ≤ l(M )) . Now suppose that l(Q) < ωα+1 . Hence
l(Q) = ωαn+γ, where n is an integer number and γ is an ordinal number. We
now consider two cases.

Case 1: γ ̸= 0. In this case Q has a chain of submodules

Q0 ⊂ Q1 ⊂ Q2 ⊂ · · · ⊂ Qωαn = ∪i<ωαnQi ⊂ Qα1 ⊂ Qα2 ⊂ · · · ⊂ Qαi ⊂ · · · ,

where αi = ωαn + i and i = 1, 2, 3, . . .. It follows that l( Q
Qωαn

) ≤ γ, by

Lemma 3.1 (note, if l( Q
Qωαn

) > γ, then l(Q) > ωαn + γ). In view of Lemma

3.2 and [17, Lemma 1.5] and the fact that l( Q
Qωαn

) ≤ γ < ωα we infer that

n-dim Q
Qωαn

< α and we are through.

Case 2: γ = 0, therefore l(Q) = ωαn. In this case Q has a chain of
submodules

Q0⊂ Q1⊂ Q2⊂· · · ⊂ Qωα(n−1)= ∪i<ωα(n−1)Qi ⊂ Qα1⊂ Qα2⊂ · · · ⊂ Qαi⊂ · · · ,

where αi = ωα(n− 1) + i and i = 1, 2, 3, . . .. It follows that l( Q
Qωα(n−1)

) ≤ ωα,

by Lemma 3.1, (note, if l( Q
Qωα(n−1)

) > ωα, then l(Q) > ωαn). In view of

Lemma 3.2 and [17, Lemma 1.5] and the fact that l( Q
Qωα(n−1)

) ≤ ωα we infer

that n-dim Q
Qωα(n−1)

< α and we are through. Finally, let l(Q) = ωα+1 . It

follows that Q has a chain of submodules

Q0 ⊂ Q1 ⊂ Q2 ⊂ Q3 ⊂ · · · ⊂ Qωα = ∪i<ωαQi ⊂ Qωα+1 ⊂ Qωα+2 ⊂ · · · .

Put N1 = Qωα , if n-dim Q
N1

≤ α we are done. Now let n-dim Q
N1

> α. In view

of [17, Lemma 1.5], this implies that l( Q
N1

) > ωα. It is clear that l( Q
N1

) ≤ ωα+1

(note, we always have l( Q
N1

) ≤ l(Q) ≤ l(M )). If l( Q
N1

) < ωα+1 , then l( Q
N1

) ≤
ωαn + γ, where 0 ≤ γ < ωα and n is an integer number. In this case by what
we have already shown (note, i.e., by cases 1, 2, and the proof before the cases)
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Q
N1

and therefore Q has a nonzero quotient module with Noetherian dimension

less than or equal to α and we are through. Now suppose that l( Q
N1

) = ωα+1 .

Hence Q
N1

has a chain of submodules

Q′
0

N1
⊂ Q′

1

N1
⊂ Q′

2

N1
⊂ · · · ⊂ ∪i<ωα

Q′
i

N1
=

Q′
ωα

N1
⊂

Q′
ωα+1

N1
⊂ · · · .

Put
Q′

ωα

N1
= N2

N1
. If l( Q

N2
) < ωα+1 , then by the argument we have just given Q

N2

and therefore Q has a nonzero quotient module with Noetherian dimension less
than or equal to α and we are done. Otherwise l( Q

N2
) = ωα+1 . By continuing

this method there exists an integer i, such that l( Q
Ni

) < ωα+1 and hence Q
Ni

and therefore Q has a nonzero quotient module with Noetherian dimension less
than or equal to α and we are done. Otherwise Q has the infinite ascending
chain of submodules

N0 ⊂ N1 ⊂ N2 ⊂ · · ·

and by definition we have l(Ni+1

Ni
) > ωα for each i (note, we have Q0 ⊂ Q1 ⊂

Q3 ⊂ · · · ⊂ Qωα = ∪i<ωαQi ⊂ Qωα+1 ⊂ Qωα+2 ⊂ · · · , and N1 = Qωα , and

we also have
Q′

0

Ni
⊂ Q′

1

Ni
⊂ Q′

2

Ni
⊂ · · · ⊂ ∪j<ωα

Q′
j

Ni
=

Q′
ωα

Ni
⊂ Q′

ωα+1

Ni
⊂ · · · and

Ni+1

Ni
=

Q′
ωα

Ni
). In this case by [17, Lemma 1.2], we have l(M ) > ωα + ωα +

ωα + · · · = ωαω = ωα+1 , which is a contradiction. □

In view of the previous theorem and Lemma 3.2 and [17, Proposition 1.11,
Lemma 1.5], now we have the following result which improves [17, Proposition
1.12], (in fact, it proves the converse of this proposition, too).

Corollary 3.4. Let M be an Artinian module and let α be a countable ordinal
number. Then M is an α-atomic module if and only if l(M ) = ωα + 2 .

Corollary 3.5. Let M be a right S-module, where S is an algebra over
commutative ring R (e.g., n × n over R or infinite row matrices over R).
If M is Artinian as an R-module, then for some natural numbers p ≤ q,
ωp + 2 ≤ l(MS ) ≤ l(MR) ≤ ωq+1 . In particular, if S is the ring of n × n-
matrices over R, then MR is Artinian if and only if MS is Artinian and
n-dimMS = n-dimMR < ∞.

Proof. Clearly, MS is Artinian too, n-dimMS ≤ n-dimMR and l(MS ) ≤
l(MR). But n-dimMR is finite, q say, see [18, 23]. Hence n-dimMS is fi-
nite too, p say. Now in view of Theorem 3.3, we are done. The last part
is evident by noticing that S in this case is finite R-algebra and invoke
a nice result of Lemmonier [21], which shows k-dimMR = k-dimMS and
n-dimMR = n-dimMS . □
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