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Abstract. The paper studies some properties of F-biharmonic maps be-
tween Riemannian manifolds. By considering the first variation formula of
the F-bienergy functional, F-biharmonicity of conformal maps are inves-

tigated. Moreover, the second variation formula for F-biharmonic maps
is obtained. As an application, instability and nonexistence theorems for
F-biharmonic maps are given.
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1. Introduction

A map ϕ : (M, g) −→ (N,h) between Riemannian manifolds is called bihar-
monic if ϕ is a critical point of the bienergy functional E2 defined by

(1.1) E2(ϕ) :=
1

2

∫
M

| τ(ϕ) |2 dυg,

where | τ(ϕ) | denotes the Hilbert-Schmidt norm of the tension field of ϕ, and
dυg is the volume element of (M, g). In 1964, biharmonic maps between Rie-
mannian manifolds were first studied by Eells and Sampson [9]. In [17], the
first and second variation formulas for biharmonic maps in spheres were ob-
tained. Furthermore, a new method to construct biharmonic submanifolds of
n-dimensional sphere was given, [6]. Jiang [15] obtained the first and second
variation formulas of the bienergy functional. Recently this topic has been
extensively studied (for instance, see [8,12–14]). Biharmonic maps play an im-
portant role in many fields of physics and mathematics where they may serve
as the model of elasticity and fluid dynamics.
Han and Feng [13] extended the notions of biharmonic, p-biharmonic and expo-
nentially biharmonic maps to F-biharmonic maps, and studied the harmonicity
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of F-biharmonic maps under the curvature conditions on the target manifold.
They considered a C3− strictly increasing function F : [0,∞) −→ [0,∞) and
defined the F-bienergy functional as follows:

(1.2) E
F,2

(ϕ) =

∫
M

F (
| τ(ϕ) |2

2
)dυg.

A map ϕ is called F-biharmonic if ϕ is a critical point of the F-bienergy
functional. F-biharmonic maps can be categorized as biharmonic, p-biharmonic
or exponentially biharmonic when F (t) is equal to t, (2t)

p
2 /p ( p ≥ 4) or et

respectively. In terms of the Euler-Lagrange equation, ϕ is F-biharmonic if ϕ
satisfies the following equation

τF,2(ϕ) : = −∆ϕ(F ′(
| τ(ϕ) |2

2
)τ(ϕ))− traceg RN (dϕ, F ′(

| τ(ϕ) |2

2
)τ(ϕ))dϕ

= 0,(1.3)

where ∆ϕ denotes the rough Laplacian on sections of the pull-back bundle
ϕ−1TN . τF,2(ϕ) is called F-bitension field of ϕ, [13].

In [14], Y. Han and W. Zhang investigated harmonicity of p-biharmonic
maps, as the cases of F-biharmonic maps. Moreover, in [12] Y.B. Han intro-
duced the notion of p-biharmonic submanifold and proved that p-biharmonic
submanifold (M, g) in a Riemannian manifold (N,h) with non-positive sec-
tional curvature which satisfies certain conditions must be minimal.
The present article is organized as follows.
In section 2, the concepts of harmonic, biharmonic and conformal maps are
reviewed and some essential formulas which are necessary for the paper are
given. In section 3, we recall the definition of F-biharmonic maps and analyse
the conditions for conformal maps between the same dimensional manifolds to
be F-biharmonic maps. In the last section, the second variation formula for
F-biharmonic maps is obtained. Then, the stability of F-biharmonic maps from
a compact Riemannian manifold into an arbitrary Riemannian manifold with
constant positive sectional curvature is studied.

2. Preliminaries

In this section, we recall some basic concepts for computing the first and sec-
ond variation formulas of the F-bienergy functional. Let ϕ : (M, g) −→ (N,h)
be a smooth map between Riemannian manifolds. Throughout this paper we
consider (M, g) as a compact Riemannian manifold, ∇ and ∇N denote the
Levi-Civita connections on M and N respectively, and ∇ϕ is the induced con-

nection on the pullback bundle ϕ−1TN which is defined by ∇ϕ
XW = ∇N

dϕ(X)W,

where X is a vector field on M and W is a section of ϕ−1TN . The energy of ϕ
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is defined by

(2.1) E(ϕ) =
1

2

∫
M

| dϕ |2 dυg,

Where | dϕ | denotes the Hilbert-Schmidt norm of the differential dϕ ∈
Γ(T ∗M ⊗ ϕ−1TN). ϕ is called harmonic if

(2.2)
d

dt
|t=0 E(ϕt) = 0,

for any smooth variation ϕt : M −→ N with ϕ0 = ϕ. The corresponding
Euler-Lagrange equation of the energy functional E is given by

(2.3) τ(ϕ) := ∇ϕ
eidϕ(ei)− dϕ(∇eiei) = 0,

where {ei}mi=1 is a local orthonormal frame field on M (here henceforward we
sum over repeated indices). τ(ϕ) is called the tension field of ϕ. In terms
of the Euler-Lagrange equation, a map ϕ is called harmonic if τ(ϕ) = 0, [9].
Furthermore, the stress energy tensor of ϕ is defined by

Sϕ =| dϕ |2 g − ϕ∗h.

ϕ is said to satisfy the conservation law if

(2.4) 0 = divSϕ(X) = −h(τ(ϕ), dϕ(X)),

for any vector field X on M, [8]. Harmonic maps have been studied by many
authors (see [1, 2, 11,16,18]).
Biharmonic maps ϕ : (M, g) −→ (N,h) are critical points of the bienergy
functional

(2.5) E2(ϕ) =
1

2

∫
M

| τ(ϕ) |2 dυg.

The Euler- Lagrange equation associated to E2 is, (see [15]):

(2.6) τ2(ϕ) := −Jϕ(τ(ϕ)) = 0,

where Jϕ denotes the Jacobi operator of ϕ on sections of the pull-back bundle
ϕ−1TN , defined by

(2.7) Jϕ(V ) := −∆ϕV − tracegR
N (dϕ, V )dϕ, V ∈ ϕ−1TN,

here RN (X,Y ) = [∇NX,∇NY ] −∇N
[X,Y ] is the curvature operator on N, and

∆ϕ is the rough Laplacian on sections of ϕ−1TN which is defined with respect
to a local orthonormal frame field {ei} on M as follows:

(2.8) −∆ϕV := ∇ϕ
ei∇

ϕ
eiV −∇ϕ

∇ei
ei
V,

Remark 2.1. It has been proven that biharmonic maps between Riemannian
manifolds always exist while harmonic maps do not exist neccesarily as demon-
strated by the nonexistence of harmonic maps from T 2 to S2, [10].
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Theorem 2.2 (The second variation formula of bienergy functional, see [15]).
Let ϕ : (M, g) −→ (N,h) be a biharmonic map, and {ϕt} be an arbitrary smooth
variation of ϕ such that ϕ0 = ϕ. Then the second variation formula of 1

2E2(ϕt)
is given by

1

2

d2

dt2
|t=0 E2(ϕt)

=

∫
M

| −∆ϕV −RN (dϕ(ei), V )dϕ(ei) |2

−h

(
V, (∇ϕ

eiR
N )(dϕ(ei), τ(ϕ))V + (∇ϕ

τ(ϕ)R
N )(dϕ(ei), V )dϕ(ei)

+RN (τ(ϕ), V )τ(ϕ) + 2RN (dϕ(ei), V )∇ϕ
eiτ(ϕ)

+2RN (dϕ(ei), τ(ϕ))∇ϕ
eiV

)
dυg,(2.9)

where V = dϕt

dt |t=0 .

ϕ is said to be stable biharmonic if d2

dt2 |t=0 E2(ϕt) ≥ 0 for every smooth
variation {ϕt} of ϕ, [15]. In particular, ϕ is called strongly stable biharmonic if
kϕ(V ) is non-negative for every vector field V along ϕ, where kϕ is defined by

kϕ(V ) : =| −∆ϕV −RN (dϕ(ei), V )dϕ(ei) |2

− h

(
V, (∇ϕ

eiR
N )(dϕ(ei), τ(ϕ))V + (∇ϕ

τ(ϕ)R
N )(dϕ(ei), V )dϕ(ei)

+RN (τ(ϕ), V )τ(ϕ) + 2RN (dϕ(ei), V )∇ϕ
eiτ(ϕ)

+ 2RN (dϕ(ei), τ(ϕ))∇ϕ
eiV

)
.(2.10)

3. The first variation formula

A smooth map ϕ : (M, g) −→ (N,h) is called F-biharmonic if ϕ is a critical
point of the F-bienergy functional defined by (1.2), i.e.,

(3.1)
d

dt
|t=0 E

F,2
(ϕt) = 0,

for any smooth variation ϕt : M −→ N (−ϵ < t < ϵ) with ϕ0 = ϕ.

Theorem 3.1 (The first variation formula, see [13]). Let ϕ : M −→ N be a
smooth map, and ϕt : M −→ N (−ϵ < t < ϵ) be a smooth variation such that
ϕ0 = ϕ. Then

(3.2)
d

dt
|t=0 E

F,2
(ϕt) =

∫
M

h(τ
F,2

, V )dυg,

where V = dϕt

dt |t=0 and τF,2 is defined by (1.3).
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Using the above theorem, ϕ is F-biharmonic if and only if τ
F,2

(ϕ) ≡ 0. By
(1.3), every harmonic map is F-biharmonic . Thus, we focus on non-trivial
F-biharmonic maps which are non-harmonic F-biharmonic maps.
A smooth map ϕ : (M, g) −→ (N,h) is said to be conformal if there exists a
positve real function λ on M such that ϕ∗h = λ2g, λ is called the dilation of
ϕ. In particular, ϕ is called homothetic if λ is constant.

Remark 3.2. The tension field of a conformal map ϕ : (Mn, g) → (Nn, h) with
dilation λ, is given by, [4]:

(3.3) τ(ϕ) = (2− n) dϕ(grad lnλ).

In order to investigate the F-biharmonicity of conformal maps, we need the
following lemma

Lemma 3.3. Let ϕ : (M, g) −→ (N,h) be a smooth map. Then ϕ is F-
biharmonic if and only if

0 = 4F ′(
| τ(ϕ) |2

2
)τ2(ϕ) + (F ′′′(

| τ(ϕ) |2

2
) | grad (| τ(ϕ) |2) |2

− 2F ′′(
| τ(ϕ) |2

2
)∆ | τ(ϕ) |2)τ(ϕ) + 4F ′′(

| τ(ϕ) |2

2
)∇ϕ

grad (|τ(ϕ)|2)τ(ϕ),(3.4)

where | ∇ϕτ(ϕ) |2:= h(∇ϕ
eiτ(ϕ),∇

ϕ
eiτ(ϕ)) for any local orthonormal frame field

{ei} on M .

Proof. Let {ei} be a local orthonormal frame field on M . Using (1.3), we have:

τ
F,2

(ϕ) = −∆ϕ(F ′(
| τ(ϕ) |2

2
)τ(ϕ))−RN (dϕ(ei), F

′(
| τ(ϕ) |2

2
)τ(ϕ))dϕ(ei)

=

(
F ′′(

| τ(ϕ) |2

2
)h(−∆ϕτ(ϕ), τ(ϕ)) + F ′′(

| τ(ϕ) |2

2
) | ∇ϕτ(ϕ) |2

+
1

4
F ′′′(

| τ(ϕ) |2

2
) | grad (| τ(ϕ) |2) |2

)
τ(ϕ)

+ F ′′(
| τ(ϕ) |2

2
)∇ϕ

grad (|τ(ϕ)|2)τ(ϕ) + F ′(
| τ(ϕ) |2

2
)τ2(ϕ).(3.5)

On the other hand, with straightforward calculation, we have

h(−∆ϕτ(ϕ), τ(ϕ)) = −1

2
∆(| τ(ϕ) |2)− | ∇ϕτ(ϕ) |2 .(3.6)

By substituting (3.6) in (3.5), we obtain formula (3.4), and this completes the
proof. □

In the following example we find a non-trivial F-biharmonic map by using
Lemma 3.3.
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Example 3.4. Let (Sm, g) be the m-dimensional Euclidean sphere and define
a Riemannian metric h on N = Rn − {0} × Sm by

h = g
Eucl

+ f2g,

where g
Eucl

is the Euclidean metric on Rn − {0}, and f ∈ C∞(Rn − {0}) is

defined by f(x) =
√

| x | for x ∈ Rn − {0}. In this case

(3.7) | grad f2 |= 1.

For any arbitrary point x0 ∈ Rn−{0}, the tension and bitension field of the
inclusion map

ϕ : Sm −→ N

y −→ (x0, y)

are given by

τ(ϕ) = −m

2
(grad f2, 0) ◦ ϕ,(3.8)

τ2(ϕ) =
m2

8
(grad | grad f2 |2, 0) ◦ ϕ = 0,(3.9)

for more details (see [5, heorem 3.1]). By setting F (t) = et, and substituting
(3.7)-(3.9) in (3.4), we conclude that ix0 is an F-biharmonic map.

In the following theorem, the F-biharmonicity of conformal maps between
manifolds of the same dimension is studied.

Theorem 3.5. Let ϕ : (Mn, g) −→ (Nn, h) be a conformal map with dilation
λ. Then ϕ is F-biharmonic if and only if

0 = 4F ′(
| τ(ϕ) |2

2
)τ2(ϕ)

+ (n− 2)5λ4F ′′′(
| τ(ϕ) |2

2
) |grad (| grad lnλ |2)

+ 2 | grad lnλ |2 grad lnλ |2grad lnλ

− 2(n− 2)3λ2F ′′(
| τ(ϕ) |2

2
)

{(
∆(| grad lnλ |2)

+ 2 | grad lnλ |2 ∆lnλ+ 4grad lnλ(| grad lnλ |2)
)
grad lnλ

− 2∇grad (|grad lnλ|2)grad lnλ

− 4 | grad lnλ |2 grad (| grad lnλ |2)
}
.(3.10)

Proof. Let x0 be an arbitrary fixed point on M, and {ei} be an orthonormal
frame field in a neighbourhood of x0, such that dϕ(ei) = λ(fi ◦ ϕ) for i ∈
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{1, . . . , n}. Here {fi} is the orthonormal frame field, defined in a neighbourhood
of ϕ(x0) such that ∇fifj = 0 at ϕ(x0). By the construction of {ei}, we have

(3.11) ∇eiej = −ej(lnλ)ei + δijgrad lnλ,

at the point x0, (see [3], pp.407 ). By (3.3), the following equalities hold:

(i) grad (| τ(ϕ) |2) = (n− 2)2λ2

(
grad (| grad lnλ |2)

+2 | grad lnλ |2)grad lnλ

)
.

(ii) ∆ | τ(ϕ) |2= (n− 2)2λ2(∆(| grad lnλ |2) + 2 | grad lnλ |2 ∆ lnλ
+4grad lnλ(| grad lnλ |2) + 4 | grad lnλ |4).

(iii) ∇ϕ
grad (|τ(ϕ)|2)τ(ϕ) = (2− n)3λ2

(
dϕ(∇ϕ

grad (|grad lnλ|2)grad lnλ)

+2 | grad lnλ |2 dϕ(grad (| grad lnλ |2))

+ 2 | grad lnλ |4 dϕ(grad lnλ)

)
.

By substituting the above identities in (3.4) and considering that all confor-
mal maps between equidimensional manifolds are local diffeomorphism, formula
(3.10) is obtained. The first two identities can be obtained directly by calcu-
lation, only the third identity needs to be proven. Using the first identity, the
left hand side of (iii) can be rewritten as follows:

∇ϕ
grad (|τ(ϕ)|2)τ(ϕ) = (2− n)3λ2(∇ϕ

grad (|grad lnλ|2)dϕ(grad lnλ)

+ 2 | grad lnλ |2 ∇ϕ
grad lnλdϕ(grad lnλ)).(3.12)

Now we calculate each term of (3.12). We get

∇ϕ
grad (|grad lnλ|2)dϕ(grad lnλ) = ei(| grad lnλ |2)ei(ej(lnλ))dϕ(ej)

+ grad lnλ(| grad lnλ |2)dϕ(grad lnλ).(3.13)

By (3.11), we have

∇grad (|grad lnλ|2)grad lnλ = ei(| grad lnλ |2)ei(ej(lnλ))ej
− | grad lnλ |2 grad (| grad lnλ |2)
+ grad lnλ(| grad lnλ |2)grad lnλ.(3.14)

Following the relations (3.13) and (3.14) we get

∇ϕ
grad (|grad lnλ|2)dϕ(grad lnλ) = dϕ(∇grad (|grad lnλ|2)grad lnλ)

+ | grad lnλ |2 dϕ(grad (| grad lnλ |2)).(3.15)
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Similarly, we have

∇ϕ
grad lnλdϕ(grad lnλ) =| grad lnλ |2 dϕ(grad lnλ)

+
1

2
dϕ(grad (| grad lnλ |2)).(3.16)

Substituting (3.15) and (3.16) in (3.12), we obtain (iii). This completes the
proof. □

Definition 3.6 ([5]). Let (M, g) be a Riemannian manifold and α ∈ C∞(M)
be a real smooth function on M. α is said to be an affine function if α ◦ γ : I ⊆
R −→ R is an affine function for any geodesic γ on M.

Remark 3.7. It is well known that for an affine function α, grad α is a parallel
vector field, hence | grad α | is constant, [19].

By the above argument and using (3.10), we have the following proposition

Proposition 3.8. Let ϕ : (Mn, g) −→ (Nn, h) be a conformal map with dila-
tion λ(x) = eσ(x), where σ is an affine function . Then ϕ is F-biharmonic if
and only if ϕ is biharmonic.

Based on the above proposition, every homothetic map between manifolds
of the same dimension is F-biharmonic.

4. The second variation formula

In this section we derive the second variation formula of F-bienergy func-
tional. Then instability and nonexistence theorems for F-biharmonic maps are
given.

Theorem 4.1. Let ϕ : (M, g) −→ (N,h) be an F-biharmonic map . Moreover,
let {ϕt} be an arbitrary smooth variation of ϕ such that ϕ0 = ϕ, and set V =
dϕt

dt |t=0 . Then the second variation formula of E
F,2

(ϕt) is given as follows:

d2

dt2
|t=0 EF,2(ϕt)

=

∫
M

F ′(
| τ(ϕ) |2

2
)kϕ(V ) + h(V, Tϕ,F (V )τ2(ϕ)

−∆F ′(
| τ(ϕ) |2

2
)Jϕ(V )−∆Tϕ,F (V )τ(ϕ)

+2∇ϕ
grad (Tϕ,F (V ))τ(ϕ) + 2∇ϕ

grad (F ′(
|τ(ϕ)|2

2 ))
Jϕ(V )

−2RN (dϕ(grad F ′(
| τ(ϕ) |2

2
)), V )τ(ϕ))dυg,(4.1)

where Tϕ,F (V ) := d
dt |t=0 F ′( |τ(ϕt)|2

2 ) and kϕ(V ) is defined by (2.10).
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Proof. Let Φ : M × (−ϵ, ϵ) −→ N be a smooth map defined by Φ(t, x) =
ϕt(x), where M × (−ϵ, ϵ) is equipped with the product metric. Let ∇̄,∇Φ and

∇̃ denote the induced connections on T (M × (−ϵ, ϵ)),Φ−1TN and T ∗(M ×
(−ϵ, ϵ)) ⊗ Φ−1TN respectively. Considering canonical extension of ∂

∂t and X

to M × (−ϵ, ϵ) and denoting the extensions by ∂
∂t and X again, we have

(4.2) ∇̄ ∂
∂t
ek − ∇̄ek

∂

∂t
= [ek,

∂

∂t
] = 0.

Using (1.3) and (3.2), together with the assumption that ϕ is F-biharmonic,
we have

d2

dt2
EF,2(ϕt)

∣∣∣∣
t=0

=

∫
M

⟨
dΦ(

∂

∂t
),∇Φ

∂
∂t

{
∇Φ

ek
∇Φ

ek
[F ′(

| τ(ϕt) |2

2
)(∇̃eidΦ)(ei)]

−∇Φ
∇̄ek

ek
[F ′(

| τ(ϕt) |2

2
)(∇̃eidΦ)(ei)]

−RN (dΦ(ek), F
′(
| τ(ϕt) |2

2
)(∇̃eidΦ)(ei))dΦ(ek)

}⟩∣∣∣∣
t=0

dυg,(4.3)

where ⟨, ⟩ is the inner product on Φ−1TN, with respect to g and h. Now, we
have

d2

dt2
E

F,2
(ϕt)

∣∣∣∣
t=0

=

∫
M

⟨(
ek(ek(F

′(
| τ(ϕt) |2

2
)))− ∇̄∇̄ek

ekF
′(
| τ(ϕt) |2

2
)

)
∇Φ

∂
∂t
[(∇̃eidΦ)(ei)] + 2ek(F

′(
| τ(ϕt) |2

2
))∇Φ

∂
∂t
∇Φ

ek
[(∇̃eidΦ)(ei)]

+

(
ek(ek(

∂F ′( |τ(ϕt)|2
2 )

∂t
))− ∇̄∇̄ek

ek(
∂F ′( |τ(ϕt)|2

2 )

∂t
)

)
(∇̃eidΦ)(ei) + 2ek(

∂F ′( |τ(ϕt)|2
2 )

∂t
)∇Φ

ek
[(∇̃eidΦ)(ei)]

+
∂F ′( |τ(ϕt)|2

2 )

∂t

(
∇Φ

ek
∇Φ

ek
[(∇̃eidΦ)(ei)]

−∇Φ
∇̄ek

ek
[(∇̃eidΦ)(ei)]−RN (dΦ(ek), (∇̃eidΦ)(ei))dΦ(ek)

)
+F ′(

| τ(ϕt) |2

2
)∇Φ

∂
∂t

(
∇Φ

ek
∇Φ

ek
[(∇̃eidΦ)(ei)]−∇Φ

∇̄ek
ek
[(∇̃eidΦ)(ei)]

−RN (dΦ(ek), (∇̃eidΦ)(ei))dΦ(ek)

)
, dΦ(

∂

∂t
)

⟩∣∣∣∣
t=0

dυg.(4.4)
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By using ([15, Equation 23]), we have

∇Φ
∂
∂t
[(∇̃eidΦ)(ei)]

∣∣∣∣
t=0

= Jϕ(V )(4.5)

We continue our calculation and get

ek(F
′(
| τ(ϕt) |2

2
))∇Φ

∂
∂t
∇Φ

ek
[(∇̃eidΦ)(ei)]

∣∣∣∣
t=0

=ek(F
′(
| τ(ϕt) |2

2
))

{
RN (dΦ(

∂

∂t
), dΦ(ek))[(∇̃eidΦ)(ei)]

+∇Φ
ek
∇Φ

∂
∂t
[(∇̃eidΦ)(ei)] +∇Φ

[ ∂
∂t ,ek]

[(∇̃eidΦ)(ei)]

}∣∣∣∣
t=0

=RN (V, dϕ(grad (F ′(
| τ(ϕ) |2

2
))))τ(ϕ)

+∇ϕ

grad(F ′(
|τ(ϕ)|2

2 ))
Jϕ(V ).(4.6)

By direct calculation and using (2.10) and (4.5), the latter term of (4.4) can
be obtained as follows∫

M

F ′(
| τ(ϕt) |2

2
)

⟨
dϕ(

∂

∂t
),∇Φ

∂
∂t

(
∇Φ

ek
∇Φ

ek
[(∇̃eidΦ)(ei)]

−∇Φ
∇̄ek

ek
[(∇̃eidΦ)(ei)]

−RN (dΦ(ek), [(∇̃eidΦ)(ei)])dΦ(ek)

)⟩∣∣∣∣
t=0

dυg

=

∫
M

F ′(
| τ(ϕt) |2

2
)kϕ(V )dυg.(4.7)

Substituting formulas (4.5)-(4.7) into (4.4), we obtain formula (4.1). This
completes the proof. □

Definition 4.2. Let ϕ : (M, g) −→ (N,h) be an F-biharmonic map, and {ϕt}
be a smooth variation of ϕ such that ϕ0 = ϕ. We set

(4.8) Iϕ
F,2

(V, V ) :=
d2

dt2
|t=0 E

F,2
(ϕt),

where V = dϕt

dt |t=0, ϕ is said to be stable F-biharmonic if Iϕ
F,2

(V, V ) ≥ 0 for
every vector field V along ϕ.

Remark 4.3. Let (M, g) be a Riemannian manifold and Id : (M, g) −→ (M, g)
be an identity map. Using (2.10) and (4.1) and considering that τ(Id) = 0,
it can be concluded that Id is stable F-biharmonic. In fact Id is an absolute
minimum of the F-bienergy functional.
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Now, we use the methods of [13] and [15] to establish the following theorem,
which extends a theorem in [15] for biharmonic maps.

Theorem 4.4. Let (N,h) be a Riemannian manifold with a constant positive
sectional curvature K, and ϕ : (M, g) −→ (N,h) be a non-trivial F-biharmonic
map satisfies (2.4). Then ϕ is unstable F-biharmonic if ϕ is biharmonic.

Proof. Using (2.10)and (4.1), together with the assumption that N is of con-
stant sectional curvature, i.e., ∇NRN = 0, we have

d2

dt2

∣∣∣∣
t=0

E
F,2

(ϕt)

=

∫
M

F ′(
| τ(ϕ) |2

2
)

∣∣∣∣−∆ϕV − tracegR
N (dϕ, V )dϕ

∣∣∣∣2dυg
−
∫
M

F ′(
| τ(ϕ) |2

2
)

(
h(V,RN (τ(ϕ), V )τ(ϕ))

+2 traceg RN (dϕ, V )∇ϕτ(ϕ) + 2 traceg RN (dϕ, τ(ϕ))∇ϕV

)
dυg

+

∫
M

h

(
V, Tϕ,F (V )τ2(ϕ)−∆F ′(

| τ(ϕ) |2

2
)Jϕ(V )−∆Tϕ,F (V )τ(ϕ)

+2∇ϕ
grad (Tϕ,F (V ))τ(ϕ) + 2∇

grad F ′(
|τ(ϕ)|2

2 )
Jϕ(V )

−2RN (dϕ(grad F ′(
| τ(Φ) |2

2
)), V )τ(ϕ)

)
dυg.(4.9)

On the other hand, Tϕ,F (V ) = d
dt |t=0F

′( |τ(ϕt)|2
2 ) can be obtained as follows

Tϕ,F (V ) = F ′′(
| τ(ϕ) |2

2
)h(Jϕ(V ), τ(ϕ)).(4.10)

By setting V = τ(ϕ) in (4.10) together with the assumption that ϕ is bihar-
monic, i.e., τ2(ϕ) = Jϕ(τ(ϕ)) = 0, we obtain Tϕ,F (τ(ϕ)) = 0. Furthermore, by
(2.4), we have

h(dϕ(ei),∇ϕ
eiτ(ϕ)) = − | τ(ϕ) |2 .(4.11)
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Substituting τ2(ϕ) = 0 and Tϕ,F (τ(ϕ)) = 0 in (4.9) and using (2.4) together
with (4.11), the right hand side of (4.9) can be rewritten as follows:

Iϕ
F,2

(τ(ϕ), τ(ϕ)) =

∫
M

h(τ(ϕ), 4traceg RN (dϕ, τ(ϕ))∇ϕτ(ϕ))dυg

= 4K

∫
M

{
h(dϕ(ei),∇ϕ

eiτ(ϕ))h(τ(ϕ), τ(ϕ))

− h(dϕ(ek), τ(ϕ))h(τ(ϕ),∇ϕ
ek
τ(ϕ))

}
dυg

= −4K

∫
M

| τ(ϕ) |4 dυg ≤ 0.(4.12)

It follows that Iϕ
F,2

(τ(ϕ), τ(ϕ)) = 0 if and only if τ(ϕ) = 0. This is in con-
tradiction with the fact that ϕ is a non-trivial F-biharmonic map. Hence
Iϕ
F,2

(τ(ϕ), τ(ϕ)) < 0, which completes the proof. □

Along the lines of Theorem 4.1 and formula (4.10), we have the following
theorem

Theorem 4.5. An F-biharmonic map ϕ : (M, g) −→ (N,h) is stable if ϕ is
strongly stable biharmonic and

(4.13) grad (F ′ | τ(ϕ) |2

2
)) = grad (h(Jϕ(V ), τ(ϕ))) = 0

for any vector field V along ϕ.
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