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1. Introduction and preliminaries

The theory of actions of semigroups on sets is applied in many branches of
mathematical sciences, such as algebra, dynamical systems, computer science,
automata, and computational mathematics. The book [3] is a good reference
for most of we know about acts from an abstract point of view.

Recall that by Birkhoff’s Representation Theorem (see [3, Theorem I1.2.36])
for a semigroup S, any nontrivial S-act is a subdirect product of subdirectly
irreducible S-acts. Therefore, if we characterize subdirectly irreducible S-acts
then we get a description of S-acts in general. In [6], and [5], a characterization
of subdirectly irreducible acts, respectively over the monoid (NU {oo}, min, co)
and over left zero semigroups is presented. In this paper, we consider subdi-
rectly irreducible acts over some other classes of semigroups, namely the classes
of zero semigroups, right zero semigroups, and strong chain of left zero semi-
groups, hoping to help the research on subdirectly irreducible acts over other
semigroups and over arbitrary ones.

In the following we go through some preliminaries which will be used in the
sequel.

Recall that, for a semigroup S, a (right) S-act (or S-system) A is a set A
together with a function A : Ax S — A, called the action of S (or the S-action)
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on A, such that for a € A and s,t € S (denoting A(a, s) by as), a(st) = (as)t
and al = a if S is a monoid with 1 as its identity.

If there are more than one semigroup in a discussion, to prevent any confu-
sion, we denote an S-act A by Ag.

An S-act A is called separated if for a # b in A there exists s € S\ {1} with
as # bs. Also, we call a subset B of an S-act A separated if for a # b in B
there exists s € S\ {1} with as # bs.

A homomorphism f : A — B between S-acts is a function such that for each
a € A and s € S we have f(as) = f(a)s.

An element a of an S-act A is called a fixed or zero element if as = a for all
s € S. We denote the set of all fixed elements of an S-act A by FizA, which
is in fact a sub-act of A. This set plays an important role in our investigation.

An equivalence relation p on an S-act A is called a congruence on A, if apa’
implies (as)p(a’s) for a,a’ € A and s € S. We denote the set of all congruences
on A by ConA. For a,b € A, the symbol p, ; denotes the smallest congruence
on A containing (a,b). It is in fact, the equivalence relation on A which is
generated by the set {(as,bs) : s € SU{1}}, and its elements are given by:

ZTPa,bly < 3817527' -.58n € SuU {1}73p17p27'"7pn7q1aq27"'7qn €A:

T =Pp1S1 G252 =P3S3 - qnSpn =Y (151 = P2S2 (353 = P454
where (p;,¢;) = (a,b) or (p;,q;) = (b, a).

Recall from [3] that, a right S-act A is called subdirectly irreducible if (| p #
A, where p runs over ConA \ {A}.

Note that for each semigroup S, every two element S-act A has exactly two
congruences A and v/, and so it is subdirectly irreducible. Also, we apply the
following remark and theorem about subdirectly irreducible and subdirectly
reducible acts.

Remark 1.1. Note that every S-act with at least three fixed elements is sub-
directly reducible. This is because, if a, b, c are distinct fixed elements of an
S-act A, then pgp N pg,ec = A.

The above remark was also proved in [7].

Theorem 1.2. Let S be a semigroup. Then every subdirectly irreducible S-act
A with |A| > 2 and two fized elements is separated.

Proof. Let FixA = {ag,bp}. On the contrary, assume that there exist = #
y € A such that xs = ys for all (non identity) element s € S. Then, p,, =
AU{(z,y), (y,x)}. Now, (ag,bo) & pz,y, and 80 pgy N Pagb, = A which is a
contradiction. O

Note that the converse of Theorem 1.2 is not generally true. For example,
every S-act A with identity actions, and |A| > 3 is separated but it is not
subdirectly irreducible by Remark 1.1.
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2. Subdirectly irreducible acts over a strong chain of left zero
semigroups

A variety of semigroups can be decomposed into simpler types of semigroups
which simplifies their structural analysis. A couple of these are:

Archimedean semigroups, completely simple semigroups, Clifford semigroups,
and periodic semigroups.

In this section, we specify subdirectly irreducible acts over a strong countable
chain of left zero semigroups. It is clear that each S-act A with |A| = 2 has
only two congruences, implying that such S-acts are subdirectly irreducible.
Therefore, in this section, we assume that all S-acts have at least three ele-
ments.

Recalling the notion of a strong semilattice of completely simple semigroups
from [2], we define a strong chain of left zero semigroups to be a semigroup
S = Uqsey Sa, where {Sq}acy is a family of disjoint left zero semigroups and
Y is a chain with bottom element a; such that for all o, 8 € Y with o >
there exists a semigroup homomorphism ¢, 3 : So = Sg, and for a > 5 > v,
VB4 PaB = Pan~- Also, it is assumed that ¢, o = idg, for all & € Y. The
multiplication on S, for s € S4,t € Sg, with a > § is then given by

st = @oc,a/\ﬁ(s)wﬁ,a/\ﬁ(t) = @a,ﬁ(s)wﬂ,ﬁ(t) = @a,ﬁ(s)t = 9004,,6’(8)

ts = ©p.ans(t)Pa,ans(s) = ¢p.8(1)Pap(s) = tpas(s) =1,
where the last equalities are because of the assumption that Sg is a left zero
semigroup.
Notation: For a strong countable chain S = |J,cy Sa of left zero semi-
groups, let T' C [ J,cy Sa and A be an S-act. We denote the set of all elements
of A which are fixed under the action of all members of T' by FizAr.

Remark 2.1. Note that for every S-act A on a strong chain of left zero semi-
groups S = J,cy Sa, we have:

(1) FizA C FizAg,;

(2) if for some a@ € Y, A as an S,-act, which we denote it by Ag_, is
separated then A as an S-act is separated;

(3) if a1 is the bottom element of Y and x € FixAUa;m1 s, then &Sy, = {*},
where % € FizA. This is because, for s1,s2 € S,,, and t € S, with o # a1, we
have

xs1 = (xt)s1 = x(ts1) = TPa,a, (t) = 2(ts2) = (vt)s2 = xs2.
Also for s1 € S,,, 7 € S, we have s;r = s1, and hence (xs1)r = x(s17) = 1.

Lemma 2.2. Let S = J,cy Sa be a strong chain of left zero semigroups and
A be an S-act. Then for each x € A and t € Sz, we have xt € FixAUwﬁ S

Proof. Let x € A, t € Sg, and s € S, for some a > . Then by the definition
of the multiplication on S, we have ts = ¢ and hence (zt)s = x(ts) = «t, as
required. O
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Lemma 2.3. Let S = J,cy Sa be a strong chain of left zero semigroups and
ag = minY and ag = min(Y \ {a1}). Then each subdirectly irreducible S-act
A with |A| > 3 is separated.

Proof. Let A be subdirectly irreducible. By Remark 1.1, |FizA| < 2. If
|FizA| = 2 then by Theorem 1.2, A is separated. If FizA = {ag}, then
we consider three cases:

Case 1. If FimAUaMz s, = 1, then for each z € A and s € S, xs = ao.
Therefore, for all a,b,c € A, Pa,b N pv,e = A which is a contradiction.

Case 2. If |FiacAUa>ﬂ2 Sa| > 3, then there exist b, ¢ € A such that ag, b, ¢ are
different and for all s € UQZQQSQ, aps = ag, bs = b, cs = c. But, by Lemma
2.2, for s € Sq,, aos = bs = cs = ag. Thus

Pag.b 1 Pag.c = (A U{(ao,b), (b, ao)}) N (A U{(ao,¢), (c,a0)}) = A
which is a contradiction.

Case 3. If |FixAUa>a2 S| = 2, then Figz:AUQM2 So = {ag,a} where ags =
ag for all s € S, at = ag for all ¢t € UQZQQSQ, ar = q for all r € UQZQQSQ.
Now, on the contrary, assume that there exist z # y € A such that zs = ys
for all s € S. Since z,y ¢ {ag,a} and xs,ys € {ap,a} for all s € S, we get
Pay N Pag.a = (AUA{(z,y), (y,2)}) N (A U{(a0,a),(a,a0)}) = A which is a
contradiction. Therefore A is separated. O

In the following, we characterize subdirectly irreducible acts over the two
element strong chain of left zero semigroups, and then over an arbitrary strong
chain of left zero semigroups.

Theorem 2.4. Let S = Sy, U Sqa,, 1 < ao, be a strong chain of left zero
semigroups. Then an S-act A is subdirectly irreducible if and only if A is
separated and |FizAg, | = 2.

Proof. Let A be subdirectly irreducible. Then |FizA| < 2. Two cases may
occur:

Case 1. FixA = {ap}. Then by Lemma 2.2, for each s € S,, and each
x € A, xs = ag. Now if [FizAg,, | =1 then for each x € A and each s € S,,,
xs = ag. Therefore, for all a,b,c € A, pgp N pp,c = A which is a contradiction.
If |Fia:Aga2| > 3, then there exist elements b,c € A such that ag,b,c are
different and for all s € S,,, aps = ap, bs = b, c¢s = ¢. But, by Lemma 2.2,
for s € So,, aps = bs =cs = ag. Thus

Pao,b N Pag,c = (A U {(a()v b)7 (b’ ao)}) N (A U {(a’Ov C)v (Cv ag)}) =A
which is a contradiction. Therefore |FizAg,, | = 2. Also, A is separated by
Lemma 2.3.

Case 2. FirA = {ao,bo}. Then |FirAg, | > 2. Let FizAs, = {ao,bo,c,
---}. Then by Remark 2.1(3), for all s € S,,, ¢s = ag or for all s € S,,,
cs = by. Let for all s € S,,, ¢cs = ap. Then for s € S,,, (aps,cs) = (ag,ap),
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and for t € S,,, (aot,ct) = (ag,c). Therefore, (ap,bo) & pec.ay, and hence
Pao.bo N Pe,ag = A, which is a contradiction. If for all s € §, cs = by, it is
proved similarly that pg,.p, N pe,p, = & which is again a contradiction. Thus
|FizAs,,| = 2. Also, by Lemma 2.3, A is separated.

Conversely, let A be separated and FizAs, = {ao,bo}. We claim that
each non trivial congruence ¢ on A contains (ag,bp). Let 6 be a non trivial
congruence on A. Then there exist x # y € A such that (z,y) € §. Thus for
all s € S,,, (xs,ys) € . But, by Lemma 2.2, for all s € S,,,, xs,ys € FizA
and for s € Sa,, xs,ys € FizAs,, = {ao,bo}. On the other hand, since A is
separated, there exists s € S such that xs # ys. Now, since FizA C FizAg, ,
it is concluded that (ag,bp) € 6, and so A is subdirectly irreducible. O

Corollary 2.5. Let S = Sy, US,, with a1 < asz, be a strong chain of left zero
semigroups. An S-act A with ezactly two fived elements and |FizAs, | = 2 is
subdirectly irreducible if and only if A is separated.

Proof. Let FixzA = {ag,bp} and A be subdirectly irreducible. By Theorem 1.2,
A is separated. The converse is true by the above theorem. |

Now, we recall a theorem of I.B. Kozhukhov and A.R. Haliullina from [4].

Theorem 2.6 ([1]). Let A be an S-act with two fized elements 01,605. Then
A is subdirectly irreducible if and only if for any a # b of A, there exists s € S
such that {as,bs} = {601,0-}.

Here, we prove a similar result for the case of a strong countable chain of
left zero semigroups.

Lemma 2.7. Let S = |J,cy Sa be a strong chain of left zero semigroups. If
A is a subdirectly irreducible S-act with exactly two fized elements ag,by then
Fz'xAUa#a1 s. = {ao,bo}, and for every different x,y € A there exists s € S
such that rs # ys and xs,ys € FimAUa¢a1 g .

o

Proof. Let FizA = {ag,bp} and (ag,by #)co € FiscAUa#a1 s.- Then by Re-
mark 2.1, for all s € Sy, cos = ag or for all s € S,,, cos = by. Now if
for all s € S,,, cos = ap then pgyp, N Pag.co = £, and if for all s € S,,,
cos = by then pgy by N Poy,co = 2, both of which are contradictions. Hence
|Fi:cAUa#a1 s.| = 2. To prove the other part, on the contrary, let there exist
different x,y € A such that for all s € S, xs = ys for xs,ys € FixAUa;éa1 S, -
Then p,, = AU {(z,y),(y,x)}. Thus {z,y} # {ao,bo} which implies
($,y) ¢ Pao,bo s and so (a07b0) ¢ Px,y- Thus Pz,y N Pag,by = A which is a
contradiction. O

Theorem 2.8. Let S = |J,cy Sa be a strong finite chain of left zero semi-
groups. An S-act A is subdirectly irreducible if and only if there exists f € Y
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such that |Fi1:AUa>B s.| =2, and for every different z,y of A there exists s € S
such that xs # ys and xs,ys € Fi:z:AUDB S~

Proof. Let A be subdirectly irreducible. Then, by Remark 1.1, |FizA| < 2. If
|Fiz Al = 2 then by Lemma 2.7 the result is true (take = aq). If |FizA| =1,
we prove the result by induction on |Y]. If |Y| = 2, then by Theorem 2.4, A is
separated, so for x # y € A there exists s € S such that zs # ys. Now s € S,
or s € S,,. If s €S, then xs,ys € FizA, but |FizA|l = 1 hence zs = ys
which is a contradiction therefore s € Sy, , hence zs,ys € FirAg,,. Then by
the proof of Theorem 2.4 (case 1), we have the result (take 5 = a3). Now,
by induction we assume that the result is true for each subdirectly irreducible
T-act B, where T' = | J,cy Sa With [Y] < n. Let A be a subdirectly irreducible
S-act, where S = |J,cy Sa, and |Y| = n. Then, by assumption 1 = |FizA| =
|Z*—'i:1:AUQ>a1 s, |, we get |Fz':c/lua#a1 s.| < 2. Thisis because, if on the contrary,
|Fia:AUa¢Q1 s.| > 3 then we have at least three different elements ag, by, co € A
such that for every s € 4,
|FixAUm>a1 s.| =1, for every s € S,, we have aps = bps = cgs. Therefore,
Pag,bo N p}ch = A, which contradicts the hypothesis that A is subdirectly
irreducible. Therefore, \FixAUa#al s.l <2

Sw, 08 = ag,bgs = bg,cos = cg. Also, since

Let |Fz'acAUa;éa1 s.| =1, and consider T' = |J,_,, Sa- Then T is a strong
chain of left zero semigroups (by the hypothesis that Y \ {«1} has a least
element), and A is subdirectly irreducible as a T-act, too. The latter is because
Con(Ag) = Con(Ar). To see this, let p be a congruence on Ap. Then for each
(a,b) € p, and t € S,,, by Lemma 2.2, at,bt € Fi:::AU(Da1 s, = FizA. But,
by hypothesis |FizA| = 1, and hence (at, bt) € A C p. Therefore, Con(Ar) C
Con(Ag), the converse is clear. Now, by applying induction hypothesis for Ar,
we get the result for Ag.

Also, if |FixAUa¢a1 s.| = 2 then by applying Lemma 2.7 for A as a T-act,
where T' = U, +,, Sa, we get the result.

Conversely, let 8 be as in the statement. By Lemma 2.2, for each x € A, and
s €853, x5 € FiIAUu>5 s.- Let FixAUa>ﬂ s, = {ao,bo}. We claim that each
non trivial congruence p on A contains (ag, bg). Let p be a nontrivial congruence
on A, and (z,y) € p, where x # y. By hypothesis, for some s € S, xs # ys and
xs,ys € Fz'a:AU(DL3 s.- Thus (ag,bg) = (xs,ys) € p or (ag,bo) = (ys,xs) € p,
and hence A is subdirectly irreducible. O

3. Subdirectly irreducible acts over a zero semigroup

Another class of semigroups over which we characterize the subdirectly ir-
reducible acts is the class of zero semigroups. Recall that a semigroup S is a
zero semigroup, if st = 0 for all s,¢ € S, where 0 is the zero element of S.



1919 Moghaddasi and Mahmoudi

Lemma 3.1. Let S be a zero semigroup. Then every S-act A with |A] > 3 and
|FizA| = 2 is subdirectly reducible.

Proof. Let FixA = {ag,bp} and ¢ € A\ FixA. We know that ¢0 € FixzA.
Let ¢c0 = ag. Then for each s € S, ¢s # by. This is because, if cs = by for
some s € S, then c0 = ¢(ss) = (¢s)s = bps = by which is a contradiction. Let
s € S and ¢s = x. Then for each t € S, zt = (cs)t = ¢(st) = 0 = ag. Now,
if £ = ag then (ag,bo) & Pag,c, that 1S pag b N Pag.c = A, and if z # ap then
Pao.bo (N Pao,z = A. Therefore, A is subdirectly reducible. O

By the above lemma and Remark 1.1, we get the following fact.

Corollary 3.2. Let S be a zero semigroup. Then every S-act A with |A|] > 3
and |FizA| > 2 is subdirectly reducible.

Lemma 3.3. Let S be a zero semigroup. If A is a separated S-act with
|FizA|l =1, then |A] = 1 and is subdirectly irreducible.

Proof. Let FixA = {ao}. If |A| > 2 then there exists a non fixed element
b € A such that b0 = ag. Since A is separated, there exists t € S such that
bt # aot (= agp), let bt = c. Now, for every s € S, c¢s = (bt)s = b(ts) = b0 =
ap = ags, which is a contradiction, and so |A| = 1. The fact that such an A is
subdirectly irreducible is then clear. |

The following results describe subdirectly irreducible S-acts over a zero semi-
group S.

Theorem 3.4. Let S be a zero semigroup. An S-act A with |A| > 3 is subdi-
rectly irreducible if and only if |FizA| =1 and A\ FizA is separated.

Proof. Let FixA = {ap} and A\ FizA be separated. Then for all x € A,
20 = ag. Now, for every (0 #)s € S and (ag #)x € A, xs # x, since otherwise
x = xss = 20 = ag, which is a contradiction. Thus, for z € A\ FizA, two
cases may occur:

Case 1. For all s € S, zs = agp. Note that since A\ FizA is separated, such
an z (if exists) is unique.

Case 2. There exists s € S such that xs = ¢ # ag. Then for all ¢t € S,
ct = (zs)t = x(st) = 20 = ag, and such a c is unique, as we explained in case
(1).

Therefore, there exists a unique element ¢ € A such that c¢s = aq for all
s € S and xS C {ap,c}, for all z € A. Note that if 2s = d # ag, ¢ for some
s € S, then similar to the discussion of case (2), dt = ag = ct for all t € S,
which contradicts the fact that A\ FixA is separated.

Now, we claim that each (A #)6 € ConA contains {(ao,¢), (¢,a0)}. Let
(A #)0 € ConA. Then, there exist x # y € A such that (z,y) € 6. Now, two
cases may occur:
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Case 1. One of z or y is equal to ag, say * = ag. Then (ag,y) € 6. Now,
if for each s € S, ys = ag then y = ¢, and hence (ag,c) = (ys,aps) € 6. If
ys # ag for some s € S, then ys = ¢, and hence (ag, ¢) = (agps,ys) € 6.

Case 2. z,y # ag. Then 20 = y0 = ag. But, since A\ FizA is separated,
there exists t € S such that xt # yt. Let xt = ¢. Then yt = ag, and hence
(ag,c) = (yt,xt) € 0. Therefore A is subdirectly irreducible.

Conversely, by Lemma 3.1, Remark 1.1, and the fact that each S-act (S
being a zero semigroup) has at least one fixed element, |FizA| = 1. Let
FixA = {agp}. To prove that A\ FizA is separated let, on the contrary that
there exist b # ¢ € A\ FixzA with bs = cs for every s € S. Then, two cases
may happen:

Case 1. For some s € S, bs = ¢s = © # ap (note that x # b,c since if
bs = c¢s = b then for every t € S, bt = ag, which is a contradiction). Then
for each s € S, s = b0 = ag. Now pgy.» N ppc = A, which means that A is
subdirectly reducible, which is a contradiction.

Case 2. For each s € S, bs = cs = ag. Then py N pgy,c = A, which is again
a contradiction and so we get the result. O

Remark 3.5. For a zero semigroup S = {0, s,t,...} with 0 as the zero element,
the structure of a subdirectly irreducible S-act A with at least three elements
is as follow:
(1)
(2) There exists a unique element ¢y # ag € A such that ¢oS = {aog}.
(3) For all z € A, 20 = ag and xS C {ag,co}-
(4) A\ FizA is separated.

FizA is a singleton set {ag}.

Now, we find the number of all subdirectly irreducible S-acts over finite zero
semigroups.

Theorem 3.6. Let S be a zero semigroup with |S| = n. The number of non
isomorphic subdirectly irreducible S-acts is 22" =14 9

Proof. Let S ={0,s1,...,8,-1} and A be a subdirectly irreducible S-act with
at least three elements. Then, by Remark 3.5, there exist two elements ag, cg
in A, as described there. Also for every x € A (distinct from ag,¢p), taking
pz S — A, by p.(s) = xs, we have p; H{ao} C S and |p;{ag}| =1or2or---
or n—1. (Note that, by the above remark the cases that |p; 1{ao}| = 0 or n are
impossible). Also, note that since A\ FizA is separated, for z,y € A\ FizA
we have

pz H{ao} = p; {ao} = = = y.
This is because, for  # y in A\ Fix A there exists s € S such that xzs # ys.
But xs,ys C {ag,co}, and so s = ag, ys = ¢g or xs = ¢y, ys = ag which
contradicts p; '{ao} = p, '{ao}.
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This shows that for each m € {1,2,...,n — 1}, the number of x € A with
|pz{ao}| = m is the same as the number of subsets T of S\ {so} with |T'| =
m — 1; that is (;;7_11) Therefore A has at most 2 + ZZ;S (";1) =2+271 1
elements.

In fact, the largest subdirectly irreducible S-act is

Al = {ao, CoyL1,T2y ... ,.’1321171_1},
where
ZL’10 = Qap, 181 = T182 =+ ==T18p—-1 = Cp, and T2yeevy Ty

satisfy

20 = xs; = ag, for some i =1,--- ,n—1, and xs; = o for all j # 1,
Tnye s Ty satisfy 0 = zs; = xs; = ag, for some ¢,j € {1,--- ,n — 1} and
xS = cg for all k # 4, j and so on to Tgnoa_1y_(no)st a1 which satisfy

xs; = cg, for some i =1,--- ,n—1, and 0 = xs; = ao for all j # 1.

Note that, since A\ FizA is separated, the elements of A; are distinct.

Now, we see that every B < A; with ag,c9 € B is also subdirectly ir-
reducible. The number of nontrivial subdirectly irreducible subacts of A; is
{B: B C A1, ag,co € B}| which is the same as |[{C|C C {z1,...,2on-1_1}}|
= 22" "1, Finally, by a similar discussion as above, any other subdirectly
irreducible S-act with at least three elements is isomorphic to A; or one of the
subacts of A;. Therefore, the number of all subdirectly irreducible S-acts is
922"l 4 2, where the added 2, comes by considering the trivial subdirectly
irreducible act {ag}, and the two elements (both fixed) subdirectly irreducible
act. (|

Recall that an S-act A is called simple if ConA = {A,V}. It is easy to
check that every S-act A with |A| < 2 is simple, but there exists no simple
S-act A with trivial action and |A| > 2. We close this section, by generalizing
the latter fact for any S-act.

Theorem 3.7. For a zero semigroup S, there exists no simple S-act A with
|A| > 2.

Proof. First note that an S-act A with |A| > 2 and at least two fixed elements,
is not simple. Now, let FizA = {ag}. For b,c € A we have b0 = 0 = ao.
Assume that for some s € S, bs = & # ag. Then for each t € S, xt = bst =
b0 = ag. Therefore, p,y, . # A, V, and so A can not be simple. O
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4. Subdirectly irreducible acts over a right zero semigroup

The last kind of semigroups over which we consider the subdirectly irre-
ducible acts, are right zero semigroups. Recall that a semigroup S is a right
zero semigroup, if st = ¢, for all s,t € S.

Also Note that for a right zero semigroup S, the only separated S-acts are
S-acts with trivial actions. This is because if A is an S-act, and a,b € A are
distinct elements with as = b for some s € S, then at = bt for all ¢t € S which
means that A is not separated.

Definition 4.1. Let S be a right zero semigroup and A be an S-act. Define
the relation ~ on A as follow:

a~b<s (a=bsorb=as for some s € 5).

We call each subset a.. = {b € A|b ~ a} a ~-part of A.

Remark 4.2. (1) Note that although ~ is a symmetric relation, it is not neces-
sarily an equivalence relation. For example, take S = {s,¢} be a two element
right zero semigroup, and consider the S-act A = {a, b, ¢} with the action given
by as = bs = ¢s = b, at = bt = ¢t = ¢. Then A has two ~-parts: a. = {b,c}
and b = ¢ = {a,b, c}. We further see that a » a.

(2) Each element of A belongs to at least one ~-part. In fact, for each a € A
and s € S, a € (as)~.

(3) If @ ~ b then at = bt for all ¢t € S. This is because, if a = bs or
b = as, for some s € S, then for all t € S, at = (bs)t = b(st) = bt or
bt = (as)t = a(st) = at.

Lemma 4.3. Let S be a right zero semigroup and A be an S-act. If A has a
~-part with at least three elements then A is subdirectly reducible.

Proof. Let z.. be a ~-part of A and {a,b,c} C xz.. By Remark 4.2(3), for
all s € §, as = bs = cs. Therefore p,p N pg,c = A. Thus A is subdirectly
reducible. 0

Lemma 4.4. Let S be a right zero semigroup and A be an S-act. If A has
two ~-parts with at least two elements in each ~-part then A is subdirectly
reducible.

Proof. Let z.. and y.. be two ~-parts and {a,a’} C z., {b,'} C y.. Then by
Remark 4.2(3), as = a’s and bs = b's for every s € S. Therefore py o N pppy =
A. Thus A is subdirectly reducible. O

Lemma 4.5. Let S be a right zero semigroup and A be an S-act with |A| > 3.
If A has only two fized elements then A is subdirectly reducible.

Proof. Let FixA ={a,b} and ¢ € A\ FizA. Two cases may occur:

(I)ec~aorc~b (2)cwaandc~b
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Let ¢ ~ a. Then ¢s = as, for all s € S. Now pgp N pg,c = A. Thus A is
subdirectly reducible. Similarly, if ¢ ~ b then A is subdirectly reducible.

Let ¢ » a and ¢ « b. Then there dose not exist ¢ € S with ¢t = a or
ct =b. So (a,b),(b,a) & pa.c, and hence pyp N pac = A. Thus A is subdirectly
reducible. O

Theorem 4.6. Let S be a right zero semigroup with |S| > 3. An S-act A
with at least three elements is subdirectly irreducible if and only if |A| = 3,
|FizA| =1 and A has exactly two ~-parts.

Proof. Let A be subdirectly irreducible. Then first we see that |A] = 3. On the
contrary, let |A| > 3. If A has only one ~-part then it is subdirectly reducible,
by Lemma 4.3, which is a contradiction. If A has two ~-parts then it is sub-
directly reducible, by Lemmas 4.3 and 4.4, which is again a contradiction. If
A has more than two ~-parts then it clearly is subdirectly reducible, which is
again a contradiction. Therefore, |A| = 3. Now using this, by a similar discus-
sion to the above, we get that A has exactly two ~-parts. Finally |FizA| = 1.
This is because, if |FizA| = 2 then by Lemma 4.5 it is subdirectly reducible.
Also, if |[FizA| = 0 then A does not have a one element ~-part, and hence each
~-part has at least two elements. Therefore by Lemma 4.4, A is subdirectly
reducible, which is a contradiction.

Conversely, let |A| = 3, |FixA| = 1, and A have exactly two ~-parts. Then
one ~-part has one element which is a fixed element, and another ~-part has
two elements which are not fixed elements. Let A = {a, b, c}, where a is a fixed
element and b ~ ¢. Then, using the hypothesis that |FizA| = 1, there exist
t,s € S such that bs = ¢s = b and ¢t = bt = ¢. Now, the only nontrivial
congruences on A are: pqp = pgc = V and pp . Also, (b,¢) € pa.p N pa,cN Pbc-
Therefore, A is subdirectly irreducible. |

Since every S-act with one or two elements is subdirectly irreducible, the
above theorem gives a characterization of all subdirectly irreducible S-acts, for
a right zero semigroup S. Theorem 4.6 can be also obtained from [4], where a
characterization of subdirectly irreducible acts over a rectangular band is given.

Remark 4.7. For a right zero semigroup S, the structure of each subdirectly
irreducible S-act A with |A| > 3 is as follow:
(1) |Al =3, let A ={ag,b,c}
(2) FizA = {ao}
(3) There exist s,t € S such that bs = ¢s = ¢ and bt = ¢t = b, and for all
re S, br=cr#ap.

Now we find the number of subdirectly irreducible S-acts over a right zero
semigroup S.

Theorem 4.8. Let S be a right zero semigroup with |S| = n. Then the number
of non-isomorphic subdirectly irreducible S-acts is n + 2.
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Proof. Let S = {s1,$2,...,5n}. Consider the set X = {4;]1<i<n—1}in
which for all i, 1 <i <n-—1, A; = {ap, b, c} is the S-act given as Fiz A; = {ag},
for all j with 1 < j <4, bs; = cs; = b, and for all [ > ¢, bs; = cs; = c. By
Remark 4.7, all A; in X are subdirectly irreducible. On the other hand, if an
S-act A is subdirectly irreducible with at least three elements, then again by
the above remark, A is isomorphic to one of A; in X. Therefore the number of
all subdirectly irreducible S-acts with at least three elements is |X| = n — 1.
Also, computing the number of subdirectly irreducible S-acts A with |A| < 2,
we get that there are (up to isomorphism) only three such acts: the singleton
S-act {a}, the two fixed element act 2, and the two element act {a,b} with
only one fixed element. In all, the number of subdirectly irreducible S-acts is
(n=1)+3=n+2. O

Theorem 4.9. For a right zero semigroup S, there exists no simple S-act with
at least three elements.

Proof. Let A be an S-act with |A]| > 3. Two cases may happen:

Case 1. A has exactly one ~-part. Then we can take a,b,¢c € A with
as = bs = cs, for all s € S. Thereafter, p,, = AU {(a,b), (b,a)} #V,A.

Case 2. A has more than one ~-part. Let a~, b~ be two ~-parts of A such
that ¢ € a~. Then ps. = AU {(a,c),(c,a)} # V,A. Therefore, A is not
simple. O
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