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ABSTRACT. In this paper, we investigate the number of 1-factors of a
generalized Petersen graph P(N, k) and get a lower bound for the number
of 1-factors of P(N, k) when k is odd, which shows that the number of
1-factors of P(N, k) is exponential in this case and confirms a conjecture
of Lovész and Plummer (Ann. New York Acad. Sci. 576 (2006), no. 1,
389-398).
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1. Introduction

Let G = (V(G), E(G)) be a graph. Hereafter, all graphs are, finite, simple
and connected. Also, for the basic terminology not defined here one may refer
to [1].

A matching in a graph G is a set of pairwise non-adjacent edges. If M is a
matching, the two ends of each edge of M are said to be matched under M, and
each vertex incident with an edge of M is said to be covered by M. A perfect
matching of a graph G is one which covers every vertex of G, where a perfect
matching is also called a I-factor of G. Let ®(G) be the number of 1-factors of
G. Two graphs G and H are isomorphic, written G = H , if there are bijections
¢:V(G) - V(H) and ¢ : E(G) — E(H) such that g(e) = wv if and only
if Y(p(e)) = ¢(u)p(v); such a pair of mappings is called an isomorphism
between G and H. A graph G is n-extendable if G has a matching of size n,
and every such matching extends to (i.e., is contained in) a perfect matching in
G. A graph is factorizable if it contains a 1-factor. A graph G is called bicritical
if removing any two vertices of G, there remains a factorizable subgraph. Odd
(even) path (cycle) represents a path (cycle) of odd (even) length.
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One of the topics in matching theory is to determine the function ®(G).
Kasteleyn [6] first introduced Pfaffian method to give the exact value for the
number of 1-factors of planar graphs. However, there may exist no uniform
formula or efficient algorithm to compute (G) for some graphs G. In particular,
Valiant [10] proved that the problem of determining ®(G) is NP-hard, even
when G is bipartite. This left very little room for finding the exact value of
®(G). Naturally, the next move is to find a lower bound for ®(G). Up to now,
it has obtained many important results for the lower bound (G) of some special
graphs G. We present a few classical results in this direction.

Theorem 1.1 ([7]). Let G be a Halin graph. Then ®(G) > 3(|V(G)| —1).

Theorem 1.2 ([12]). Let G = (X,Y) be a bipartite graph with a I1-factor and
dg(z) 2 k for every x € X. Then ®(G) > kl.

Theorem 1.3 ([2,9]). Let G be a k-regular bipartite graph on 2n vertices.

Then
(k— 1)’“*1

(Cz )" < ®(G) < (R)E.

Theorem 1.3 implies that the number of 1-factors of a k-regular bipartite
graph is exponential. In addition, some non-bipartite cubic graphs may not
have 1-factors. For instance, Sylvester graph has this property.

Theorem 1.4 ([12]). Let G be a k-connected graph with a 1-factor. Then
O(G) = K. In particular, ®(K,) = (n — 1)!I. These bounds are sharp when k
is odd.

Theorem 1.5 ([7]). Let G be a k-connected graph with a 1-factor and assume
that G is not bicritical. Then ®(G) > k.

Dosli¢ [4] used ear decomposition theory of 2-connected graphs to establish
lower bounds on the number of 1-factors in k-extendable graphs.

Theorem 1.6 ([1]). Let G be a k-extendable graph of n vertices and m edges

with mazimum degree A, where k > 1. Then

(k+1)!
4

In 2006, Lovdsz and Plummer [3] posed a conjecture on the lower bound of
1-factors of 2-edge-connected cubic graphs.

O(G) > (m —n — (k — 1)(2A — 3) + 4)].

Conjecture 1.7 ([8]). Let G be a 2-edge-connected cubic graph. Then there
exists a constant number ¢ > 1 such that ®(G) > ™.

Some partial results are known with regard to this conjecture. For example,
Voorhoeve [11] showed that if G is a cubic bipartite graph on 2n vertices, then

O(G) = (%)” Chudnovsky and Seymour [3] proved that if G is a cubic planar

graph with no cut edges, then ®(G) > et
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Let us fix some notations before presenting the main results.

Let F, 1 be the number of the subsets of {1,2,...,n} containing no consec-
utive integers in {1,2,...,n}. Then F, ., is called the Fibonacci number. The
Fibonacci sequence {F,} satisfies the following recurrence relation

P =F =1,
FnJrl =F,+F,_1.
It is known that F,, can be stated as:

Fn _ (O_n+1 o TnJrl)

i

4l

where o =

Definition 1.8. A generalized Petersen graph P(N,k) for N >3 and 1 < k <

N is a graph on the vertex set

2
V=Awli=1,2,..., N}U{w;li =1,2,..., N},
and the edge set
E = {uwuip1, ujw;, wiw k|t = 1,2, ..., N},
where the subscripts are taken modulo N.

When N = 0(mod 2) and k = 1(mod 2), P(N,k) is a bipartite graph [5].
Hence, ®(P(N, k)) is exponential. Neverthless, P(N, k) is non-planar and non-
bipartite when N = 1(mod 2) and k = 1(mod 2). In this paper, we prove that
the number of 1-factors of P(N, k) is exponential when & = 1(mod 2), which
confirms Conjecture 1.7 in this case.

2. Lower bounds for ®(G) in generalized Petersen graphs

Lemma 2.1. Let f,, := Z:':Ol (g;j_'i), Im = Y inp (7"2':1) Then fm = Fom_1,

Gm = Fom, where Fop_1 and Fyy, are odd items and even items of Fibonacci
sequence F,,, respectively.

Proof. Obviously, f,, and g,, satisfy the following initial condition
{ fl = Fl = 17
g1 = F2 =1.

Now we show that they satisfy the recurrence relations of Fibonacci sequence
Fp,.:

{ fm+gm:F2m71+F2m:F2m+1:ferl;
Im + f7n+1 = Fopm + Fomg1 = Fomy2 = Gm1-
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In fact,
m+1 e m—i—z
=S (1) 5 ()
=0
_Zm: m+i+1 y
By 2i+1 ) It
=0
" (mti N mti+1
amt i =3 (" )+ (M) =
The lemma is proved. g

For convenience, let n = | %=1 | and gcd(a, b) be the greatest common divisor
of two positive integers a and b.

Theorem 2.2. Let P(N, k) be a generalized Petersen graph with ged(N, k) =1
and k = 1(mod 2). Then

F,, if ged(N,n) = 0(mod 2),
®(P(N k) > { Fo_1, if ged(N,n) = 1(mod 2).
Proof. We construct a new graph H = H(V(H), E(H)):

V(H)={wli=1,2,...,N}U{v;Ji =0,1,...,N — 1},
E(H) = {uuin1]i=1,2,...,N}U
{vivigali = 0,1,..., N = 1} U{viuppiqnyli = 0,1,..., N — 1},

where
[ ki+1, 1<ki+1<N,
[’”‘L”—{z, N <ki+1=Nr+1.

We construct a mapping (f, g) as follows:

f: V(H) = V(G);

Ui > Uy, ’L':1,2,, .7N,

Vi > Wkit1], i=0,1,,..., N—1
g: E(H)— E(G);
UiUi41 = WUi41, 1=1,2,,...,N,
Vilig1 > Wikit1|Wik(i+1)+1], ¢ =0,1,,..., N =1,
Villlkit1]) 7 Wikir1)Ukiv1, ¢=0,1,,...,N—1

Note that P(10,3) has two different drawings, (see Figure 1).

It is easy to see that (f,g) is an isomorphic between G and H when
ged(N, k) = 1. Hence ®(G) = ®(H). In the following, we evaluate the lower
bound of ®(H). Let Ey = {e; = viupir1) € E(H)[i = 0,1,...,N — 1} and
F € Ey, denote My(F) to be the set of 1-factors of H containing F. Two cases
must be considered based on the parity of N.

Case 1. N = 1(mod 2).
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FiGURE 1. Two drawings of P(10,3)

Then H — Ej contains two disjoint odd cycles, denoted by C; and Cs, re-
spectively, where

Ol = VpV1...UN-10,
C2 = UuUjuU2 ... UNU7L.

Then H has a 1-factor only for |My(F)| = 1(mod 2).

When | My (F)| = 1, 1-factors of H contain precisely one edge e; of Ey. Then
C1 —v; and Cy — upg41) are two distinct odd paths and each of them has a
1-factor. Thus, H has a 1-factor. Since e; has N distinct selections, ®(H) = N.

When |My(F)| = 3, 1-factors of H contain three edges of Ey. Assume that
Mo(F) = {ei,,€i,, €iy }, then the number of 1-factors of H containing M(F')
equals to the number of choices of (i1,142,i3). H — Ep is the set of odd paths
since H has a 1-factor in this case. Assume that Cy —{v;,, vi,, v, } are distinct
odd paths. It leads to the parity of i1,i2,i5 (0 < i1 < iz < i3 < N —1) are
alternate. Similar to the former, paths of Co — {u[ki, 1], Ulkip 1], Ulkiz+1]} aTe
of odd length, and hence the parity of [ki; + 1], [kiz + 1], [kis + 1] are also
alternate. [ki; + 1] has k distinct values for j = 1,2, 3 as follows:

kij+1, 1< kij+1<N;

iy 1= 4RI N, N +1< ki; +1 < 2N;

ki +1—-(k—1)N, (k—1)N+1<ki;j+1<EkN.

To guarantee U[ki, 1], Ukis+1]> Ukiz+1)] on cycle Cy in this order, we only
consider the case that 0 < ki; +1 < N — 1. Since [ki; + 1] = kij + 1 for
Jj = 1,2,3, we have [ki; + 1], [ki2 + 1], [kiz + 1] and 41, i9,i3 have the same
order, and the following three edges of 1-factors of H are chosen from Fy:

eil = Uiluk’i1+1;
€iy = VixUkiz+1;

€ig = VigUkig+1,
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where the order of e;,, €;,, €;, is given in Figure 2.

FIGURE 2. The case of |[My(F)| =3

Thus,

N -1

It is clear that the number of 1-factors of H with |M(F')| = 3 equals to the
number of the selections of (i1,i9,43) in {0,1,2,...,n}. When n = 1(mod 2),
we shall consider the parity of i1. If i1 = 1(mod 2), then

i1 = i3 =n = 1(mod 2);
12 = 0(mod 2).

Let
11— 0=2k +1;
ig — 11 = 2ko + 1;
i3 —i9 = 2ks + 1;
n — i3 = 2ky,

where k; (i = 1,2,3,4) is a nonnegative integer. Then
n—3
2
Observe that the number of the selections of (i1, i2,3) equals to the number

of solutions of the above equation. Therefore, (i1,i2,i3) has (73 ) distinct

k1 +ko+ks+ks=

choices. And since i1 = 0(mod 2), (i1,42,i3) has (%3) distinct selections
analogously.
When n = 0(mod 2), the number of selections of (i1, i2,13) is

n+2
(;)7i1

nt4
(5)

1(mod 2);

0(mod 2).
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Since C1 — {wi,, iy, iy } and Co — {U[ri, 41], Ukig+1]> Ulkis+1); are distinct
union of odd paths, they have an unique 1-factor. Hence the number of 1-
factors of H containing F' equals to the number of selections of (i1,12,13).
Therefore, when |My(F)| = 3,

n+3
2
, n
(5)

n+2
(3 )

n+5
( ; )7 n = 1(mod 2);
n+4
( 2 ), n = 0(mod 2).

1(mod 2);
O(H) >

0(mod 2).

Similarly, when |My(F)| = 5,

O(H) >

5

Repeat the above discussions again, we may find the lower bound of ®(H)
for |Mo(F)| = 17,9,...,n+ &,, where ¢, = 0 if n = 1(mod 2) and ¢,=-1 for
otherwise. That is,

n—1

T /nt2itl
2 e .
N—l—; <2i—|—1>’ if n=1(mod 2);
®(H) > -,
2 n+2i
2 e
N+; (2”1), if n=0(mod 2).
And hence,
it
2 - .
; <2i+1>’ if n=1(mod 2);
(2.1) O(H) > s
2 n+2i
2 i = d 2).
Zz:; (21’—!—1)’ if n=0(mod 2)

Case 2. N = 0(mod 2).
Then H — Ey contains two even cycles, denoted by Cy and C5, respectively,
where

Cl = vVoV1...UN-170,
02 = UiU2...UNUT.
Therefore, H has a 1-factor when |My(F)| = 0(mod 2).
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When |My(F)| = 0, 1-factors of H contain no edges of Ey. Hence H — Ej
is determined by two even cycles and each of them has two 1-factors. Thus,
O(H) =4.

When |My(F)| = 2, such 1-factors of H have two edges of Fy. Suppose that

Mo(F) = {{€i1,6i2}|0 <ip<ig <N -— 1}

Based on our reasoning so far, the number of 1-factors of H with |My(F)| = 2
equals to the number of choices of (i1,i2). If H contains a l-factor, then
Cr —{vi,,vi, } and Co — {ui, 1], Ukip+1)} are distinct union of odd paths, and
hence ged (i1, 92) = 1(mod 2) and ged([ki1+1], [ki2+1]) = 1(mod 2). Therefore,
the parity of i1,42 and [kiy + 1], [kiz + 1] are different. [ki; 4+ 1] has k distinct
values for j = 1,2 as follows:

L — < k1. < .
[kiy +1] = ki; +1— N, N+1<ki;+1<2N;

ki +1—(k—1)N, (k—1)N+1<kij+1<kN.
Now we only consider the case that 0 < ki; +1 < N — 1,5 = 1,2, as shown
n Figure 3. Then €i1 = Vi Ukiy+15 €ip = VipUkig+1 with e, MNey, = 0 and
N -1

0<i1<i2<L7k | =n.

FIGURE 3. The case of |[My(F)| =2

Uy Uz Urjjio1]Urgire1]

Now, the number of 1-factors of H with |My(F)| = 2 equals to the number
of the selections of (i1,i2). When n = 1(mod 2), we consider the parity of i;.
If iy = 1(mod 2), then iy = 0(mod 2).

Let

il —-0= 2k1 + 1;
ig — 11 = 2ko + 15
n — 7:2 = 2]{?3 —+ 1,

where each k; (i = 1,2,3) is a nonnegative integer. Then

—3
k1+k2+k3:nT.
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It is easy to see that the number of the selections of (i1,1i2) equals to the
number of solutions of the above equation. Therefore, (i1,42) has ( ) distinct
selections. And as i; = 0(mod 2), (i1,12) has (?3) distinct choices.

When n = 0(mod 2), the number of choices of (i1,i2) is (nTH) Therefore,

2
when |My(F)| = 2,
n+tl
( ; ), n = 1(mod 2);

n+2
( ; ), n = 0(mod 2).

Similar to the above procedure, we may obtain the lower bound of ®(H) for
|Mo(F)| = 4,6,...,n + &,, where g, = 0 if n = 0(mod 2) and &, = —1 for
otherwise, as follows:

(H) >

22 z (5953

Ln;?iJ
. 24 ’
=0
Set m = [§] in mequahtles (2.1). Then

w3 (571)

Set m = | 5] in inequalities (2.2). Then

Note that

by Lemma 2.1, f,, and g,, are odd terms and even terms of Fibonacci
sequence F,, respectively. Then

fm, N = 1(mod 2);
o(H) > gm, N =0(mod 2).

Since the general form of Fibonacci sequence F), is

F = L(Un—i-l _ Tn-i-l)

V5

)
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where o = 1+2\/5, T = 1_2\/5, F,, increases exponentially. Hence ®(H) also
increases exponentially. By the construction of H, ®(H) = ®(P(N,k)). When
ged(N, k) =1 and k = 1(mod 2), the lower bound of ®(P(N, k)) is some item
of Fibonacci sequence, and hence it increases exponentially with order N.
This completes the proof. O

Theorem 2.3. Let P(N,k) be a generalized Petersen graph. If ged(N, k) # 1,
N = 0(mod 2) and k = 1(mod 2), then

2t-1p if n=1(mod 2),
BP0 > { S mer S
where t = ged(N, k).

Proof. For the proof, we construct a new graph H’ such that H = P(N, k).

It is easy to see that ¢ = 1(mod 2) and & = 0(mod 2). Let 2m = . Then

P(N, k) can be restated as the union of a long cycle of length N, ¢ short cycles
of length 2m and N edges joining these cycles.

We define a new graph H' = H'(V(H'), E(H')) as follows:

V(H") ={uli=1,2,...,N} U{v;[i =0,1,..., N — 1},
E(Hl) = {Uivi+1|i = 2(] - 1)m7 . 72.7m - 23] = 1327' . at}
U{V2m—1V0, Vam—1V2m, - - -, UN—1V2(t—1)m |
U{vitrij)li = 0,1,...,N = 1,5 =1,2,...,t}.
An isomorphic mapping (¢, ¢) between H' and P(N, k) is defined as:

¢: V(H) = V(G);

Ui — Ug, i=1,2,...,N;

Vi > Wikitj), i=2(j—-1)m,...,.2jm—1,7=1,2,...,t.
¢: E(H') = E(G);
Ui = Ui, 1= 1,2,. .,N;
ViVit1 = Wkit1)Wik(i+1)+1]» 1=0,1,...,2m - 2;
V2m—100 > W[k (2m—1)+1]W1;
ViVit1 > Wkeit2) Wk(i+1)+2] 1=2m,2m+1,...,4m — 2;
Vam—1V2m W[k(4m_1)+2]’(U2;
ViVip1 F Wkip t) Wk (i+1)+1] i=2(t—1)m,,...,2tm —2;
UN—-1V2(t—1)m F7> W[k(N—1)+t]W2;
Vilh[kitj] F> Wikitj]W[kits]s 1=0,1,,....N—1,7=1,2,...,t.

Then P(12,3) has two distinct drawings as shown in Figure 4.
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FIGURE 4. Two drawings of P(12,3)

7 113 zzA 115 116 117 U Uy

P

Since (¢, ) is an isomorphic mapping between G and H’, we have ®(G) =
®(H'). Now we start to compute the lower bound of ®(H'). Let

Eo:{67;ZUZ‘U[kH_jHi:0,1,...,N—1,j:1,2,...,t}.

Then H' — Ey contains ¢ distinct short cycles (Ci;,7 = 1,2,...,t) of length 2m
and a long cycle Cs of length N, where

C1j = V2(j—1)ym - - - V2jm—1V2(i—1)ym>J = 1,2,..., t;

CQ = U1U2...UNUT.

We still use the definition of F' and My(F') as before. If a 1-factor of H’
contains F, then |My(F)| is even. We consider the case that the above edges
lying on both Cy and C1;.

When |My(F)| = 0, 1-factors of H’ of this type are from ¢ + 1 long cycles,
and each of them has two independent 1-factors. Then ®(H') = 2¢+1.

When |My(F)| = 2, 1-factors of H' of this type contain two edges of Ej.
Suppose that My(F) = {eg,e;} (1 < i < 2m —1). If i = 1( mod 2), then
C11 — {vo,vi} contains a 1-factor. And Cy — {u1,upi41)} also has a 1-factor
for [ki + 1] = 0(mod 2). Then [ki+ 1] = ki + 1 and ¢ have distinct parity for
1<ki+1<N (le,1<i< L%J) Thus we may only consider the case
that ¢ = 1(mod 2),1 < i < n.

When n = 1(mod 2) (or n = 0(mod 2)), similar to the discussions we used
before, the choices of ¢ are ”H (or §). If eg is not fixed, then the first edge eg
has exactly n + 1 choices and once repeated, hence the two edges have ("J;l)"
selections. Since the subgraphs determined by the left ¢ — 1 short cycles have
2t=1 distinct 1-factors,

gt—lntlntl . — 1(mod 2);
N> 2 2 '
O(H') > { 2t_1nT+1%’ n = 0(mod 2).

When |[My(F)| = 4, let Mo(F) = {{eo, €, €iss€is H1 < i1 < iz < i3 <
2m — 1}. Then both of C11 — {vo,vi,, viy, viy } and Ca — {ur, Ui, 175 Ukiz+1]
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Ulkis+1]} have 1-factors if i1 = 1(mod 2), ia = 0(mod 2), i3 = 1(mod 2) and
[ki1 + 1] = 0(mod 2), [kiz + 1] = 1(mod 2), [kiz + 1] = 0(mod 2) (see Figure 5).

FIGURE 5. The case of |[My(F)| =4
G

Uy Uy Wrgjve ) Uiz 1] Ulkise1] U

As we have shown before, if 1 < i < n, [ki + 1] = ki + 1 and ¢ have distinct
parity, then the selections of {eo, €;,, €;,, €;, } equal to the choices of (i1, iz, 1i3).
If eq is also not fixed, then it has n 4+ 1 choices and four times repeated. Hence
the contribution of My(F) is at least

"TH(:%;H), n = 1(mod 2);
”T“(f;l), n = 0(mod 2).

Since the remaining ¢ — 1 cycles have 2¢~! distinct 1-factors,

t—1n+1 (2441 _ .
q)(H/) 2 2t71nT+1<£2+31 ), n = l(mod 2),
2071l (25 n=0(mod 2).
By the same method as above, the lower bound for ®(H') with |My(F)| =
6,8,...,2m is

n—1
n+ln+1 Qt_li n‘—i-l ”Tflﬂ‘
2 2 204+2\ 20+1

2!t ottt ), n = 1(mod 2),

n
2

_ 12 4+i-1
RS ) ntlfs = 2).
+ 5 \ 2i-1 | n=0mod2)

Therefore,

n—1

ot—1 22: nTH T =927'F, n= 1(mod 2),
( ,) — 2t +1 ’
O(H') > i

51

_ 5 +1 _

2 5 (311) =2 s nztm
i=1
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which completes the proof. O
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