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ABSTRACT. In this paper, some properties of pre-monotone operators are
proved. It is shown that in a reflexive Banach space, a full domain multi-
valued o-monotone operator with sequentially norm xweak* closed graph
is normxweak* upper semicontinuous. The notion of o-convexity is in-
troduced and the relations between the o-monotonicity and o-convexity
is investigated. Moreover, some results on the sum and difference of two
o-monotone operators is considered.
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1. Introduction

Throughout this paper, X is a Banach space with norm |||, X* is the
topological dual of X. Also X and X* are paired by (-,-). We denote by —,
% and % the strong, weak and weak* convergence of nets, respectively. We
also write Ry = [0, +00).

Let T : X —o X* be a multivalued operator. For convenience, we will use
D(T)={xeX:T(x)#0} and R(T) := T (X) to denote the domain and
range of T. The graph of T is

gr(T) ={(z,z") e X x X" : 2" € T ()},
and T is monotone if
(" —y"x—y) >0

for all (z,z*) € grT and (y, y*) € grT. We recall that T is mazimal monotone
if it is monotone and its graph is not properly included in any other monotone
graph.
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The notion of monotone operator has been found appropriate in various
branches of Mathematics such as Operator Theory, Partial Differential Equa-
tions, Differentiability Theory of Convex Functions, Numerical Analysis and
has brought a new life to Nonlinear Functional Analysis and Nonlinear Oper-
ator Equations. In particular, monotone operators are a powerful tool for the
study of variational inequalities. All these reasons have convinced many math-
ematicians, to start research in this rich and important branch of mathematics.

Monotone operators have been generalized in many ways; see [7]. One of
these generalizations is the so-called o-monotone operators which is introduced
and studied by Tusem, Kassay and Sosa in the seminal paper [8]. Pre-monotone
operators included many important classes of operators such as monotone and
e-monotone operators (see [2,4] and [3]).

In this paper we introduce the notion of o-convexity and we investigate
its relation with o-monotonicity. We also show that, given two maximal o-
monotone operators 7" and S, a weak condition on the mutual position of their
domains implies that T + S is weak™ closed valued. Moreover, we will study
conditions under which difference of two maximal o-monotone operators is
maximal o-monotone.

The paper is organized as follows. The current section contains some nota-
tions, and a short review of basic concepts of o-monotone operators. In Section
2, we will introduce the notion of o-convexity and study the relation between
o-monotonicity and o-convexity. Some more results on g-monotonicity are in-
vestigated in Section 3. In fact, we show that in a reflexive Banach space if the
graph of a o-monotone operator, with full domain, is closed then the operator
is upper semicontinuous. Section 4 is devoted to some results on the sum of
o-monotone operators. Finally, in Section 5, it is shown that under some mild
additional assumptions the difference of two maximal o-monotone operators is
a maximal o-monotone operator.

We recall the notion of o-monotonicity based on some ideas from [2—1].

Definition 1.1 ([{, Definition 2.1]). Given an operator T : X — X™* and a
map o : D(T) — Ry.

(i) T is said to be o-monotone, if
(1.1) (" —y*x —y) > —minfo(z), o(y)} ]z - yl|,

for every (z,z*), (y,y*) € gr(T).
(ii) T is called pre-monotone, if it is o-monotone for some o : D(T) — R..
(ili) A o-monotone operator T is called mazimal o-monotone, if for every
o’-monotone operator T” with gr(T) C gr(T"), where o’ is an extension
of o, one has T' = T".
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Example 1.2. Consider the functions ¢,o : R — R defined by

rsin®z if x>0,
p(r) =

0 if <0,
and
o(x) = max{ip(e), max p(2) — ().
In [41, Example 2.8], it is shown that ¢ is o-monotone, but not e-monotone.

Another example can be found in [3, Example 3.6].

Remark 1.3 ([4, Remark 2.2)). (i) The notion of pre-monotone operators
for the finite-dimensional case was introduced and studied in [g].

(ii) An operator T': X —o X* is o-monotone if and only if

(z* =y v —y) = —o(y)|z —yl,z,y € D(T), 2" €T (x), y" €T (y).

(iii) Every globally bounded operator is pre-monotone, [8, Proposition
3.3(1)].

(iv) A o-monotone operator is maximal o-monotone if and only if, for every
o’-monotone operator 77 which is with gr(7T") C gr(7”) and ¢/ (z) < o(x)
for all x € D(T'), one has T =T".

Definition 1.4 ([4, Definition 2.4]). Let A be a subset of X. Given a mapping
o:A— Ry, two pairs (z,2%), (y,y*) € A x X* are o-monotonically related if
(z" —y" 2 —y) > —min{o(z),0(y)}z —y|.

Proposition 1.5 ([4, Proposition 2.5]). The o-monotone operatorT : X —o X*
is mazximal o-monotone if and only if, for every point (xg,z§) € X x X* and

every extension o' of o to D(T) U {xzo} such that (xo, ) is o’ -monotonically
related to all pairs (y,y*) € gr(T), we have (zg, z§) € gr(T).

Given an operator T': X — X*, in [4] the function oy : D(T) — Ry U {oo}
is defined by

or(y) =inf{aeRy: (" —y 2 —y) > —allz —y|,Y(z,2") e gr(T),y" € T(y)}.

Note that if the operator T is pre-monotone, then
or = inf{o : T is o-monotone, }
and thus o7 is finite, and T is op-monotone. In this case, it is obvious that

E oYY STy o) € g (T, o
Iy, ) € (D) € T()).0,

Proposition 1.6 ([4, Proposition 2.6]). For an operator T : X — X*,

or(y) = max { sup{

(i) or is finite and T is op-monotone if and only if T is oc-monotone for
some o.

(ii) or is finite and T is mazimal op-monotone if and only if T' is mazimal
o-monotone for some o.
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2. Continuity and o-monotonicity

In this section, the interrelation between o-monotonicity and continuity is
investigated. First we recall the following result from [4].

Proposition 2.1 ([1, Proposition 2.7]). Let T : X — X* be a mazimal o-
monotone operator. Then T has convex and weak® closed values. If o is defined
and upper semicontinuous on cl(D(T)), then gr(T) is sequentially normx weak*
closed.

Example 2.2. Let ¢,0 : R — R be as in Example 1.2. Define T,o; : R - R
by

T(:c)_{ plx) if z£35, Gl(x)_{ sz) if ©#7,

T it =3
Alizadeh et al. in [4, Example 2.8] proved that T is oj-monotone, while its
graph is not closed. So upper semicontinuity of ¢ in Proposition 2.1 is essential.

Note that in Proposition 2.1 we observed that if 7' is maximal o-monotone
and o is upper semicontinuous, then gr(T") is sequentially normxweak* closed.
As for monotone operators (see [5]), in general gr(7') is only sequentially
normxweak® closed, not normxweak* closed. Moreover, in Example 2.2 it
is shown that upper semicontinuity of o cannot be omitted from the statement
of Proposition 2.1. Now in the following we show that closedness of the graph of
a o-monotone and single-valued operator 7' implies the continuity of o7. Next
we give an elementary proof for the local boundedness of T" in R, however, it
is also true for a general Banach space, ([3, Proposition 3.5], see also [2]).

Proposition 2.3. Suppose that T : R — R is o-monotone. Then T is locally
bounded. Moreover, if gr(T) is closed, then T is continuous.

Proof. First we show that T is locally bounded on R. Assume that a < b. Note
that, for each y € R,

rr(y) = mox{ sup(T(0) - T} sup{T(0) - ()} }.
o<y x>y

Thus or(b) > sup,«,{T(x) — T(b)} and so T'(z) < or(b) + T(b) for all z < b.
i.e. T is bounded above on (—oo,b]. Likewise, o7(a) > sup,<,{T(a) — T(z)}.

Therefore, T(z) > T(a) — or(a), that is T is bounded below on [a, +00).
Hence T is bounded on every interval [a,b]. Now assume that gr(7) is closed
but T is not continuous. Then there exists a sequence {z,} in R converging
to some x, such that {T'(z,)} does not converge to T(z). Thus there exists
€ > 0 such that |T(z,) —T(x)| > e for infinitely many n € N. Since T is locally
bounded, there would be a subsequence (which we denote again by {T'(z,)}
for simplicity) converging to a point a € R such that |a — T'(x)| > e. This
means that (z,,T(z,)) = (z,a) # (x,T(x)), which contradicts the fact that
T is closed. 0
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The last proposition can be generalized as the following. Note that, upper
semicontinuity (usc, for short) is equivalent to the continuity when T is single-
valued, and then we have the same result as Proposition 2.3. The following
proposition and its proof are due to Professor Nicolas Hadjisavvas (private com-
munication), a proof for finite dimensional spaces can be found in [8, Proposi-
tion 3.5].

Proposition 2.4. Suppose X is a reflexive Banach space and T : X —o X* is
o-monotone with D(T) = X. Then T is locally bounded. Moreover, if gr(T) is
sequentially normxweak® closed, then T is normxweak™ usc.

Proof. The first part is an immediate consequence of [3, Corollary 3.11]. As
for the second part, assume that T is not usc at some point zg. Then there
exists an weakly open set V' C X* such that T'(z¢) C V and for every € > 0,
T(B(xo,¢)) ¢ V. By taking ¢ = 1/n we can construct a sequence {z,} C X
with ||z, — zol| < L and 7, € T'(z,,) N V. Since T is locally bounded, {z}} is
a bounded sequence. Since any closed ball in X* is weak* compact (Alaoglu)
there exists a subsequence {x}, } weakly converging to some z* € X* (Eberlein-
Smulian). We have (2, ,7;, ) — (70, 2*) (normxweak*) so z* € T'(xo) by the

closedness assumption. This contradicts the assumption that x}, ¢ V. O

Proposition 2.5. Suppose that T : R — R is c-monotone and gr(T) is closed.
Then o is continuous.

Proof. For the continuity of o7 it is enough to show that sup, ., {T'(z) —T(y)}
and sup,,{T(y) — T(x)} are continuous as functions of y. By Proposition
2.3, T is continuous. So it is enough to prove that f(y) = sup,, () is
continuous. The continuity of T" implies that T is locally uniformly continuous.
Let yo € R. For a given £ > 0 there exists a § > 0 such that

(2.1) (@) = T(yo)| < 5, Ve € [y — 8,0+ 9]

Set A = [yo — $,y0 + 3] and take y € A. It follows from (2.1) that

(2.2) sup T(x)— sup T(z)|<e.
€A, x<y z€A,x<yo
Note that
fly) =supT(x) = max{ sup T(z), sup T(x)}
<y z<yo—% yo— S <a<y
and

o) = sup 7o) =max{ swp T(@). s T(0) .

*<Yo T<yo—3% yo— 3 <z<yo
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For simplicity, we set

a= sup T(x), b= sup T(z)andec= sup T(z).
z<yo—% yo— S <a<y yo— 5 <z<yo

Therefore f(y) = max{a,b} and f(yo) = max{a,c}. Using (2.2) we infer that
|b—c| <e, ie.

—e+c<b<e+c
which implies
(2.3) max{a,c — e} < max{a,b} < max{a,c+e}.
On the other hand,

(2.4) —e + max{a, c} = max{a — ¢,¢ — ¢} < max{a,c— ¢}
and
(2.5) max{a,c+ e} <max{a+¢,¢c+ e} = max{a,c} +¢.

Combining (2.3), (2.4) and (2.5) we obtain
—¢ + max{a, c} < max{a,b} < max{a,c} + ¢,

so |f(y) — f(yo)| < e. This means that f is continuous. In a similar way one
can get sup,~,{7'(y) — T'(x)} is continuous. O

At this stage the next question naturally arises: Can we extend the above
result to more general spaces? For instance, given a pre-monotone operator T’
with normxweak™® closed graph, is o upper semicontinuous?

3. o-convexity and c-monotonicity

In this section, we investigate the notion of o-convexity which generalizes
the concepts of e-convexity [9] and convexity. First we recall from [9] that a
function f: X — RU {400} is e-convex if it satisfies the following inequality
for every a,b € X, and A € (0,1):

FOa+ (1= N)b) < Af(a) + (L= A)F(B) + AL~ Nella — b].

Definition 3.1. Given o : dom f — R, , we say that the function f : X —
R U {+o0} is o-convex if

(3.1)
JAz+ (1 =Ny) <Af(@)+ (1= A)f(y) + A1 = A) min{o(z),o(y) |z -y
for all 2,y € dom f and X € (0,1).

We need to recall the following definition.

Definition 3.2. Given a proper function f : X - RU {400} and z,z € X,
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(i) the Clarke-Rockafellar generalized directional derivative of f at x in the
direction of z is defined by

. . + Au) — «
T(z,z) = sup limsup  inf f(y—7
fiw2) §>0 (v 7 IUGB(M‘) A

A0

where (y, a) 4, % means that y =z, a— f(z) and a > f(y).
(ii) the Clarke-Rockafellar subdifferential of f at x € dom f is defined by

OB f(x) = {a* € X*: (x%,2) < fN(x,2) Vz € X}.

(iii) the Clarke directional derivative of f at x in the direction of z € X is
defined by

Fly+2r2) = fly)
5 .

fo(z,z) = limsup
AN0
(iv) the Clarke’s subdifferential of f at x € dom f is defined by
I f(x) = {a* € X*: (z%,2) < f(x,2) Vz € X}.

Remark 3.3. If f is lower semicontinuous at z, then the Clarke-Rockafellar
generalized directional derivative at x in the direction of z € X reduces to

J’FT(m7 z) =suplimsup inf fly + ) — f(y)
>0 ! u€B(z,9) A
y—x

AN0

Here, y 7y & means that y — x and f(y) — f(z). Further, if f is locally
Lipschitz, then fT(x,z) = f°(x, 2).

Lemma 3.4. Suppose that f : X — RU {400} is lower semicontinuous and
o-convex, where o is upper semicontinuous, then

07" f(w) C {a" € X" (", 2) < [ +2) = f(x) + min{o(z), o= + )}zl V= € X}

Proof. By the o-convexity of f, we get

fly+2u) < Af(y+w)+ (1= A)f(y) + A1 = A) min{o(y), o (u+y) }|ull,
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for each y,u € X and A € (0,1). Fix z and x in X. For an arbitrary § > 0 and
each y € B(x,d), we obtain

lmsup inf fly+ M) — f(y) < limsup fly+Az+z—y) - fly)
i)z u€B(z,0) A L)z A
A0 A0
< limfsup[f(x +2) = fly) + (1= A)min{o(z + 2),0(y) =z + 2 — yl]
EN
< flz+2) = f(2) + min{o(z), 0 (z + ) }|2].

Therefore,
f(@,2) < f(x + 2) = f(z) + min{o(z),0(z + 2)}] 2.

By the definition of the Clarke-Rockafellar’s subdifferential, the proof is com-
plete. O

Proposition 3.5. Let f : X — RU {+oo} be lower semicontinuous and o-
convex and let o be upper semicontinuous. Then 0T f is 20-monotone.

Proof. Select x,y € X, x* € 3 f(z) and y* € 9% f(y). Applying Lemma
3.4 we obtain
(z%,y — ) < fy) = f(2) + min{o(z),0(y) }Hly — =],
and
("o —y) < f(x) = fy) + min{o(z),0(y)}Hy — ]|
These inequalities imply that 9“7 f is 2o0-monotone. O

Proposition 3.6. Let f be locally Lipschitz on X and o : dom f — R be lower
semicontinuous. If O€ f is o-monotone, then f is o-conver.

Proof. Assume that 9 f is o-monotone, A € (0,1) and z,y € X with = # y.
Set x = Az + (1 — \) y. It follows from Lebourg’s Mean Value Theorem (see
in [14, Theorem 4.5]) that there exist z; € [v,2,) and 2} € 9 f (21) such that

(3:2) (21,20 —2) = [ (22) = [ (2).
Similarly, there exist zo € (2,y] and 25 € 3¢ f (22) such that
(3:3) (23,23 —y) = f(2a) = [ (y).

Since )y —x = (1 —A) (y — ) and z) —y = A(z — y), multiplying (3.2) and
(3.3) by A and 1 — A, respectively and adding the resulting equalities we get

A @)+ A =N fy) = flex) =21 =)z — 2,2 — ).

Now from the o-monotonicity of O f we obtain (3.1). Thus f is o-convex. [J
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Example 3.7. Let 9,0 : R — R be defined by

o(a) :={ ST T2 and o) = max{p(e), maxp(s) - pla)):

It follows from Example 1.2 that ¢ is o-monotone and it is not e-monotone for
any € > 0. Let ¢ : R — R be defined by

B fOI tsin? tdt x>0,
¥le) = { 0 z < 0.
It follows from Proposition 3.6 that 1 is o-convex, also [10, Theorem 4.4] implies

that 1 is not e-convex for any € > 0.

4. Sum of s-monotone operators

In this section we extend some results of [13] for o-monotone operators.

Roughly speaking, when we say that two operators are o-monotone we tac-
itly assume that o is defined on the union of their domains.

The idea of the proof of the following theorem for monotone operators was
first used by A. Verona and M.E. Verona [13] and then by J.M. Borwein [(].
First we recall a useful fact.

Fact 4.1 ([12, Corollary 4]). Let X be a Banach space, g1, g2 : X — RU{oco} be
convez, lower semicontinuous functions such that dom g, —dom go be absorbing.
Then there exists an n > 1 such that

{reX:gi(@) <n |zl <n}—{zeX:ga(x) <m,[lxf| <n}
s a neighborhood of 0.

Theorem 4.2. Let X be a Banach space and let S and T : X — X* be
o-monotone operators. Suppose that

(CQ) 0 € core[co D(T') — co D(5)].

Then there exist r,c > 0 such that, for any x € D(T)N D(S), t* € T'(z) and
s* e S(x),
max([[£]], [[s*[]) < e(r + [Jz[))(2r + [ + s™[))-

Proof. Consider the function

e —2)
1+ |2

pr(x) = sup{ i(z,2%) € gr(T)}.
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p, is convex and lower semicontinuous as supremum of affine functions. If
x € D(T), z* € T (), then for all z € D(T') and z* € T (z) we have
*

(z*,x—2) (z"—a"x—2) (z¥2—2)

I R R £ L+ =]
< mln{a (.’1?),0’(2)}||x _ZH + Hx*H ||LIL‘ — Z”
L+ =] L+ =]

IN

< ([l="][ + o () (=] + 1),

which shows that p,.(x) < 400, that is D(T') C dom p,.. Since p,. is convex we
conclude that co D(T') C dom p,.. Likewise, we get co D(S) C dom p,. Thus

(4.1) coD(T) — coD(S) C dom p,, — dom p,.
The assumption and (4.1) imply that 0 € core (dom p,. — dom ps). Therefore

X = U n (dom p, — dom pg)
n=1

— U Unlz: o) <illel < i}~ fa: psa) < i, Jlal] < i}).

n=11i=1

On the other hand, {z: p,(z) <4, |lz| < i} and {z: ps(z) <4, ||z|| < i} are
closed and convex. By Fact 4.1 there exist € > 0 and r > 0 such that

(42)  B(0,9) S ({r:pp(@) <ol v} {w:ps(a) <z < r}).

Let now z € B(0,e), x € D(T) N D(S), t* € T(x) and s* € S(x), then
z=a—b, where p,.(a) <r, |la]| <7, ps(b) <r, [|b]] <r. We have

t*,2) = ({t";a—x)+ (s, b—x) + (t* + s",2 —b)
< prla) L+ llzl)) + ps(b) 1+ [lzl) + (|27 + s™[[(llz] +r)
< (r A llzl) 2r + 1t 4+ 57),
from which we get

(r+||z|)) 2r + ||t* + s*|)

4.3 t*|| < .
(4.3 147 < g
Likewise
e < A llzl) @r [ + 7))
(1.4 NE g .
Set ¢ =1, now (4.3) and (4.4) imply the desired assertion. O

We recall that a set A C X* is bounded weak™ closed if every bounded weak*
convergent net in A has its limit in A.
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Corollary 4.3 ([11, Theorem 2.7.11]). A convez set in X* is weak* closed if
and only if it is bounded weak® closed.

The following result extends a theorem of Verona and Verona to o-monotone
operators. Our proof is very close to the proof of A. Verona and M.E. Verona
in [13].

Proposition 4.4. Let X be any Banach space and let S,T : X — X*be
mazximal o-monotone operators. Suppose that

0 € core[co D(T') — co D(S5)].

Then T(x) 4+ S(x) is a weak™ closed subset of X*, for every x € D(T) N D(S).
Proof. Since T' and S : X —o X* are maximal o-monotone, by Proposition 2.1
we infer that T (z) and S (z) are convex. Therefore T' (z)+ S (x) is also convex.
By Corollary 4.3 it suffices to prove that T (z)+ S (z) is bounded weak* closed,
that is, every bounded weak* convergent net in T () + S (z) has a limit in
T (z)+ S(z).

Let {tf} C T'(x) and {s} C S (x) be nets such that {¢t} + s’} is bounded

and weak™ convergent to x*. By Theorem 4.2,

max([[¢7 ], [[s7[]) < e(r + [lz[)(2r + It + s7 1)
Thus the nets {t;} and {s} are bounded. So they are relatively weak* compact.
Replacing them by some subnets, if necessary, we may assume that ¢! = t*

and s} Y s*. Since T and S are maximal o-monotone, by Proposition 2.1,
T (z) and S (x) are weak* closed. Therefore t* € T'(x) and s* € S (x). Then
e =t"+s*eT(x)+ 5 (x). O

5. Difference of two o-monotone operators

In this section, some results of [1] are extended for o-monotone operators.
Since the difference of two o-monotone operators is not necessarily o-monotone,
investigating their maximality is very difficult. We study conditions under
which the difference of two o-monotone operators is maximal o-monotone.

Theorem 5.1. Let S : X — X* be a maximal o-monotone operator and let
T:X — X* be monotone. If D(T) =X and S—T is o-monotone, then S—T
is also maximal o-monotone.

Proof. Let (y,y*) € X x X* be o-monotonically related to gr(S —T'). For any
(x,x*) € gr(S) and (z,z*) € gr(T), we have (z,z* — 2*) € gr(S — T). Then

(" =2 — g,z — y) > —min{o(x), o(x)}Hz — yll
By the monotonicity of T and that D(T") = X, there exists t* € T'(y) such that
("=t -y z—y =@ -2 —yz—y + (" -thr-y)
> —min{o(z),o(y) }Hz -yl
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It follows that (y, y* +t*) is o-monotonically related to gr(S). Maximality of S
and Proposition 1.5 imply that (y, y* +t*) € gr(5). Hence (y,y*) € gr(S —T),
and so S — T is maximal g-monotone. g

Example 5.2. Define T, S : R — R by

0 =0 {0} xz <0,
T(x) = 7 and S(z) =< [0,00) x=0,
1] otherwise, 0 >0

and let 0 = 0. Then S is maximal o-monotone (indeed monotone), 7' is mono-
tone and S — T is o-monotone (indeed monotone) but not maximal, since
gr(S—T) = {0} x R. Therefore, the condition that D(T) = X in the preceding

theorem is essential.

Corollary 5.3. Let S : X — X* be a maximal o-monotone operator and let
T:X — X* be a positive linear relation. Suppose that D(T) = X and S — T
is o-monotone. Then S — T is maximal o-monotone.

Proof. Since any positive linear operator is monotone, all conditions of Theo-
rem 5.1 are satisfied and hence the proof is complete. O

Example 5.4. Let S : R — R and 0 : R — R, be such that S(x) := 2z for
all z € R and ¢ = 0. Suppose that the mapping 7' : R — R is defined by
T'(xz) := 5 + 1 for all positive real number, T'(x) := x + 1 otherwise. It is easy
to see that .S is maximal o-monotone, T is monotone but it is not positive and
linear while S — T is maximal o-monotone.

The linear relation T : X —o X™ is said to be a skew linear relation if
(z*,z) = 0 for any (x,x*) € gr(T), [1].
Corollary 5.5. Let S : X — X™* be maximal o-monotone, T : X — X* be

skew linear and D(T) = X. Then S £ T is mazimal o-monotone.

Proof. Since T is a skew linear relation, —7' is skew linear too. Then +7T and
also S — (£T) are o-monotone. Therefore S + T is maximal o-monotone by
Theorem 5.1. 0

In accordance with the above corollary, the following result is clear.

Corollary 5.6. Let S : X —o X* be mazimal o-monotone and T : X — X* be
skew linear. Then S =T is maximal o-monotone.
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