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ABSTRACT. In this article, we formulate two dual models Wolfe and
Mond-Weir related to symmetric nondifferentiable multiobjective pro-
gramming problems. Furthermore, weak, strong and converse duality
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known results appeared in the literature.
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1. Introduction

Duality theory is an important part of the optimization theory. Special, dual
problems of optimization, are applied to many types of optimization problems.
They are used for the proof of optimality of solutions, for designing and a
theoretical justification of optimization algorithms, for physical or economic
interpretation of received solutions. Quite often dual problems introduce new
meaning to modeled problems. For example, economic resources optimal allo-
cation dual problems are usually models of rational pricing.

It is a possible situation where the dual problem to a dual optimization
problem coincides with an initial optimization problem. This case is named
symmetric duality [21]. It is well known that the symmetric duality is applied
for linear programming problems. In general, this does not happen for nonlinear
programming problems. Symmetric duality was first introduced by Dorn [7]
and called the same to be symmetric if the dual of the dual can be recast as
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the primal problem. Outstandingly, many researchers working in this direction,
has developed the concept of symmetric duality.

Interestingly, multiobjective optimization has a vast number of applications,
for example in goal programming, risk programming, etc. Miettinen [15] and
Pardalos et al. [16] gave the conditions for optimality in the case of multi-
objective programming problems. Further, using the concept of higher-order
cone-preinvex and cone-pseudoinvex functions, Gupta and Jayswal [9] studied
the duality relations for a higher-order symmetric Mond-Weir type multiobjec-
tive problem over cones, which therefore extends some of the results in [8, 14].
Introducing the concept of higher order strictly and strongly K-pseudoinvexity,
recently, Suneja and Louhan [19] discussed recent developments in nondifferen-
tiable multiobjective optimization under higher order K-invexity. Agarwal et
al. [1] have given some corrective measures in the work of Chen [5]. Gupta et
al. [10] constructed a pair of higher-order Wolfe type symmetric dual programs
for nondifferentiable multiobjective programming problems over cones under
(F, a, p,d)-convexity assumptions. Motivated by various concepts of general-
ized convexity, Jayswal and Kummari [11] studied higher order duality for mul-
tiobjective programming problem under (¢, p)-invexity assumptions. Recently,
Jayswal and Kummari [12] established necessary and sufficient optimality con-
ditions for a nondifferentiable minimax semi-infinite programming problems in
complex spaces under invexity assumptions. Considering an improved defini-
tion of generalized type I univex function, Soleimani-damaneh [17] addressed
the optimality and duality of multiobjective optimization problems.

Very recently, Dehui and Xiaoling [(6] have established necessary and
sufficient optimality conditions for a multiobjective programming problem
with support functions and hence derived the duality theorems for general
Mond-Weir type dual problem under (G, C, p)-convexity assumptions. Jiao [13]
introduced new concepts of nonsmooth K-a-d;-invex and generalized type I
univex functions over cones using Clarke’s generalized directional derivative
and dj-invexity for a nonsmooth vector optimization problem with cone
constraints. Further, the author has also established sufficient optimality
conditions and Mond-Weir type duality results under K-a-dj-invexity and
type I cone-univexity assumptions. In recent past, several definitions such
as, nonsmooth univex, nonsmooth quasiunivex and nonsmooth pseudoinvex
functions have been introduced by Xianjun [20]. Introducing these new con-
cepts, sufficient optimality conditions for a nonsmooth multiobjective problem
have been derived and then weak and strong duality results are established
for a Mond-Weir type multiojective dual programs. Recently, Antczak [3] has
established the saddle point criteria and Wolfe duality theorems for a class of
nondifferentiable vector optimization problems.
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In this article, we consider a concept of K-G ¢-invexity and formulate Wolfe
and Mond-Weir type symmetric dual models related to nondifferentiable mul-
tiobjective programming problems. Various nontrivial examples which shows
the existence of K-G-invex and K-G-incave functions have been illustrated.
Considering the Wolfe and Mond-Weir type symmetric primal-dual models,
appropriate duality results have been established. Further, several examples
verifying the weak duality results for both the Wolfe and Mond-Weir type
primal-dual pairs have also been discussed in the paper.

2. Notations and preliminaries

Throughout this article, let R™ denotes n-dimensional Euclidean space and
R be its non-negative orthant. Consider the following multiobjective pro-
gramming problem:

(P) K — minimize f(x)
subject to z € XY = {zx € §: —g(z) € C},
where S C R"™ be open, f:S — RF, g: S — R™, K and C are closed convex
pointed cones with nonempty interiors in R¥ and R™, respectively.

In this section, we provide some definitions that will follow-up throughout
the manuscript.

Definition 2.1 ([10]). The positive polar cone C* of C' is defined as

C*={z€R™: 27220, forall z € C}.

Definition 2.2 ([10]). A point Z € X° is said to be an efficient solution of a
multiobjective programming problem (P) if there exists no other x € X° such
that

f(@) = f(z) € K\{0}.

Let C; € R™ and C5 C R™ be closed convex cones with non-empty interiors
and S; and S5 be non-empty open sets in R™ and R™, respectively such that
Cy x Cy C Sy x Sy. Suppose f = (f1, fa,-.., fr) : S1 x So — R* be a vector-
valued differentiable function.

Definition 2.3. The function f is said to be K-invex at u € S; with respect
ton:S; x Sy — R™if for all z € Sy and for fixed v € Ss, we have {fi(x,v) —
fl(uav) - T]T(x,u)Vfl(u,v), RN fk(xvv) - fk(uﬂ U) - UT(% u)ka(u,'U)} €EK.

Now, we generalize the definition of a real-valued G-invex function intro-
duced by Antczak [2] to the vectorial case.

Definition 2.4 ([2]). The function f is said to be K — G y-invex (or, K — G-
invex) at w € Sy (with respect to n) if there exists a differentiable vector-
valued function Gy = (Gy,,...,Gy,) : R — R* such that any of its component
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Gy, Ip,(S1 x S2) = R, where Iy, (S1 x S2),4 = 1,2,...,k, is the range of
fi, is a strictly increasing function on its domain and n : S; x So — R" is a
vector-valued function such that, for all x € S; for fixed v € Sy

{Gr(fula,)) = Gp (fi(w,0)) = 0" (2, u) (G, (fi(w,0)V fi(u,0)), ...,
G (fi(w, ) = G (fi(u,v) = 0" (2, u)(GY, (fi(u, )V fr(u,v))} € K.
We will now show the existence of the above definition by giving an example.

Example 2.5. Let k =2, n=1, 5 =5 =R;, C; =Cy = Ry and K =
{(z,y) € R*:y 2 0,z S y}. Letalso f : S1 xSy — R?, Gy, : Iy, = R (i =1,2)
and 7 : S1 X So — R be defined as:
f(x7y) = {fl(x7y)7f2(xay)}a
where
filz,y) = €%, fo(z,y) = 2e’, Gy (1) = t, Gp(t) =17
and n(z,u) =z — u.

Next, we will show that the function defined above is K — G-invex at
u = 0. Applying the definition of K — Gy-invex at u = 0, we have

{Gfl (fl(xvv)) - Gfl (fl(uﬂv)) - ﬂT(%U)(G/fl (fl(uvv))vrfl(u’ v))v
G, (f2(z, ) = G, (f2(u,v)) — nT(I,U)(G}Q(fz(u,v))vzfz(uvv))}
=(0,2%*) € K

Hence, f = (f1, f2) is K —G-invex function at v = 0 in .S; with respect to 7.

Definition 2.5. The function f is said to be K — G -incave (or, K — G-incave)
at uw € Sp (with respect to &) if there exists a differentiable vector-valued
function G; = (Gy,,...,Gyp) : R — RF such that any of its component
Gy, : I, (S1 x S2) = R, where If,(S1 x S2),i =1,2,...,k, is the range of f;,
is a strictly increasing function on its domain and a vector-valued function
£ :51 xS = R"™ such that, for all x € S; and for fixed v € Sy,

{Gr(fi(z,0) = Gp (fr(u,0)) — € (2, u) (G, (1w, 0)V fr(w,0)), -,

Gfk (fk(m>v>) - Gfk(fk(uav)) - §T(a:,u)(G}k (fk(uvv))vfk(uvv)>} € —K.

Example 2.6. Let k. = 2, n =1, S = S, = R, (4 = Cy = R and
K ={(z,y) € R? :y =2 0,22 < 3y}, then —K = {(z,y) € R?: 22 = 3y,y < 0}.

Let f(z,y) = {fi(z,y), fo(z,y)}, where fi(z,y) = a?sin®y, fa(z,y) = >
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Suppose Gy, (t) =t, Gy, (t) = t* and n(z,u) = xu, where
f:S1 xS —R* Gy, : Iy, > R (i=1,2) and n: S; X S2 — R.
Now, at u =0 € Sy, for all x € S and for fixed v € Sy, we have,

{Gfl (fi(z,0)) = G, (fi(w,0)) = 0" (2, u) (G, (f1(u,v))Vafi(u,v)),

Gr.(fa(w,0)) = Gral falu,0)) = 0" (2, 0) (G, (fo(u,0)) Vi fo, 0) |
= (2*sin?v,0) € - K

Hence, f = (f1, f2) is K — G ¢-incave function at v = 0 in S; with respect
to 7.

Definition 2.7 ([10]). Let D be a compact convex set in R™. The support
function of D is defined by

S(z|D) = max{zTy : y € D}.
The subdifferentiable of S(z|D) is given by
dS(z|D) = {z € D : 2Tz = S(z|D)}.
For any set S C R™, the normal cone to S at a point x € S is defined by
Ns(z)={y€ R":y"(z —x) £ 0 for all z € S}.

3. Duality model I

Consider the following pair of Mond-Weir type nondifferentiable multiobjec-
tive symmetric dual programs:

Primal Problem (MP)

K-minimize
F= {Gfl (fl(ma y)) + S($|D1> - yTZh LR Gfk(fk(x7y)) + S(x|Dk) - yTZk}

subject to

k

(3.) [ M ) Vi) — 20| € €5,
k

(3:2) v | YoM (il ) Vi y) — 2)] 20

(33) AeitK* x € Cl,z, € Eji=1,2,... k.
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Dual Problem (MD)
K-maximize
G ={Gy, (fr(u,v)) = S(v|Br) + ulwy, ..., Gy (fi(u, ) — S(v|Ey) + u" wi}

subject to

k
(3.4) [Z NG, (Fi(u,0)) Vo filu, 0) + wi)} e O,
i=1
k
(3:5) uT [ D2 NG, (i, ) Vi, v) + wi)| S0,
=1
(3.6) A€ intK* ve Co,w; € Dyyi=1,2,...,k,

where for i =1,2,... k,

(i) K*, Cf and C5 are the positive polar cones of K, C; and Cs, respec-
tively,

(ii) fi: S1 x S2 = R, Gy = (Gypy,...,Gy,) : R — RF such that any of its
component Gy, : Iy, (S1 x S2) = R is a strictly increasing function on
its domain are differentiable functions,

(iii) D; and E; are compact convex sets in R™ and R™, respectively, and

(iv) S(z|D;) and S(v|E;) are the support functions of D; and E;, respec-
tively.

Remark 3.1. It D; = {0}, E; = {0}, fi = f,i=1,2,...,k, and G;(t) = ¢, then
the model (MP) and (MD) reduce to the models discussed in Khurana [14].

Next, we will prove weak, strong and converse duality results between (MP)
and (MD).
Theorem 3.2 (Weak duality). Let (x,y, A, 21, 22, ..., 2k) and (u, v, A\, w1, wa,
..., wy) be feasible for (MP) and (MD), respectively. If the following conditions
hold:

@ {(f1(0))s ey (FeCoo)} and {()Twr,. .., () wi} are K — Gy-invex

and K -invex, respectively at u with respect to ny for fized v,
() {(fi(z, )y (fu(z, )} and {()T21,...,() 2z} are K — G¢-incave
and K-invez, respectively at y with respect to no for fized x,
(IIT) m(z,u) +u € C1 and n2(v,y) +y € Co,
then

37 {Cn(h(wv) = SEIE) +u"wr,. .., G (i, v)) = SIBL) +u"wy )

—{Gh (f1(z,y)) + S(z|Dy) — yTz1, s Gy (fe(z,y)) + S(z|Dy) — yTzk}
¢ K\{0}
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Proof. The proof is given by contradiction. Let us suppose that (3.7) does not
hold. Then

{Gfl (fl(u7 ’U)) - S(U|E1) + uTwl7 ey Gfk (fk(uq'v)) - S('U|Ek) + Uka}
—{Gn(fi@ ) + S@ID) = y 21, G (filw,y) + S(@IDy) = y" 2 } € K\{0}.
Now, from the fact that A € int K*, it follows that

(3.8)

k
SN[ il ) + 81 D2) =57 2) = (G, (i, 0) = S(0| )+ uTwi)] <0,

i =1

Hypothesis (IIT) and (3.4) imply

[ (2, w) (ZA (Fil0,0) Vi, ) +03)) Z 0.

The above inequality together with (3.5) yield

k
(3.9) ()™ (30N (G, (filws 0) Vafilu,0) +wi) ) 2 0.

i=1

Since {(f1(-,v)),...,(fx(-,v))} is K — Gy-invex at u with respect to 7, for
fixed v, therefore we have

{Gh (f1(z,v)) = Gp, (fi(w,0)) = nf (@, u) (G, (Fi(u,0) Ve fi(u,v)), -

G (fr(,0)) =G (fr(u,v)) = 771T(x,U)(G}k(fk(u,’U))szk(u’v))} €K,

which using A € int K* yields

(3.10)
k k
Y (G (filw,0) = G (filw,v) Z nf (@,u) Y N(G, (filw, v) Vi fi(u, 0)).
i=1 i=1
Also, by hypothesis (I), we obtain
{z" w1 — u"wy —nf (z,w)wr, .. 2T wp — T wp — ] (2, u)wi} € K.

It follows from A € int K* that
k

k
(3.11) Z )\i(xTwi — uTwi) = 771T(:17, u) Z AiW;.
; i=1
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Adding (3.10) and (3.11), we get

k
Z Ni(G, (fim,0)) + 2Tw; — Gy, (fi(u, ) — ulwy)

k
2 nf (@,u) > N(G, (filu,0)) Vo fi(u, 0) 4 w;).
=1

Further, it follows from (3.9) that

k
(3.12) Z NGy, (fi(,v) + 2w; — Gy, (filu,v)) — u"w;) 2 0.

Hypothesis (IIT) and (3.1) yield

k
[m2(v,y) + )" Z Ni(G, (filz, y)Vy fil2,y) — 2:) £ 0,

i=1

which together with (3.2) give

k
l:l

Now, from hypothesis (II), we get
(G (filz,v) = Gpy (fi(w,) = 12 (0,9) (G, (fil@ 9) Vi (fr(2,9), -
Gy (fr(@,0)) = G (frl,9)) = m2 (0,9) (G, (fr(@,9))Vy (fi(a,)} € K
and
Wlzy —yTzr = (v, )21, .. v 2 —y 2 — 0k (v,y)zk) € K
It follows from A € int K* that

(3.14)
k k
Z Mi(Gy, (fi(z,0) =Gy, (fi(z,9))) —n3 (v,y) Z NG, (filz,y))Vy filz,y) £0
i =1 i=1
and
k k
(3.15) Z (T2 —yT2) —nd (v,y) Z Aizi 2 0.

From (3.14) and (3.15), we get
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k
Z )\z(Gﬁ(fl(xay)) - yTZi - Gfi (fz({E,U)) + 'UTZi)
=1
k
1=1
From (3.13), it follows that
k
(3'16) Z Al(Gfi(fz(xa y)) - yTZi - Gfi (fl(l‘,’l})) + UTZi) 2 0.
=1

Now, on adding (3.12) and (3.16), we obtain

k

Y NG filey) =y =i+ 0Tz = Gp(filu,v) + oTw; —uTwi) 2 0.
i=1

Finally, using 27w; < S(x|D;) and v1z; < S(v|E;), i =1,2,...,k, we get

M=

Ai [(Gfi(fi(x? )+ S(x|Di) —y" z) — (G, (fi(w,v)) — S(v|E;) + u” w;)
07

[\VANTE

which contradicts (3.8). This ends the proof of the theorem. O

Now, we illustrate the above weak duality theorem by the following example:

3.1. Numerical illustration. Let k = 2, n = m = 1. Let also 51 = S3 = R4,
Cl = OQ = R+ and

K={(z,y) € R*:220,—2 <y <a}.

Then Cf =C3 = Ry and K* = K and - K = {(z,y) e R?: 2 S 0,-x 2y 2
:L'} Let f(‘T,y) = {fl(xay)an(xay)}7 f : Sl X SQ — Rza Where,

fi(z,y) = —cos®z —sin®y and fo(x,y) = —sin’y.

, = R (i = 1,2), and the
functions ny,m2 : S1 X Sa = R be given by n(z,u) = z, n2(v,y) = v. Let
Dy, = [0,1], Dy = {0}, E; = {0} and E5 = [0,1]. Then S(z|D;) = L@h

2
S(x|D3) = S(v|Ey) = 0 and S(v|E;) = %M Under these settings, the

primal (MP) and dual (MD) reduce to the following problems (EMP) and
(EMD):

Suppose Gy, (t) = t, Gy, (t) = t?, where Gy, : Iy,
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Primal Problem (EMP). minimize F(x,y,\, z1,22) = { —cos?x —sin?y +
2+ |z]
2

sy )
subject to
[— 2)1 siny cosy 4+ Ag(4sin® y cosy — 22)] <0,
yt [ —2\;sinycosy + Aa(4sin® y cosy — 22)} >0,
|/\2|< A1, T z 0, z0 € [0, 1]

Dual Problem (EMD). maximize G(u, v, A, w1, ws) = { — cos? u — sin® v +

uTwy, sin v — Y +2|U| }

subject to
A1(2sinucosu + wiy) 2 0,
uT A1 (2sinucosu + wy) £ 0,
[Ao]< A1, v 20, wy €0,1].

Now, first we shall show that for the primal (EMP) and dual (EMD), the
hypotheses of Theorem 3.2 hold.

(A1) {(f1(-,v)), (f2(-,v))} is K — Gy-invex at u = 0 with respect to m
for fixed v for all z € S, since

{Gfl(fl(m,v)) = Gy, (fr(u,0)) =0 (2, u)(GY, (f1(u,0)) Ve fi(u, v)),
G, (fa(x,0)) = G, (fa(u,v)) = 771T($,U)(G}z(ﬁ(u,v))foz(uw))}
=(1—cos’z,0) € K
and {(.)Twy, (.)Twe} is K-invex at u = 0 with respect to 7, for fixed v for all
r € S, since
{zTw; — uTwy —nT (z, u)wy, 27wy — uFwy — 0t (z,uw)we} = (0,0) € K,
(A.2) {(fi(z,.)), (fo(z,.))} is K — Gy-incave at y = 0 with respect to 7, for
fixed z for all v € Sy, since

{Gr(f1(0)) = G (F1(w ) = 18 (0,9) (G, (1 (2, 9) Vi fi (2, 9),
Gra(faw,0)) = Gr(f2(2,)) = nf (0,9)(G, (fa(@,9)) Vo () }

2

= (—sin?v,sin*v) € ~ K,



2243 Debnath and Gupta

and {(.)7z1,(.)T 2} is K-invex at y = 0 with respect to 7, for fixed z for all
v € Sy, since

{szl - yTzl - 772T(U7y)zlaUTZ2 - yTZQ - W;(va)z2} = (O’ 0) €EK

(A3) m(z,u)+u=2+4+u € Cr, Va,uec S, and na(v,y) +y =v+y€
Co,V v,y € Ss.

Any point (z,0, A1, A2,0, 22) such that & = 0, |[A2|< Ay and 0 < 290 £ 1 are
feasible to (EMP). Also, the points (0, v, A1, A2, w1, 0) such that v = 0, |A2|< Ay
and 0 < w; < 1 satisfy the problem (EMD). Now, at these feasible points,

G(U/,’U, )\,11}1,'(1]2) - F(x7ya)‘7zlaz2)

= (COSQf—l—sin2v—x+2|x|, in _%M)

2

= (cos’z —1—sin®v —z,sin?v —v)

¢ K\{0} (since cos’x —1—sinv—2 <0, Va, v=0).

In particular, the points (7,y,A1,A2,21,22) = (5,0,1, %707 i) and
(u, v, A1, A2, wi,wa) = (0, F,1,4,%,0) are feasible for the problems (EMP) and
(EMD), respectively and also
—2r—-9 1—n7
_ K

0 LT g ko)

Hence verified. O

G(u,v, \,wi,ws) — F(x,y, A, 21, 22) = (

Theorem 3.3 (Strong duality). Let (Z,9,\, 21, %o, . .., Z) be an efficient so-
lution of (MP). Fiz A = X in (MD). Let
(D) {G}, (fi(Z,9)Vy fi(Z,9) — % k_| be linearly independent;
(IT) the matriz
k
S MG (i@, )V i@ DV i3 0) + G (i@ 5) Vo fil7, )}
i=1
be positive or negative definite;
(III) R® C K.
Then there exists w; € Dy, i = 1,2,...,k, such that (T,7, \, 01, Wz, ..., D) is
a feasible solution for (MD) and the objective values of (MD) and (MD) are
equal. Moreover, if the hypotheses in Theorem 3.2 hold for all feasible solutions

of (MD) and (MD), then (Z,y, A, Wy, Ws,..., W) is an efficient solution for
(MD).

Proof. Given that (Z,7,\, Z1, 22, . . ., Z) is an efficient solution of (MP). Fol-
lowing the necessary optimality conditions, given by Fritz John [4], there exist
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ae€ K*, B e Cyand u € Ry such that

k
{Zaz V fz(f,g)+€z)

3.17 k
( ) 5 /j,y Z GH fz v fl( ) ny(j7g)T

v G;cl.uz@,y))vafi@,y))ﬁx B Z0forallz e Oy,

k
Z(ai — pN) (G, (fi(Z, )V y fi(Z,9) — %)

(3.18) k
+ (8~ 1) [Z N (G (i@, 9)V  fi(2,9) Y, £z, 5)"
+ G (i@ 5V yymx,y))} —o,
(319) (B )" G (@) Vo i@ 5) — 7| (i = M) 2 0
for all A € intK™*, i =1,2,...,k,
k
(3.20) BT N Wy fi(Z,9) — 2) =0,
=1
k —
ZA (G, (fi(@ )V fi(#,9) — 5) = 0,
=1
¢'s = S(z|Dy), i =1,2,...,k,
(3.22) & eD;, i=1,2,...k (a,B,p) #0.

Inequality (3.19) can be rewritten as

(323) (B )" |CL @9V i@p) — 5] =0, i =12,k
Post-multiplying the inequality (3.18) by (8 — ) and using (3.23), we have

k

(8= 1) | 3 MG (@ D)V fol@. 1) (Y, fi(@,9)

i =1

+ G (Fi(@,9) Y fi(2,9))| (8 = i) = 0.

(3.24)
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Using hypothesis (IT) in (3.24), we get

(3.25) 8= ug.
Substituting 8 = ug in (3.18), we have

k
> (i G (f:(7,9))Vy fi(7,5) — 5) = 0.

=1

s

From hypothesis (I), we obtain
(3.26) a; =N, i=1,2,... k.

We now claim that a; # 0 for all ¢ = 1,2,..., k. If possible, oy, = 0 for some
i = to, then uX;, = 0. Since A € intK* C intRﬁ (by hypothesis (III)), therefore
A > 0 and thus g = 0. This together with (3.25) yields 3 = 0. Therefore,
(a, B, 1) = 0, a contradiction to (3.22). Hence a; # 0, for all i. Also, from the
fact that « € K* and K* C R’i, it follows that a; > 0,4 =1,2,...,k. Hence,
the relation (3.26) implies p > 0. Now, using (3.25) in (3.17), we obtain

(3.27) {Zal )V lfi(Z,5) + gi)r(x —7)20, forall z € Cy.

Substituting (3.26) in (3.27) and the fact that g > 0 give

k
(3.28) [Zj‘i(Glh(fi(jv IV fi(Z,7) + fz)}T(l‘ —z) 20, for all z € Cy.

Let x € C7. Then z+ x € Cy as C1 is a closed convex cone and so from (3.28),
it yields

k
2T NG (fi(@, 9)Va fi(2,9) + &) 2 0

=

—

which implies

k
Z Z,9))Va fi(Z,9) + &) € Cf.
Now, taking z = 0 an d x = 2Z simultaneously in (3.28), we have
k
(3.29) #h Y (G (fi@, 9)Vafi(@,9) + &) =
i=1

Also, from the expression (3.25), we get § = B € Cy as > 0. Again, setting
i

& =w, 1 =1,2,...k, (:‘c,g,i\,w_l,wg,...,wk) satisfies all the constraints of
the dual problem and hence (Z, g, A, w1, w3, . . ., W) is a feasible solution of the
(MD). Further, the expressions (3.21), (3.25) and «; > 0, yield

y e NEl(Ez)
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Again since E;, i = 1,2,...,k are compact convex sets in R", 57 z; = S(y|E;).
Rewriting the expression (3.29), we obtain
k
(3.30) 20 NG (fi@,9)Vafi(@,9) = 27 & = —S(2|Dy).
i=1

which gives

k
(3.31) g Z NG, (fi(Z,9))Vy fi(2,9) = 5" 2 = S(|Ey).

N

Therefore, (3.30) and (3.31) together give
{Gn(h@9) +S@ID) — 5 21, G (fo(@,9)) + S(@IDk) — 57 2 }
= {Gﬁ (f1(Z,9) = S@IE) + 2", G (fe(Z,5) — S(U|Ex) +5€T§k}7

that is, the two objective values coincide.

Next, we will show that (f,y75\,w1,w2,_. .., W) is an efficient solution of
(MD). On the contrary, assume that (7, %, A, w1, s, . .., W) is not an efficient
solution of (MD). Then there exists (u*,v*, A\, w},w,..., w}), a feasible solu-

tion for (MP) such that
(G (R v) = SO7 B +u Tk, G, (el %) — SO |B) + i)
—{Cn(hE9) ~ SEE) + 70, Cp (u(2.7) — S + 70k} € K\{0)

Finally, using 27w; = S(Z|D;) and % z; = S(y|E;), i = 1,2,...,k, in the
above expression, we have

(G5 (fuw07)) = S7 1B +wTwi, Gy (il 07)) = S0 |B) + i}

—{Gn(h(@.9) +5@ID) = 7" 5, .. G (@) + S@EID) 7" 5 }
€ K\{0}

which contradicts Theorem 3.2. Hence (Z, ¥, \, W1, W, . . . , W) is the efficient
solution of (MD). This ends the proof. O
Theorem 3.4 (Converse duality). Let (u,, \, Wy, W, ..., W) be an efficient

solution of (MD). Fiz A = X in (MP). Let
(I) {G%, (fi(a,0))V. fi(a,v) — w; }r_, be linearly independent;
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(I1) the matriz
k
S AAG (f4(, 9) V. £i(8, 1) (Vo i (0,0)) "
i=1
G;{i(fi(ﬂ,ﬂ))vmfi(’,ﬁ)} be positive or negative definite;
(II) R} C K. )
Then there exists z; € E;, i = 1,2,...,k, such that (4,0, 21, 22, ..., 2k) is
a feasible solution for (MP) and the objective values of (MP) and (MD) are

equal. Moreover, if the hypotheses in Theorem 3.3 hold for all feasible solutions
of (MP) and (MD), then (@, 0, \, Z1, Za, - . . , Zk) is an efficient solution for (MP).

Proof. The proof follows on the lines of Theorem 3.3. |
4. Duality model II

Consider the following pair of Wolfe type nondifferentiable multiobjective
symmetric dual programs:

Primal problem (WP). K-minimize F = {Gy, (fi(z,y)) + S(z|D)e; —

k
y' Y NG (fila,y) Vo file,y)er, .., Gy, (fr(e,y)) + S(x|D)ey—
=1
k
yTZAi(Glfi (fi(2,y))Vy fi(z,y))er}
1=1
subject to
k
(41) =~ [N G il ) Vi) — 2] € 5,
i=1
(4.2) Me=1,
(4.3) A€eintK*, x € Cy, z€ E.

Dual Problem (WD). K-maximize G = {Gy, (f1(u,v)) — S(v|E)es

k
—uT Z Ai(GY, (fi(u,v)) Ve fi(u,v))er, ..., Gy, (fr(u,v)) — S(v|E)ey,
k
_UT Z /\1(G/ﬁ (fi(u> U))V:Efz(ua U))ek}
subject to . )
(4.4) [ NG (il o) Vafiu, ) +w] € 1,

i =1
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Me=1,
A€itK*, veCy, we D,

where e = (e1,ea,...,¢ex) € intK is fixed and for i = 1,2,...,k,

(i) K*, Cf and C§ are the positive polar cones of K, C; and Cy, respec-
tively,

(ii) fi: S1 xS2 = R, Gy = (Gy,,...,Gy,) : R — RF such that any of its
component Gy, : If,(S1 x S2) = R is a strictly increasing function on
its domain are differentiable functions,

(iii) D and E are compact convex sets in R"™ and R™, respectively, and

(iv) S(z|D) and S(v|E) are the support functions of D and E, respectively.

Remark 4.1. It D = {0}, E={0}, fi=f,i=1,2,...,k, and G;(t) = ¢, then
(WP) and (WD) become the models discussed in Suneja et al. [18].

Next, we will prove weak, strong and converse duality results between (WP)
and (WD).

Theorem 4.2 (Weak duality). Let (z,y, A, z) and (u,v, A\, w) be feasible for
(WP) and (WP), respectively. If the following conditions hold:

D {(f1G0))ye ey (fe( )} and {()Twer, ..., () Twe} are K—Gf-invex
and K-invex at u with respect to n1 for fized v,
) {(fi(z,)yeeos (fr(z, )} and {()Tzer,...,()Tzex} K — Gg-incave
and K-invez at y with respect to ny for fired x and
(1) 11z, u) +u € Cy and n2(v,y) +y € Co,

then

(4.5) {Gh (f1(u,0)) = S(|B)er —u” Y Xi(GY, (fi(u, 0) Ve filu,0))er, .,

i=1

G (fr(u,v)) = S(v| B)er —u” ZM(G},L (fi(u, )V filu, v))ek}
k
*{Gfl (fi(z,y)) + S(z[D)er —y" Z Xi(G, (filz, y))Vy filz,y))er, ...,
k
G (fu(z,y)) + S(zD)er —y" Y Ni(GY, (fi(w’y))vyfi(wyy))ek} ¢ K\{0}.

=1
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Proof. Contrary to (4.5), suppose that

k
{Gr (Ai(wv) = SEIB)er —u” D MG, (Filw, ) Vi, v)en, ..

i=1

k
G, (il v)) = S| E)er = u 30 M(G, (fiw, ) Vil v))e | —
k

{Gn (A + SalD)er — 5" 3o MG (fila.m) Vol m)er...
k

G (fie(x,y) + S(xD)er —y" > N(GY, (fil,9)Vy filz, y))ek} € K\{0}.

i=1
Now, (4.2), (4.3) and the above expression imply

(4.6)
k

k
[ > NGy + S@lD) =y SN (G, (i@ )V, fila, )]

i=1

k k
— [ Do NG (i) = SOIE) —u” Y NG, (i) Vo file,w)] <0

i=1
Since {(f1(-,v)), ..., (fr(-,v))} is K —Gy-invex at u with respect to 7, for fixed
v, we have

{Gfl (file,v) = Gp, (fi(w,0)) = 0 (2,u)(GY, (f1(w,0)) Ve fi(u,v), ..

G (fr(x,0) = G (fr(u, v) = ThT(x,U)(G}k(fk(u,v))fok(u,v))} €K
Using A € int K*, it follows that

S MGl o))~ Gl

(4.7) i=1 .
ol ) [ S0 MG (Fuw,0) Vi, 0))] 2 0
i=1
Since {(.)Twe, ..., (.)Twes} is K-invex at u with respect to n; for fixed v, we
have
{mTwel —uTwey — nf (z,w)wey, ..., v we, — uweyr, — nf (z, u)wek} €eK.

Using (4.2) and the fact that A € int K*, we get

(4.8) 2w —ulw = nf (z, u)w.
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Adding (4.7) and (4.8), we have

k
>N [Cr i) = (il v))] + 2T

(49) =1 )

—ulw 2 Uf(xa“)[z Ai(G, (filu,v)) Va fi(u,v) + w}

i=1
Further, hypothesis (IIT) and (4.4) give

k
() + )" | D2 NG, (s 0) Vi, ) + ] 2 0,

i=1
which along with (4.9) yields

k
Z [Gf (fi(z,v) Gfi(fi(u,v))} + 27w —uTw
(4.10) -1
+u” | S A, il ) Vi) + w| 2 0.
i=1
Similarly, from hypotheses (II), (III), constraints (4.1)-(4.2) and A € int K™, we

get
k

> X [Gr Ui ) = Gr, (i, v)] + 072 = 472
(4.11) i=1

k
[Z (G (i y) Yy filwy) = 2] 2 0.
Further adding (4.10) and (4.11), We get

{ZA (G (o) + 2w — TS (G il y) Vo file,w)] }

=1 =1
k k
NG i) = 0"z =T YN G (il ) Ve fiwov)] | 2 0.
i=1 i=1
Flnally7 using the fact that 27w < S($|D) and v’z < S(v|E), it follows that
{ZA (G, (fil.y)) + S(z|D) —yTZA (G, (i ) Vit w)] }

=1

k

{ZA (G, () = S(|B) —uT 3ON[€, (i, o)) Vi fi(w)] | 2 0,

i=1

which contradicts (4.6). Hence the result. O
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4.1. Numerical illustration. Let k =2, n=m =1,5, =Sy = Ry, (1 =
Co = Ry. Then Cf = C3 = Ry. Let also f : S; x Sy — R?, f(z,y)
{fl(xvy)va(xay)}v where

fi(z,y) = cos®y and fy(z,y) = sin® z + cos? 3.
Suppose G = (Gy,,Gy,) : R — R? be defined as:
Gfl (t) =t, sz(t) = 2t.

Consider (n1,72) : S1 X So — R as:

771(%”) =7, 772(1}79) =.
Let K = {(z,y) € R?> : © =2 0,y = —z}. Then —K = {(z,y) € R? : x <
0,y < —2} and K* = {(z,y) € R? : 2 =2 y}. Let (e1,e2) = (1,1) € intK. Let
D =[0,1] and E = {0}. Then S(z(D) = “ % and s(0/E) = 0.

Under the above defined expressions, the primal-dual pair (WP) and (WD)
reduce to the following problems (EWP) and (EWD):

 + |z
2

Primal Problem (EWP). Minimize L(z,y, A, z) = { cos?y +
yT(2)\1 siny cosy + 4Aa siny cos y),

2(sin? 2 4 cos? y) + %m + 9T (21 siny cosy 4 4o siny cos y)},
subject to
— 2\ siny cosy — 4o sin y cos y} <0,
A+ A =1,
A >0, A2>0, \{ =X >0, z20.
Dual Problem (EWD). Maximize M (u,v,\,w) = { cos?v —

u” (4\g sinu cosu), 2(sin” u + cos? v) — u”T (4o sin u cos u)}
subject to
4 9 sinucosu +w = 0,
AL+ A =1,
A1 >0, Aa>0, A\ —X2>0, v20, we|[0,1].

First, we shall show that for the primal (EWP) and dual (EWD), the
hypotheses of Theorem 4.2 hold.
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(B.1) {(fi(-;v)), (f2(-,v))} is K — Gy-invex at u = 0 with respect to m
for fixed v for all z € Sy, since

{Gr(fi(,0) = G, (falw,v) = o (2, 0) (G, (F1 (. 0)) Vo fr (w,0),

G, (fa(2,0)) = G, (fa(u,v)) = an(x,U)(G'fQ(fz(%v))szQ(U»U))}
= (0,2sin’7) € K,

and {(.)Twey, (.)Twes} is K-invex at u = 0 with respect to n; for fixed v for

all z € 51, since
(27w — uTw — T (2, v)w, 27w — uTw — n¥ (z,u)w) = (0,0) € K

(B.2) {(fi(z,.),(f2(z,.))} is K — Gy-incave at y = 0 with respect to
12 for fixed x for all v € S5, since

{Gfl (fl (l’, U)) - Gfl (fl(l’, y)) - 772T(Ua y)(G/ﬁ (fl(l’, y))vyfl (JJ, y))7 Gf2 (fz(ﬂ:, U))

—Gp(fa(z,9) = m2 (0,9) (G, (f2(2,9))Vy oz, y))}
= (cos’ v —1,2(cos’ v — 1)) € —K,

and {(.)Tzey, (.)Tzea} is K-invex at y = 0 with respect to ny for fixed x for all
v € S, since

(UTZ - yTZ - 772T(U7y)za vT'z - yTZ - 772T(Ua y)Z) = (Oa 0) € K.
(B.3) m(z,u)+u=a+u € C1,Va,u € Sy and ne(v,y)+y = v+y € Co,V v,y €
Sy. The points (2,0, A1, Ao, 2) s.t. 2 2 0, Ay + Ay = 1 with Ay > 0, A2 > 0 and
A1 — A2 > 0 are feasible to (EWP). Also, the points (0, v, A1, Ao, w) s.t. v = 0,
M+ A =1with Ay >0, g >0and A\ — Ay >0 satisfy (EWD)

Now, at these feasible points,
z + T+ |z z + |z

M (u,v, \,w) — L(z,y, \, z) = (cos® v,2 cos” v) — (1 + 5 )

,2(sin®z 4 1) +
:(COSQ’U,QCOSZU)—(1+£C,2(Sln z+1)+x)
=(cos’v —1—z,2cos’ v — 2(sin’ z + 1) — )
¢ K\{0}(since cos’v —1 -2 <0, Yz, v=0).

In particular, the points (z,y, A1, A2, 2) = (5,0, i, 41;’0) and (u, v, A1, A2, w) =
(0,%,3.11) are feasible for the problems (EWP) and (EWD), respectively

130 D D
and also
-9 -2 —12 —
Mo, A w) — Dy, A, 2) = (o, T2 ) ¢ K\{0)
Hence verified. O

Theorem 4.3 (Strong duality). Let (Z,9, A, Z) be an efficient solution of (WP).
Fiz X=X in (WD). Let
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() the vectors {G%, (f1(2,9))Vyfi(Z,9), .., G, (fu(@,9)Vy fu(2,9)} be
linearly independent;
(I1) the matriz

Z;\i{G}i(fi(f,ﬂ))Vyfi(f, DVyfi@, )" + G (fi(2,9))Vyy fi(2,9)}

be positive or negative definite;
Then, there exists w € D, such that (Z,7, \,w) is a feasible solution for (WD)
and the objective values of (WD) and (WD) are equal. Furthermore, if the
hypotheses in Theorem 4.2 hold for all feasible solutions of (WD) and (WD),
then (Z,y, A\, w) is an efficient solution for (WD).

Proof. Since (Z,7,\, %) is an efficient solution of (WD). Hence, according to
the Fritz John optimality condition [4], there exist « € K*, 8 € Cy and n € R
such that

k
| @Gl i@ 9) Vi@ 7)) + (aTe)y
i =1
4.12 k
( ) + 04 6 {Z )V fz( )Vyfz(i‘ag)T
+ G, (fi(Z,9))V myfi(f,g))HT(xff) 20, for all z € C4,
k —
(i = (" )X)(GY, (f:(2,9)) Vo fi(, 7))
(4.13) k
+ (8~ [Z G i@, )V fil@, 5) V. filw, )T
+ G (F@ D)V i@ 9)}] =0
(414) (1B = (@T)) G (fil@, 9) Vo fi(@, 5)] + mes| (i = Xo) 2 0,
for all A € intK*, i =1,2,...,k,
k
(4.15) [ZA (G, (fi(2,9))Vy fi(2, ) —2} —0,
T(\Te—-1) =0,
(4.16) B € Ng(z),
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(4.17) (0, B,1m) 0.
Inequality (4.14) can be re-written as
(4.18) [(8 — (@Te)y)T G, (fi(Z,9)Vy Ji(2, §)] + ne; = 0.

Multiplying (4.18) by (o' — (aTe)A?), i = 1,2,...,k, summing for all 4, and
using A\'e = 1, we obtain

k
(419) (8= (@Ten)” | Yo(G, (i@ 9) Vi@ 7)) (o' = (aTe)X) = 0.

=1

Again, multiplying (4.13) by (8 — (a’e)y)T and using (4.19), we get
k
(8= (@"e)p)" | 3o N{ G (i@, 9) Vo fil@, )V fi(@,5)”
i=1

G, (i@, 0) Vo i(@,9) }| (8 = (o)) = 0.
Applying hypothesis (II), we have
(4.20) 8= (aTe)g,

Using (4.20) in (4.18), we get n = 0, as e = (e1,€2,...,€;) € intK implies
e # 0. Now, (4.13) and (4.20) together gives

_Z(ai — (@Te)N) (G, (fi(2,9)Vy fi(2,9)) = 0.

From hypothesis (I), we have

(4.21) a; = (aTe);, i=1,2,... k.

If o = 0, then a”e = 0 and hence (4.20) gives 8 = 0, which is a contradiction
to (o, 8,m) # 0. Thus a’e > 0 as 0 # o € K* and e € intK. Hence

y = —7— € Cy. Substituting (4.20), (4.21) and using the fact that aTe > 0in
aTe
(4.12), we obtain

k T
(4.22) [ZS\i(G'fi(fi(ic,y))szi(f,g)) + ﬂ (x—7) 20, for all = € .
i=1

Since C is a closed convex cone, therefore z, £ € Cy implies x + Z € Cy and
hence from (4.22), we have

k
SCT[;M G i@, 9) Ve fi(@,9)) + 7] 2 0, for allz € O,



2255 Debnath and Gupta

which implies
k
[ZM b (fi(Z,9)Va fi(Z,9)) + ﬂ eCy.
i=1

Thus (Z,9,\,w = 7) is a feasible solution for (WD). Considering x = 0 and
x = 2%, in (4.22), yields

k
T [ SN (G, (i@ )V fil@, ) + 7] =0,
i=1
which further reduces to
k
(423) [ YN (i@ 0) Ve i@, 5)| = ~2"5 = ~S(@|D).
i=1
From (4.16) and (4.20) we have, (a’e)y € Ng(2). Since ale > 0, § € Ng(2).
Now, expressions (4.15), (4.20) and the fact that a’e > 0 yield
k —
97| DO NG, (fil@, )V fil@, ) — 2] = 0,
i=1
which implies
k —
(21)  F"[ MG (i@ 9) Vi 0)| = 572 = S(@lE).
i=1
Using (4.23) and (4.24), we obtain

k
{Gf1 (f1(Z,9) + S(@|D)er — 4" Y N(G, (fil@,9)Vy il 9))ers -

=1

k
Gy (fi(,9)) + S(zD)er — y" Z NG, (fi(@,9)Vy fi(®, @))ek}

k
= {Gﬁ (f1(z,9)) — SIE)er — i‘TZS\i( b (fi(@,9))Vafi(T,9))e, - -,

«
Il
-

k
Gy (e, 9)) — S@IB)ex — 7" 3" M(CY, (i@, 1) Ve Fil, )er

i=

=

Hence, the two objective functions have equal values. Now, let (z,7, A, 0) be
not an efficient solution of (WD), then there exists (Z, g, A, @) which is feasible
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for (WD) such that

k
{61 (11(,9)) — S@IEYer — 7 3 MG, (i, )V fild e, -

i=1

k
G (e(@.5)) = SGIE)ex = 7 3 NG, (i) Vil i))en | —

k
{Gn(AGE0) - S@Eer - &7 3 M(G, (&) Vafld )en, ..
k
G (@) = S(IE)ex — &7 37 (G, (0 9))Va il )ex | —

k
{Gr(1(@9) + S@ID)er — 57 Y NG (i@ D)V fi(@, Den,

=1

k
Gy (@) + S(@|D)er =77 3" M(Gh, (@ D)V, (@ D)er | € K\{0,

1=

=

which is a contradiction to Theorem 4.2. Hence, (Z,7, A\, @) is the efficient
solution of (WD). O

Theorem 4.4 (Converse duality). Let (@, v, )\, w) be an efficient solution of
(WD). Fiz A= X in (WP). Let
(I) the vectors {G}l (fl (’aa T}))vwfl (’av ’D)a SRR Glfk (fk: (’aa T}))vwfk (ﬂ? ’E)} be
linearly independent;
(IT) the matriz

k
> NG (fi(w,0) Vo fi (@, 0)Va fi(1,0)" + G, (fi(1,0))Vas fi(1,0) }
i=1
be positive or negative definite;
Then there exists Z € E, such that (4,0, )\, ) is a feasible solution for (W P)
and the objective values of (WP) and (WD) are equal. Futhermore, if the

hypotheses in Theorem 4.2 hold for all feasible solutions of (W P) and (WD),
then (4,0, \, Z) is an efficient solution for (W P).
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Proof. The proof follows on the lines of Theorem 4.2. |

5. Conclusions

In this paper, we have considered the G-invex functions over cones and
examples which justify the definitions have been illustrated. Two types of dual
models-Mond-Weir and Wolfe type multiobjective symmetric dual programs
have been formulated. It is to be remarked that the functions which are taken
in the primal-dual programs are not differentiable. Considering these nondiffer-
entiable dual programs, we have discussed the corresponding duality relations.
Numerical examples which illustrates the weak duality results of Mond-Weir
and Wolfe type models have also been depicted in the paper. These results can
be further extended to second order nondifferentiable symmetric dual programs
and in the fractional programming case also. Several results appearing in the
literature comes out as special cases.
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