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ABSTRACT. In this paper, we study the Hoélder continuity of solution
mapping to a parametric variational inequality. At first, recalling a real-
valued gap function of the problem, we discuss the Lipschitz continuity of
the gap function. Then under the strong monotonicity, we establish the
Holder continuity of the single-valued solution mapping for the problem.
Finally, we apply these results to a traffic network equilibrium problem.
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1. Introduction

The variational inequality of Hartman and Stampachia [14] is a well-known
model in optimization theory. It has many applications in different fields (in-
cluding mathematical programming and some equilibrium problems). The
reader can refer to the very informative recent book by Facchinei and Pang
[11] for the background information and motivations of the variational in-
equality. In recent thirty years, existence results and convergences for the
variational inequality, stability and sensitivity for the parametric variational
inequality (PVI), and some applications have been investigated extensively;
see [8,11,12,22-24,29] and the references therein.

In this paper, we mainly follow with interest the Holder continuity for PVI.
There are many papers considering the stability of PVI, for example, [6,8, 10,

, 15,25,29-31]. Based on the nonexpansivity of the metric projection on
closed convex sets, Dafermos [3] derived the local uniqueness, upper Lipschitz
continuity and differentiability of the solution mapping of PVI. In virtue of the
similar idea, Yen [29] obtained the Hélder continuity of the solution mapping for
PVI. Later, Yen [30] got the local Lipschitz continuity of the solution mapping
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of PVI on a parametric polyhedral set and then he applied the results to a
traffic network equilibrium problem. Recently, Causa and Raciti [6] also made
use of the metric projection to discuss the Lipschitz continuity of the solution
mapping for PVI. Based on a theory of contingent derivative and by a result
about differentiability property of the metric projection, Shapiro [25] discussed
the continuity, locally upper Lipschitz and differentiability properties of the
solution mapping for PVI where the constraint set is nonconvex. There have
been many papers discussing the local uniqueness and Héder continuity of the
perturbed solution sets to Ky Fan inequality KFI; see, e.g., [1,2,5,17-21,27]
and references therein. Herein, having the aid of a gap function for PVI, we
make the solution mapping of PVI write as a simple implicit function and then
establish the Holder continuity of the solution mapping for PVI. Finally, we
apply the results to a traffic network equilibrium problem with perturbations
in travel cost function and travel demand.

The rest of the paper is organized as follows. In Section 2, recalling a real-
valued gap function of PVI, we discuss the Lipschitz continuity of the gap
function. In Section 3, under the strong monotonicity, we establish the Holder
continuity of the single-valued solution mapping for PVI. In Section 4, we apply
these results to a traffic network equilibrium problem. In Section 5, we give an
open question which we consider in future.

2. The regularized gap function of PVI

In this paper, let X, P and A be finite dimensional, and let B indicate the
closed unit ball of X. Given a subset A C X, we define the distance from
x € X to Aby d(z,A) := inf,e 4 ||z — al|| with the convention that d(x, ) = co.
Let F': A = X be a set-valued mapping. The effective domain and graph of F'
are defined by domF := {\ € A|F()\) # 0} and gphF := {(\,z) e A x X|x €
F(\)}, respectively. F is said to be Holder at A € A if there exist constants
v >0, a>0and § > 0 such that

F(\) C EON) +~4]|A = X[|*B, YA, X € U(),6).

Whenever o = 1, F is said to be Lipschitz at A € A.
In this section, we consider the regularized gap function for PVI of finding
x € K(X) for parameters p € P, A € A such that

(f(pﬁC),y _-73> >0, Yy € I(()\)7

where f: P x X — X is a vector-valued mapping, K : A = X is a set-valued
mapping with nonempty closed convex values, and (f(p,z),y — =) denotes the
value of the function f(p,z)(:) at y — x. For each p € P, X € A, by S(p, \) we
denote the solution mapping of PVI, i.e.,

S(p,\) :={r € K(\): (f(p,x),y —x) >0, Vy € K(\)}.
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Let pe PA € A,z € K(A) and v > 0 be arbitrarily given. The regularized
gap function for PVI introduced by Fukushima [12] is defined by

. v 2
h~(p,\,x) := — min ,x),y—x)+ —|ly —z||*}.
2P A @) == win {F(pr2)y =)+ 5 lly — 2}
Let 7y (p, A, @) := Projg(»)(z — @) denote the best approximation to & —
f2) from K(X). Then h., could be written as

S
hy(p, A x) = (f(p,x),x —1y(p, N, ) — %||7r7(p,/\,x) — |

Now we consider the Lipschitz property of h. which will be used in the next
section.

Proposition 2.1. Let U()\) and U(p) be neighborhoods of A € A and p € P
respectively. Assume that
(i) K(-) is Lipschitz on U(\) and K(\) is bounded;
(ii) f(-,-) is Lipschitz on U(p) x K(UN) and f(p,-) is bounded on
K(UQ)-
Then there exist U(p,81),U(N,61) of p € P and X\ € A such that h., is Lipschitz
on U(p,61) x UX, 1) x K(U(X,61)).

Proof. By the conditions, without loss of generality, we assume that there exist
constants {1 > 0,l > 0 and §; > 0 such that

(2.1) KO\ © KV) + LA — N[[B, VAN € U, 61)
and for any papl € U(ﬁ7 (51),.’1},.1'/ € K(U(X761>)7
(2:2) 1f(p,2) = f(0', 2")]] < ba(llp = Pl + (|2 = 2[]),

where U(X,01) C U()\) and U(p,6;) C U(p).

We divide the proof into three steps.

(I) K(-) is bounded on A € U(A, d1), i.e., there exists a constant M > 0 such
that

(2.3) AXeUN),z e KW\, |zl < M.

Indeed, it follows from the boundedness of K (\) that there exists a constant
M’ > 0 such that

(2.4) Vo e K\, |z|| < M".
From (2.1), we have
K(\) C K(\) +1161B, YA € U(\, 61).

Then for any x € K(A), there exist y € K(\) and b € B such that
r=Yy + 1151b7
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which together with (2.4) yields that
)l < llyll + Loulbl] < M’ + 116y

Then (2.3) is satisfied with M := M’ +110;.
(IT) f(-,-) is bounded on U(p,d1) x K(U(A,d1)).
By assumption (ii), we have

l:= sup Ilf (D, 2)| < +o0.
z€K(U(N,61))

Then from (2.2) it follows for any fixed € > 0, there exits a neighborhood of p
denoted without loss of generality by U(p, d1), such that

sup  [[f(po)l] ST+ e < oo
(p,x)€U(5,61) x K (U(X,81))

Take lyp := max{l;l + €}, which implies that l; > 0. Then
(255) Vp € U(p,61),Yx € KU &), [ f(p,2)| < lo.

(IIL) A (-, +,-) is Lipschitz on U(p,81) x U(X,81) x K(U(X, 61)).

Indeed, fix p,p’ € U(p,61),\, N € U\, 61),z € K(\) and 2’ € K(XN). By
the definition of h-, we have the following assertion: for any € > 0, there exists
ye € K(A) such that

~y
hoy (0, A ) < (f (0, 2), @ = ) = 5 llye — 2l[* + €

By (2.1) there exists y' € K(X') such that

(2.6) lye = o/I| < La||A = V|-

Then we get

hy(p, A, ) — o (p', X, &)
< (o) —yd) = Jllye —al? +e = O ) — o) + Sy - I
< (fp,x) = f0,2)), 2 —ye) + (0 2)) o — 2" + 4 —ye)

+%<y’—ye+x—x’,y’—x'+ye—x>+67
I1f (o, ) = £ ) (L]l + Nlyell)
v
HIF@ 2Nz = 2"+ Ny = ell) + 5y = el
27 Fllz =2 DAY+ 2l + Nyell + llzl) + €.
So, from (2.2), (2.3), (2.4), (2.5), (2.6), (2.7) and the arbitrariness of €, we have
h’)’(pv)\7x) - h’)’(p/7>\,7xl)
< 2Mlo[lp — Pl + (lo + 4AMY) L [|]A = N[ + (2M 12 + lo + 4My) ||z — 2|
<Ullp = p'll+ A= N + [l = 27[]),

IN
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where [ := max{2MIly, (Ig +4M~)ly, (2Mly + g + 4M~)}. Therefore, it follows
from the symmetry between (p, A) and (p’, \’) that the conclusion holds and
the proof is complete. O

Corollary 2.2. Let U()\) and U(p) be neighborhoods of p € P and A € A,
respectively. Assume that

(i): K(-) is Lipschitz with compact values on U(N);

(ii): f(-,-) is Lipschitz on U(p) x K(U(N)) .
Then there exist U(p,61) and U(X,61) of p € P and A € A such that h., is
Lipschitz on U(p, d1) x U(X, 1) x K(U(X,61)).

Proof. Take U(\,d1) and U(p, d1) of (2.1) and (2.2) be compact neighborhoods.
Obviously, (2.3 ) naturally holds as K()) is compact for any X € U(X, 7).

Since K(-) is Lipschitz on U()), K (-) is upper semicontinuous on U (X, §;) C
U(N). Then it follows from [3, Proposition 11] that the set K(U(\,d1)) is
compact. By (ii), U(p,61) C U(p) and U(X, ;) C U(N), we have f(-,-) is also
Lipschitz on U(p,d;) x K(U(A,61)). Therefore, we have

lo = sup |[f(p )] < Foc.
(p,z) €U (P,61) X K(U(X,61))

This implies that (2.5) holds. Thus, following the proof of Proposition 2.1, we
can obtain the conclusion and the proof is complete. O

3. The Holder continuity of the solution mapping for PVI

In this section, in virtue of the properties of h., we discuss the Holder conti-
nuity of the solution mapping S for PVI. In the rest of paper, let p € P,A € A

and Z € S(p, A). Since h, is a gap function of PVI, we have
S(p,A) ={z € K(\) : hy(p, A\, z) =0},

which illustrates the close relationships between h. and S.
At first, we recall the existence of the solution for PVI.

Proposition 3.1. Suppose that f is strongly monotone with modulus p > 0

with respect to x uniformly in (p,\) which are around (p,)), namely, there

exists an open neighborhood of (p,\) denoted by U(p,d) x U(N,0) for some
0 > 0 such that for each p € U(p,d), A € U(X,d) and z,z’ € K()\) one has that

<f(p,$) - f(pa {I?/),(E - £E/> > pH.’E - CL'/HQ.
If p> % and f is continuous with respect to x uniformly in p which is around
P, then, for PVI, there exists a unique solution.

Proof. The conclusion is a parametric version of [11, Theorem 2.3.3 (b)]. We
omit its proof. O

Theorem 3.2. Let all conditions of Propositions 2.1 (or Corollary 2.2) and
3.1 hold. Then S is Holder continuous at (P, \).
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Proof. Fix p € U(p,6),\ € U(X\,6) and € K()\). The following inequality
holds
1

(3.1) lo = SN < =/l 1. 2),
ha(p ) = = min ((f(p)y = @)+ Sy ol )
> —(f(p.2), S(p, N) — ) = /IS (p, N) — al
> (f(p. S, V) = F(p.2), S0 A) — ) = LIS, N) — al
> (= IISEA) —al”

where the second inequality holds thanks to {f(p, S(p,\)), S(p, A) —z) < 0 and
the last inequality holds due to the strong monotonicity of f.

By the conditions, it follows from Proposition 2.1 (or Corollary 2.2) that h.,
is locally Lipschitz at (p,Z) with respect to (p,\) uniformly in z, i.e., there
exist constants 61 > 0 and [ > 0 such that for any p,p’ € U(p,d1),\,\ €
U(X,61) and = € U(%,61), one has
(3:2) [y (P, X' ) = By (p, X, 2)| < U([Ip = Pl + [IA = X))

Fix arbitrary p,p’ € U(p,d2), A\, N € U(X, 82), where 6o = min{6,6;}. By (2.1)
there exists ' € K(X') such that ||[S(p,\) — || < l1]|]A = N||. By (3.1) and
(3.2), we get

1S(p, A) = S, M) < [IS(p, A) = 2| + []2" = S, X

, 1
= L
\/7\/11 (', N, 2) — hy(p, A, S(p, V)

l 1
ZMA—XH+Mp_lﬂm—ﬁWHM—Aﬂ+Hf—S@AMV
2
l 1
sznu—xu+u;¢7mp—ﬂw+m+wmx—xm%
2

Thus, the conclusion holds. O

LA = N[+

IA

Remark 3.3. (i) Under the Holder continuity of the best approximation map-
ping, Yen [29, Theorem 2.1] has obtained the Holder continuity of the solution
mapping for PVI. His methods are very different from ours, and [29, Theorem
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2.1] needs not the condition: p > I, while, needs additional conditions: f is
locally Lipschitz at (p, Z),

12 2 2
f§p<’yand—27fp+1>0,
v Y v

which are used to apply the Banach fixed point theorem, and [ is the local
Lipschitzian constant of f.

(ii) If we set f(x,y,p) = (f(x,p),y — x), then PVI becomes a case of PKFI
in [1,2,5,17-21,27]. In these papers, the strongly monotonicity (or pseu-
domonotonicity) and the Holder related assumptions of Ky Fan function and
the properties of the solution have been employed directly to obtain the suffi-
cient conditions for Holder continuity of the solutions of PKFI. However, in this
paper, we use a regularized gap function of PVI to write the solution mapping
of PVI as a simple implicit function and then we establish the Holder continuity
of the solution mapping for PVI. Therefore, our method is very different from
corresponding ones of [1,2,5,17-21,27].

4. Application to a traffic network equilibrium problem

Consider a traffic network equilibrium G = (N, A), where N and A denote
the set of nodes and directed arcs, respectively. Let W denote the set of origin-
destination (OD) pairs and let d = (dy,)wew denote the demand vector, where
d, denotes the demand of traffic low on OD pair w. Let a € A denote an
arc of the network connecting a pair of nodes and p denote a path, assumed to
be acyclic, consisting of a sequence of arcs connecting an OD pair. For each
w € W, let P, denote the set of available paths joining the OD pair w. Let
a=A,w=|W[r=> cwlPy and P = UyewPy,. For a given path
p € Py, let g, denote the traffic flow on this path and ¢ = (¢p)pep € R™ denote
the path flow. The path flow vector ¢ induces an arc flow x, on each arc a € A
given by

(4.1) Ta =Y aplp,

peEP

where dqp, = 1 if arc a is contained in path p and 0, otherwise. Let z =
(Za)aca € R* denote the arc flow. Suppose that the demand of network flow
is denoted by d,, for each OD pair w, and d = (dy)wew denotes the travel
demand. We say that a path flow ¢ satisfies demands if

(4.2) > gy =du, Yw eW.
PEPy

Then the path flow ¢ is called a feasible path flow. If there exists a feasible path
flow g = (gp), then the arc flow z = (z,) With 24 = }_ ¢ p dapgp for each arc a
is called a feasible arc flow. Let f : R* — R® be the travel cost function and
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fa(z) denote the cost on the arc a. Then the travel disutility on path p € P is
denoted by

(4.3) F, = Z Jaap-
acA
The traffic network equilibrium conditions, following the standard theory
(see [1,9,22] and the references therein), take on the following form: a feasible
path flow ¢ is called an equilibrium path flow if, for each OD pair w and each
path p € P,, the following Wardrop conditions (see [28]) hold:

=Xy ifz, >0
(4.4) Fy { > Ay ifz, =0,
where A\, is an indicator, whose value is not known a priori. A feasible arc flow
x is an equilibrium arc flow if there exists an equilibrium path flow ¢ satisfying
(4.1). Tt is easy to verify (see also [7,23,26]) that x is an equilibrium arc flow if
and only if it solves the following variational inequality: find # € K such that

where K is the set of feasible arc flows, i.e.,
K = {x € R"|for some q € R satisfying (4.1) and (4.2)}.

The arguments in Smith [20] also show that if z is an equilibrium arc flow, then
each ¢ € R satisfying (4.1) and (4.2) is an equilibrium path flow.

Now we introduce the parameter to be present in the sensitivity analysis:
they are denoted by p € R°, where the dimensions ¢ € R, \{0}. The parameter
1 may conclude many factors, for example, the weather, the tastes of the
travelers, traffic regulations, etc. These factors all could influence the travel
cost. Consequently, in this paper, we assume that the travel cost function
makes perturbations with the parameter p which takes values in a subset U of
R¢. Moreover, we treat the travel demand d as a parameter of this problem
and let it take values in a subset V of R“.

For the parameters 1 and d, we shall consider the sensitivity of the equilib-
rium arc flow which is the solution set of the parametric variational inequality:
find z € K(d) such that

where K (d) = {x € R*|for some ¢ € R7 satisfying (4.1) and (4.2)}. Obviously,
K(d) is a compact convex set for each d. For d € R¥ and u € R°, let S(u,d)
denote the solution mapping of (4.5).

Theorem 4.1. Letd € R¥, i € R® and T € S(fi,d). Assume that f is locally
Lipschitz in p at (fi,T) uniformly in x and that f is locally strongly monotone
with modulus p > 0 in x at (i, Z) uniformly in p. If p > 3, then there exists a
neighborhood U(Z) of T such that S(-,-) NU(Z) is a single-valued mapping and
is Hélder continuous at (i, d).
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Proof. To prove the conclusion, it follows from Theorem 3.2 that we only need
prove that K is locally Lipschitz at d which implies the Lipschitz-likeness of
K at (d,7). For an arbitrary neighborhood U(d) of d, let d’,d € U(d) and
a' € K(d'). Then there exists ¢' € R7 such that z, = > pdapq, and
> pep, p = diyy Yw € WoLet A = [0qp] € R**™ and A = [A,,p] € R**™ denote
the arc-road incidence matrix and the OD-road incidence matrix, respectively,
where A, = 1 if the road p € P, and A, = 0 otherwise. Then 2’ = A¢
and d = Aq¢’. Then there exists a matrix G € R™*“ such that ¢’ = Gd'. Set
q:=Gd,x := Aq. Then = € K(d). Thus,

|2 — || = [JAG(d" = d)|| < ||AG|| - || - d]l.
This completes the proof. O

5. Conclusions

In this paper, we study Hoélder continuity of the single-valued solution map-
ping to PVI by using a gap function. While, generally speaking, the solution
mapping for PVI is set-valued. Now a very interesting and valuable topic arises
in a natural way: How to establish the Holder continuity (Lipschitz property)
of the set-valued solution mapping of PVI? In fact, by using a different method
from here, they have discussed Lipschitz property of the set-valued solution
mapping for PVI [16]. However, the first condition of [16, Theorem 5.1] which
is added in the function (f(p,-),-) : © — (f(p,z),z) is hard to be checked.
And [16, Theorem 5.1] also need that K is compact valued at the reference
point. Therefore, under suitable conditions and avoiding the compactness of
the constraint set, it is worth investigating the Lipschitz property of the set-
valued solution mapping for PVI in our future work.
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