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1. Introduction

Consider the following hyperbolic system of conservation laws
(1.1) U + 0z, f1(U) + 0, f2(U) = 0,

where t > 0, z = (z1,22) € R%, U € D with D being an open domain of R? and
f1, fo € C3(D,R?). The Riemann problem associated with the system (1.1) is
a Cauchy problem where the initial data Uy(x1,z2) € D is discontinuous across
a line I of class C*.

It is well known [5] that the Riemann problem in a single space variable
is locally solved in terms of a succession of centered waves which consist of
shock, rarefaction or contact waves. The interaction of these elementary waves
is the key mechanism in determining the solutions for more general initial value
problems.

In several space dimensions, a very few analytic results are available for the
general Riemann problem. Majda [7] uses suitable assumptions of stability
and compatibility on the initial data to prove the local existence of a solution
containing a single shock surface for general systems. For 2x2 systems, Métivier
[9] solves the Riemann problem when the solution has jump discontinuities
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across two shock surfaces. For quasi-linear systems in two space dimensions,
Alinhac [1] obtains (with assumptions of compatibility on the initial data) the
existence of a solution containing a single rarefaction wave. More recently, Pang
et al. [10] apply a characteristic analysis method to obtain explicit solutions of
a two-dimensional Riemann problem model.

It is worth noticing that many numerical techniques are available for the two-
dimensional case. The works of Balsara [3], Schulz-Rinne et al. [11], Kurganov
and Tadmor [4] and many others have provided a solid framework for further
advancement.

Majda [8] observes that the characteristic surfaces delimiting a rarefaction
fan are difficult to control in an approximate process. In this paper, we propose
an analytical method to construct exact rarefaction waves. More precisely, we
use a technique of characteristic directions to reduce the initial system (1.1)
into equations with two unknowns $31, 32 depending on any variable w € R?
and not on U € D. By performing the integration for suitable (i, 3, we
generate smooth solutions of the Riemann problem. Note that a characteristic
decoupling theory is proposed in [2] in the one-dimensional case.

This paper is organized as follows. In Section 2, we introduce a coupling
property and establish an existence result of real characteristic directions. In
Section 3, we construct a new system of 2n equations (n = 2) with self-similar
solutions. These equations may be considered as a generalization of the usual
equations of rarefaction waves. Using a Schwartz (-Frobenius) integrability
condition, we transform this new system into a well-posed n X n evolution
system. In Section 4, we use a continuous extension technique to construct
locally a foliated smooth solution of the Riemann problem.

2. Definitions and notations

Assume that the system (1.1) is strictly hyperbolic, that is for any w € D
and 1 = (n1,m2) € R*\{0}, the eigenvalues of the matrix n1df; (w) + nadfa(w)
are real and simple. We shall denote by \;(w,n) these eigenvalues, and by
rj(w,n) the associated eigenvectors, j = 1,2. Without loss of generality, we
may assume that Aj(w,n) < Az2(w,n).

One of the most important features of the Riemann problem is that the
solutions may be assumed to be self-similar, reducing the dimensions by one.
In the current numerical studies, any collection of rays centered at some point
and separated by constant states leads to a self-similar solution [3]. So we deal

with self-similar smooth solutions defined by u(%, %) with u € C?(V,R?) and

V an open domain of R%. We set ; = %, j =1,2. Then the smooth form of
the system (1.1) is:

(2.1) (001 f1(w) = 0105, 1) + (90, f2(u) — 0205,u) = 0.
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Throughout this paper, we consider the Riemann problem associated with the
system (2.1) and the initial data Uy € D. We make the following coupling
assumption:

For any w € D, A\1(w,.) and Aay(w,.) are nonlinear functions.

Note that for any 2 x 2 two-dimensional system of conservation laws, the func-
tions n — A;(w,n) are both linear or both nonlinear. This is due to the formula

Ar(w, ) + Ag(w,n) = trace (mdfy (w) + n2dfa(w)) -

Now we can define the (co)directions associated with the characteristic fields
of the system (2.1).

Proposition 2.1. Let S be the unit sphere of R? and (.,.) the canonical inner
product in R%. Then there exist two open domains V C R? and D' € D (V # 0,
D' # () and two smooth functions &7 : V x D' — S (j = 1,2) such that for any
(X,w) € V x D', we have:

(1) Aj(w, &(X, w)) = (¢ (X,w), X) for j=1,2.

(2) {€M(X,w), (X, w)} is a basis of R2.

(3) {ri(w,& (X, w)),r2(w, (X, w))} is a basis of R.

Proof. Let (v, Bo) be a basis of R%. For w € D (fixed) and X = (01, 03), the
system:
{ <a0aX> = )‘l(waQO)a
<BO?X> = )\Q(waﬁo)a

has a unique solution Xy = (01,0,020). Set A(w,n) = mdfi(w) + nedfz(w).
Then the quadratic form Qx, w) : R? — R defined by:

Q(xo,w)(n) = det (A(w,n) - <777X0>12)7

has at least two isotropic vectors o9 and fBy. As usual I denotes the 2 x 2 iden-
tity matrix. Since Aj(w,.) are nonlinear functions, there exists p = (1, u2) € S
such that \;(w, p)—(p, Xo) # 0, j = 1,2. Therefore we get Q(x,,w) (1, p2) 7# 0,
which means that Q(x,w) # 0 and Q(x,,w) is non-degenerate. Hence for
(X', w") lying in a neighborhood V' x D" of (X, w), the quadratic form Qx .
is non-degenerate and the associated characteristic fields are independent with
isotropic directions proving Assertion (1).
Furthermore for any (X', w’) € V x D’, the system:

{Al(w’,a) = (o, X"},
)‘Q(w/aﬁ) = <55X/>a

has a unique solution (a, 8) € R2\{0} x R*\ {0} depending continuously on
(X',w’). Since the vectors a, § are linearly independent, we get the assertion

(2).
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We denote the above solution by (£1(X’,w'),2(X’,w')) with & = (&,€)),
j € {1,2}. We can assume (without loss of generality) that (&1 (X', w’), & (X,
w')) € S2.

To prove (3), assume that for some (X,w) € V x D' with X = (01, 02),
there exists A € R\ {0} such that ro(w,3(X,w)) = A r1(w, (X, w)). Then
for j € {1,2}, we have:

gﬁf(X,w) <dfi(w) — Uif2>T1(w,£1(X,w)) o

Using (2) above, we conclude that:
(df* (w) — oilz)ri(w, €' (X, w)) =0, i € {1,2},

so that, for any n = (91,12) € R?,

2
Zm (dfi(w) - Uilg)rl(w,fl(X, w)) =0,

which contradicts our coupling assumption. O

Remark 2.2. From now on, we will write (o,7) (respectively, u(o, 7)) in-
stead of (o1,02) (respectively, u(o1,092,w)). We may assume (by reduc-
ing D) that D' = D and set Rj(o,7,w) = r;(w,&(o,7,w)) for & =
(cosb;(o, 7, w),sinb;(o,7,w)) with (o,7,w) € R x D and §; : Vx D — R
(7 € {1,2}) a smooth function.

3. Local solution for the two-dimensional 2 x 2 Riemann problem

In this section, we construct (non trivial) self-similar solutions u € C2(V,R?)
of the two-dimensional Riemann problem. Consider the following evolution
equation for functions 81,82 : V x D — R of class C2:

2
Z{(— sin 9]‘80,83' -+ cos HjaT,Bj)Rj + ,Bj (a-,—(COS HjRj) — 60(8111 QjRj))}(a, T, w)

j=1

+ ) (Bisin(0; — 0,)((0wBy)Ri)R;) (0,7, w)
i#£]

- Z(ﬂzﬂj cos(0; — 0:)((0wb;) Ri) R;) (0,7, w)
+ 6;62 SiD(@l - 02)((8wR2)R1 - (ale)RQ)(Uﬂ T, w) =0.

Observe that this equation, called “the integrability condition”, does not de-
pend on the function w.
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Lemma 3.1 (Characteristic form of System (2.1)). Assume that the system
(1.1) is strictly hyperbolic and endowed with two fields &', &% as described in
Proposition 2.1. Let u € C*(V,R?) and 1,82 € C>(V x D,R) be functions
satisfying:

(3.1) =>

2
Jj=

—

BjcosO;R;)(o, 1, u(o, 7)),
Bi

(3.2) Z

Then:
(1) The function u is a solution of the Riemann problem.

(2) The integrability condition is satisfied on the graph T = {(o,T,w) €
SxR?:w=u(o,7)}.

2
sinf;R;)(o,7,u(0,T)).

Note that the equations (3.1), (3.2) generalize the one-dimensional equations
of rarefaction waves [12].

Proof. The property (1) is obvious. The property (2) is simply 02 u(o,7) =
02_u(o,7) where 0,u and d,u are given respectively by the formulas (3.1) and
(3.2). O

Now we can construct a solution u € C?(V,R?) of the Riemann problem
by solving the system of equations (3.1) and (3.2). Consider the integrability
condition as a system with variable 5 = (f1,82). From the assertion (3.1)
of Proposition 2.1, this system is well-posed. It is locally hyperbolic in the
direction ad, + b9 ((a,b) € R?) [12].

Assume that sin 6 sin 3 # 0 on a neighborhood W of some point (o, 79, wp)
€ VxD. Then for any smooth initial data 3(cq, 7, w) = Bo (7, w), (T, w) lying in
a neighborhood of (79, wp), this system admits a smooth solution 8 = (31, 82)
on W. Let us fix a solution 8 = (81, 82) on W and check that the system (3.1),
(3.2) admits a local solution with the initial data u(og, 7) = uo(7), where 7 is

lying on a neighborhood of 7y and ug is a given smooth function satisfying the
2

compatibility condition uj(7) = Z(Bk sin O Ry,) (00, 7, uo(7)). Note that such

k=1
function wg exists by the Cauchy-Lipschitz theorem. Thus we can integrate

the equation (3.1) for (g, 70,u0(70)) € W. Therefore the equation (3.2) is
d

straightforward. In fact, set o = = 0y + 0yu.0y, M = (o, 7,u(0,7)) and
o

2
Z Bjcost;R;)(M)(= dpu(o, 7)),
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Us(M) = ZﬁjsmeR M),

Jj=1
X = 0Ou—

Let us prove that X = 0. The integrability condition and Equation (3.1) give:

v,
do

However we have:

(M) = 0-Uy (M) + (0,Ur(M))Uz(M).

0-(0,u) = 0: UL (M) + (0 Ur (M) 07 u(o, T).

dX
Thus d—(M) = 0,U1(M).X(M). Since the compatibility condition on the
o

initial data wug is X(og,.) = 0, we obtain X = 0 for any (o, 7) lying on a
neighborhood of (og, 79). Finally we get the following proposition.

Proposition 3.2. Let the system (1.1) be strictly hyperbolic endowed with two

fields €1, €2 as described in Proposition 2.1. Assume that sinf; sinfy # 0. Let

(B1,P2) be a smooth solution of the integrability condition on a neighborhood

W of a point (oo, 7o, wo) and ug € C*(R, D) a function which satisfies uf(T) =
2

Z(ﬁj sin®;R;)(c0, 7, uo(T)) on W. Then there exists a smooth solution of
j=1

the Riemann problem with the initial data u(og,.) = ug on a neighborhood of
(007 TO) .

Before going further, note that the compatibility condition is not restric-
tive. In fact, by the assumption sinf;sinfs # 0 on a neighborhood of
(00, 7o, uo (00, 70)), We get for any ug € C2(A, D) with A C R, a smooth func-
tion By = (81,0, B2,0) which depends on (7,w) and satisfies the compatibility
condition:

2
(1) = > Brolr.uo(r)) (sin 0 Ry) (00, . uo(7)))

Remark 3.3. The problem is even more complicated for a space dimension
d > 3. It requires writing of nd(d — 1)/2 > n integrability conditions (on n
variables f51,. .., Bn).

Consider for example the case d = 3 and n > 2. Set

d
C(X,w)={¢cR®: det(z & (df (w) — o4, ))> =0},
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for (X,w) = (01,...,04,w) € R x R®. Assume that C'(X,w) # () and write
C(X,w) = ) Cy(X,w) with
=1

Cj(Xvw) = {5 € C(Xvw) : )‘](wag) = <£aX>}
For any (X,w) € R? x R", we denote by M;(X,w) (j € {1,...,n}) a curve
included in C;(X,w) NS (S denotes the unit sphere) and depending on the
parameter s € [0,1]. The generic point of M;(X,w) is denoted by & (X, w, ).
As stated before, we set R;(X,w,s) = r;(X,w,& (X, w,s)). Then the system
(3.1), (3.2) can be generalized as follows (i € {1,...,d}):
n
O u(X) = D {5 (X, u(X)), & (X, u(X), )Ry (X, u(X), ).
j=1
Here (X,w) — p;(X,w) is a measure-valued smooth function. Note that
if (X, w) is absolutely continuous for the Lebesgue measure on [0, 1], it is

possible to write nd(d — 1)/2 integrability conditions on the differentials of

dﬂj (Xa w)

density functions p; (X, w,.) = . Nevertheless we cannot say whether

or not this new system is well-posed.

4. Extension of smooth solutions
4.1. Foliated solutions. First we have:
Proposition 4.1. Let u = (uy,u2) € C3(V,R?) be a solution of system (2.1).
Assume that
(1) Vuy #0;

(2) The function u is constant along the leaves of a smooth foliation F with
single codimension.

Then these leaves are included in straight lines.
Proof. Let f! = (f1,f2) and f? = (g1,92). By hypothesis, there exists a
function ® : V' — R such that Vus = ®Vu;. Moreover we have:

&,(I)&ul — 8T<I>5'Uu1 = 0371@ — 8371;2 =0.

Then @ is constant along the level lines of u;. In particular ® is constant along
the leaves of F'.

Now we fix a leaf F and denote by s the oriented arc length on F. Let X (s)
be the point of F with arc length s. We write Frenet formulas on F:

T(s) = X'(s) and T (s) = c(s)N(s).
Since the normal vector N(s) is proportional with Vus(s), we get from the
system (2.1):
(A(s) — X(s),N(s)) =0,
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where A(s) denotes the vector field <8w1f1 (u(X (s)) + P(X(5)) 0w, f1(u(X(s)),

0w, g1 (w(X (s)) + @(X(s))@wzgl(u(X(s))) The function A being constant, we

obtain from the previous equality the existence of a function a : J C R? = R
such that (X — oT) = 0. Hence we have:

(1= a'(s))T(s) = (ac)(s)N(s) = 0.
Thus ac =0, &/(s) =1 and so ¢ = 0. O

4.2. Construction of smooth solutions. Our goal here is to extend (as far
as possible) the previous smooth local solution u of System (2.1). We introduce
a continuous extension of u, foliated (when it does not coincide with ) in the
sense of Proposition 3.2. More precisely, let Xy € R? and U be a sphere of
center Xy and radius R > 0 small enough. We denote by £ a smooth curve,
defined by ¢ : I — R?, containing X, and dividing ¢/ into two subsets ¢/_ and
U;. Here I = (a,b) is a segment of R.

For u € CY(U_,R?)NC°(U_,R?) (U denotes the closure of U in R?) solution
of the system (2.1), we will define a function p € C°(U,R?) which coincides
with u on U_. Assume that U, is foliated into lines (Hy)ser of R? and ENH, =
{¢(s)} for any s € I. Then the function (oy1,03) — s is constant along the
leaves Hs. We set v = uwo g with ¢ = (1, p2). To determine the function p on
U, , it is sufficient to determine the function ¢ and the family (H)ser. Let us
first write the system (2.1) on U, in the following way:

2, Jds
(4.1) Z(f’ ov) — goiv’)% =0.
i=1 g
Consider then the system:
(4.2) Vis(p(s) A& (9(s),0(s)) =0,
(4.3) v'(s) Arj(u(s), & ((s),v(s))) =0,

for j € {1,2} and &', &2 co-directions as described in Proposition 2.1. It is easy
to check that a solution of this system is also a solution of (4.1).
Let us solve the equations (4.2), (4.3). Consider the system

(4.4) ¢'(s) = € (p(s),u0p(s)),
(45) SD(SO) = X07
on variable ¢ : I — R? with sg € I, ¢ € {1,2}\ {k} and ¢4+ = (—sin ,, cos ).

The curves Hy are defined such that for any s € I, H, is contained in a straight
line orthogonal to £¥(p(s),v(s)). So we write H* instead of H,.
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Since Vs((s)) is proportional to £¥(p(s),v(s)), we use the system (3.1),
(3.2) to write:

V) = ) )
= Z ((— cos 8 sin b, + sin6; cos 0,) Bir;)((s), v(s))

= (sin(@k - Qq)ﬂkrk)(W(s)a”(s))'

Thus ¢ is a solution of the system (4.2), (4.3) denoted by ¢y, in what follows.

Now let us construct the extended solution p € CY(W,R?) of System (2.1),
where W is a subset of U, to be determined below. We draw the curve fam-
ilies Ly (Xo) defined by s — (s, Xo) where Xy € U and k € {1,2}. Note
that if (,01(51,X1) = @2(52,X2) for (81,52) S ]R2 and (Xl,XQ) S R2, then
(0, p1(51, X1), Os, 02 (82, X2)) is a basis of R? (Proposition 2.1).

Let P be a parallelogram in U with sides contained in L;(X1), L2(X2),
Ll(Xg), LQ(Xl), for some (X17X27X3) € V3 with X5 € Ll(Xl) and X3 €
Ly (Xs3). We set p = u inside P. Then we draw (as far as possible) the affine
foliation (H¥)4 described above, from each side of P and extend the function p
continuously such that it is constant along the leaves HY. Note that each leaf
HF is tangent to Ly(H* N Ly(X;)) for ¢ # k and i € {1,2,3}. The set W is
chosen in U such that it contains P.

Finally let us check that p is a solution of the system (2.1) on the support
of the leaves H* for k € 1,2 and i € {1,2,3}. We set vy = po ¢, and we use
equation (3.2) to write:

vi(s) = p'(er()eh(s)

[ — (cos 0 sin ) (r(5), v (5)) (Bj7) (v (5), & (i (5), v (s)))

|
'M”

j=1
+(sin 0 cos ) (0 (), v () (By75) (v (s), € (i (s), v (3)))]
= sin(6), — ) (0r(5), vu(5)) (Brrn) (vi(5), € (0r(s), vi(5)))-
Hence we get
Vi(8) Arie(vr(s), € (wk (), vi(s))) = 0.

Otherwise, the function (o,7) + s is defined by “(o,7) and ¢g(s) belong to
the same leaf” | so that:

Vs(pr(s)) A€ (or(s), vr(s)) = 0.

Consequently
> - > . Jds
> 00,17 (p) = 0i0o,p) =Y [(f* 0 vr) — prsvi(s)] 90, = O

i=1 i=1
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and the solution p € C°(W, D) is constructed.

(1]

(10]

(11]

(12]

REFERENCES

S. Alinhac, Existence d’ondes de raréfaction pour des systémes quasi linéaires hyper-
boliques multidimensionnels, Comm. Partial Differential Equations 14 (1989) 173-230.
S. Ayad and A. Heibig, Global interaction of fields in a system of conservation laws,
Comm. Partial Differential Equations 23 (1998), no. 3—4, 701-725.

D.S. Balsara, A two-dimensional HLLC Riemann solver for conservations laws: Applica-
tion to Euler and magnetohydrodynamic flows, J. Comput. Phys. 231 (2012) 7476-7503.
A. Kurganov and E. Tadmor, Solution of two-dimensional Riemann problems for gas
dynamics without Riemann problem solvers, Numer. Methods Partial Differential Equa-
tions 18 (2002) 584-608.

P.D. Lax, Hyperbolic systems of conservation laws II, Comm. Pure. Appl. Math. 10
(1957) 537-556.

A. Majda, The stability of multidimensional shock fronts and The existence of multidi-
mensional shock fronts, Mem. Amer. Math. Soc. 41 (1983), no. 257, 95 pages.

A. Majda, The existence of multidimensional shock fronts, Mem. Amer. Math. Soc. 43
(1983), no. 281, 93 pages.

A. Majda, Compressible Fluid-Flow and Systems of Cnservation Laws in Several Space
Variables, Appl. Math. Sci. 53, Springer-Verlag, New York-Berlin, 1984.

G. Métivier, Interaction de deux chocs pour un systeme de deux lois de conservation en
dimension deux d’espace, Trans. Amer. Math. Soc. 296 (1986) 431-479.

Y. Pang, S. Cai and Y. Zhao, Global solutions to the two-dimensional Riemann problem
for a system of conservation laws, J. Math. Phys. 57 (2016), no. 6, Article 061501, 11
pages.

C.W. Schulz-Rinne, J.P. Collins and H.M. Glaz, Numerical solution of the Riemann
problem for two-dimensional gasdynamics, SIAM J. Sci. Comput. 14 (1993), no. 7,
1394-1414.

D. Serre, Systems of Conservation Laws II, Cambridge Univ. Press, 2000.

(Setti Ayad) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ORAN1 AHMED BEN

BELLA. LABORATORY OF FUNDAMENTAL AND APPLICABLE ANALYSIS OF ORAN. BP 1524

EL

MENAOUAR, ORAN, ALGERIA.
E-mail address: djemai.setti@univ-oran.dz



	1. Introduction
	2. Definitions and notations
	3. Local solution for the two-dimensional 22 Riemann problem
	4. Extension of smooth solutions
	4.1. Foliated solutions
	4.2. Construction of smooth solutions

	References

