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ABSTRACT. In this manuscript, we study various uniqueness results for
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1. Introduction

The aim of this paper is to investigate the inverse problem of Sturm—Liouville
equations. In inverse spectral problems, the task is to find a coefficient in the
equation using the spectral data. We discuss the uniqueness of spectral problem
by developing the Gesztesy—Simon’s result for inverse Sturm—Liouville problem
using three spectra with a finite number of transmission conditions.

Gesztesy, Simon [9] and Pivovarchik [12, 13] proved if the three spectra are
pairwise disjoint, then the potential ¢ can be uniquely determined by the three
spectra of the problems defined on three intervals [0, 1], [0,d] and [d, 1] for
some d € (0,1). Furthermore, Gesztesy and Simon [9] gave a counterexample
to show that the pairwise disjoint conditions are necessary. Recently, in the
other papers Drignei [3-5] proved a similar result in the case for the Sturm-—
Liouville problems with Dirichlet and Dirichlet—Robin boundary conditions. In
[5], Drignei offered a numerical method for construction the potential function
q(x). More recently, Fu, Xu, and Wi [7, 8] generalized the Gesztesy, Simon
[9] and Pivovarchik [12, 13] for discontinuous Sturm-Liouville and indefinite
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Sturm—Liouville problems. The purpose of the present paper is to show how
to handle an arbitrary finite number of transmission conditions and to use
the asymptotic formulas to prove several uniqueness results. In particular, we
will introduce a Weyl-Titchmarsh m-function which uniquely determines the
parameters of the problem. We also show that this Weyl-Titchmarsh function
is a meromorphic Herglotz function which is uniquely determined by its poles
and residues, as well as by its poles and zeros. This generalizes the results of [3,

,12] and [13] to the case of a finite number of transmission and eigenparameter
dependent boundary conditions.

Sturm—Liouville problems with transmission conditions at interior points
arise in a variety of applications in engineering and we refer to [2] for a nice
discussion and further information. Here we only want to mention that they
also appear in the description of delta interactions (which play an important
role in quantum mechanics [1]) and of radially symmetric quantum trees (cf. the
discussion in [14, Section 4] and the references therein). For general background
on inverse Sturm-Liouville problems we refer (e.g.) to the monographs [0, 11,

,17].
2. The Hilbert space formulation and properties of the spectrum
In the first part of our paper, we consider the boundary value problem
(2.1) ly:=—y" +qu=2X\y
subject to the Robin boundary conditions
(22)  Uy)=y(0)+hy0)=0, V(y):=y'(m)+Hy(m)=0
with transmission (discontinuous) conditions

Ui(y) = y(di +0) — a;y(d; — 0) =0,

(2.3) Vi(y) »=y'(di +0) = biy/(d; — 0) — ciy(d; — 0) =0,
where ¢(z) is real-valued function in L'[0,7]. We also assume that h, H and
ai, by, ¢; diy i = 1,2,...,m — 1 (with m > 2) are real numbers, satisfying

ab; >0,dp=0<d; <dy <--- <dp_1 <dp =m. For simplicity we use the
notation L = L(q(x); h; H;d;), for the problems (2.1)—(2.3). Suppose d = dj is
one of transmission point, for 1 < k <m — 1, k is an integer fixed number and
C = 0.

Let L1 = L(q1(x); h; Hy;d;) fori = 1,2, Jk—1and Ly = L(g2(x); h; Ha;d;)

fori=k+1,k+2,---,m —1 be the following discontinuous Sturm-Liouville
problems
(2.4) Ly =—y"+qy=X\y

subject to the Robin boundary conditions

(2.5) y'(0)+hy(0)=0,  y'(d)+Hiy(d)=0
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with transmission (discontinuous) conditions

Ui(y) == y(d; +0) — a;y(d; — 0) =0,

(2.6) Vi(y) =y (di +0) = by/(d; — 0) — ciy(d; — 0) = 0,
fori=1,2,--- ,k—1 and

(2.7) by = —y" +@y=2Xy

subject to the Robin boundary conditions

(2.8) y'(d) + Hyy(d) =0,  y(m)+ Hy(m) =0

with transmission (discontinuous) conditions
Ui(y) == y(di +0) — a;y(d; — 0) = 0,
(2.9) Vi(y) :=y'(di +0) = biy/(di — 0) — c;y(d; — 0) =0,
fori =k+1,k+2,---,m—1. Where q1 = qlj0,qy and g2 = ¢|(4,x]. By using

the jump conditions (2.3) we obtain Hy = Z—iHl for Hy, Hy € (0, c0).
To obtain a self-adjoint operator we introduce the following weight function

1, 0<z<dy,
ﬁ, di <z < da,
(2.10) w(z) =
1
@b _1bm 1 dp—1 <z <M,
wy(x) = w(w)|,q), and wa(r) = w(x)|4,. Now, our Hilbert spaces will

be H := La((0,m);w), H1 := L2((0,d);w1), and Hy := Lo((d, 7);ws), and
associated with the weighted inner products

T d
(2.11) . 9w = / fgw, g = / Jgw,
and
(2.12) 9w = /d " fgun.

The corresponding norms will be denoted by || fllx = (/, f)%f7 1fll#, =
(f, fﬁf, and || fllu, = (f, fﬁ_{f In this Hilbert spaces we construct the oper-
ators

(2.13) A:H—H, A :Hi—Hi and Ay :Ho — Ho

with domain

- f, f/ c AC Umil (d“dl ) s
(214) dOIYl(A) - {f S H‘ gf c LQ(O,TI')(, [})z(f) — V;(J}l) ): 0 }7
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(2.15) dom (A;) = {f € Hy

fif € AC(Ug™! (diydiga)), }
6 f € L2(0,d), Ui(f) = Vi(f) =0 [~

and

(216)  dom(Ay) = {f €|y pEL2(don), Ui(f) = Vi(f) = 0

[ e AC(U! (ds diyr)), }

respectively by
Af =0f with f e dom (A), and A;f ={¢;f with f € dom (4,), j=1,2.

Throughout this paper AC ( Ug“l (di,di+1)) denotes the set of all functions
whose restriction to (d;, d;1+1) is absolutely continuous for all i = 0,--- ,m — 1.
In particular, the limits of these functions exist at each boundary points d;
i=1,2,---,m—1

Lemma 2.1. The operators A and A; are self-adjoint.

In particular, the eigenvalues of A, A; and hence of L, L; are real and simple.
To see that they are simple it suffices to observe that the associated Cauchy
problem (2.1) subject to the initial conditions f(zo +0) = fo, f'(x0 £0) = f1
(with g € (0,7)) have a unique solution.

Remark 2.2. For any function f € dom (A) we will denote by f;, 1 < i < m, the
restriction of f to the subinterval (d;_1,d;). Moreover, we will set f;(d;—1) =
f(dz'_l + 0) and fz(d,) = f(dz — O)

3. Uniqueness results for Robin boundary conditions

In this section we investigate the inverse problem of the reconstruction of
a boundary value problem L from its spectral characteristics. We consider
statement of the inverse problem of the reconstruction of the boundary-value
problem L from three spectra {\,, tin, Vn}n>0. The technique which used to
prove these theorems is an adaptation of the method discussed by F. Gesztesy
and B. Simon in [9]. We need to the following lemma on asymptotic, poles and
residues determining a meromorphic Herglotz function, see [9, Theorem 2.3].

Lemma 3.1. Let f1(2) and fa(z) be two meromorphic Herglotz functions with
identical sets of poles and residues, respectively. If

filiz) — fa(iz) = 0, asx — oo,
then f1 = fo.

Consider the interlacing of the sequences between DSLP (2.1)—(2.3) and two
DSLP’s (SLP’s) on subinterval [0, d) and (d, 7] which are imposed the boundary
condition at d.
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Suppose that the functions ¢(x, \) and ¥ (z, ) are solutions of (2.1) under
the initial conditions

(3.1) 0(0,\) =1, ©'(0,\) = —h,
and
(3.2) PY(m,A) =1, ' (m,\) = —H,

as well as the jump conditions (2.3), respectively. It is easy to see that equation
(2.1) under the initial conditions (3.1) or (3.2) has a unique solution @1 (x, \)
or ¥, (x, A), which is an entire function of A € C for each fixed point = € [0,d;)
or ¢ € (dp—1,7]. It is known [17] that p(z,A), ¢'(x,A), ¥(z, ) and ¥'(x, N)
are entire functions of A of order % for any fixed x. In this section, we obtain
the asymptotic form of solutions and characteristic function.

Theorem 3.2 (see [17]). Let A = p? and 7 := Imp. For equation (2.1) with
boundary conditions (2.2) and jump conditions (2.3) as |\| = oo, the following
asymptotic formulas hold:

(3.3)
COpr-i—O(W), 0<x<d,
a1 cospm—l—o/lcosp(x—le)—i—O(W), di <z < da,
a1z cos pr + afas cos p(x — 2d1) + a1al cos p(x — 2dz)
+alah cos p(x + 2d; —2d2)+O(W) , de < x < ds,
ga(a:, )\) _ o102 ... Oy —1 COS PpT+

+alas...am_1cosp(z —2d1) + -

+aras ... a1 co8p(z — 2dm—1)+

+ajabas -+ am—1cos p(x + 2d; — 2d2) + - -
+ar...aj...af. .. am_1cosp(z + 2d; — 2d;)

+ar...0. Qe cos p(@ — 2di + 2d; — 2dk) + -+
+ahah .. .al, g cospla4+2(=1)" " dy +2(=1)™2de + - -+ — 2dm—1)

+0 (%)f‘m)) , dm-1 <z <m,
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and
(3.4)
pl—sin pz] + O(exp(|7|z)), 0<z<di,
pl—au sin pz — o sin p(x — 2d1)] + O(exp(|7|z)), di <z < da,
pl—aias sin pr — afas sin p(z — 2d1)—
—aag sin p(z — 2d2) — ajab sin p(z + 2d1 — 2d2))
+O0(exp(|7]z)), do < x < ds,

¢'(z,A) = pl—aias...am_1sinpr — ajas ... Qm_1sinp(z — 2d1)

— i —1Qs ... Ay 1 sinp(x — 2dm—1)

—ajahas ... am—1sinp(z + 2d1 — 2d2) — - -
—al...a;-...oc;‘..am_lsinp(x—&—Qdi—2dj)

—o... 0. 0Oy amosinp(z — 2d; + 2d; — 2dg) + - - -
—ajah ...y sinp(z +2(=1)"" dy +2(=1)""2da 4 - -+ — 2dm_1)]
+O0(exp(|7|x)), dm-—1 <z <,

where
a; + b;

(3.5) @ =

fori=1,2,....,m—1.
It follows from the above theorem that
(3.6) o™ (@, A)] = O(|p|” exp(|7|x)), O0<az<m v=01.

By changing = to m — x one can obtain the asymptotic form of ¥(x,\) and
' (z, ). In particular,

(3.7) [ @) (2, )| = O (|p|” exp(|7|(7 — ))), 0<z<mv=0,1
From the linear differential equations we obtain that the modified Wronskian
(3.8) W (u,v) = w(z)(u(z)v'(z) — v’ (z)v(z))

is constant on 2 € [0,d;)UT "2 (d;, d; +1)U(dym_1, 7] for two solutions fu = Au,
fv = Mo satisfying the transmission conditions (2.3). Moreover, from Egs. (2.2)
and Remark 2.2 we set

A = Wlp(A), (V)

=U@MW)
= —w(m)V(p(V))
(3.9) = w(d) (brsp(d, MY (d, A) — ax'(d, N)ip(d, A)) -
Since A(A) is composition of the solutions and from [10] it is known that

each solution is an entire function of order 3. Consequently A()) is an entire
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function of order % whose roots A, coincide with the eigenvalues of L. The

asymptotic form of characteristic function satisfies
A(N) =pw(r) [alag e Q1 SiNpT 4+ afaz ... Q1 sin p(m — 2d1)

+odaraz... o, sinp(m — 2dm_1)
+alobas. .. am_1sinp(m +2d; — 2d2) + - -
+a1...a;...a;...am,lsinp(rr—l—Zdi —2d;)
+a1...a;...a;...a;...amflsinp(ﬂ—2di+2d]~ —2dk) + -
+aiah ... an,_qsinp(m + 2(71)m71d1 + 2(71)m72d2 4+ = 2dm,1)]
+ O(exp(|7|m)).

(3.10)
Define the Weyl-Titchmarsh m-function
Y'(d, \) ¢'(d, )
3.11 my(\) =  m () =—
310 TIERY =@

As a consequence of [9, Theorem 2.1], we obtain:

Lemma 3.3. The functions my(\) are the Herglotz functions, (i.e., it maps
the upper half plane to the upper half plane).

We consider the DSLPs(SLPs) (2.4)—(2.6) and DSLPs(SLPs) (2.7)—(2.9).
Whose increasing sequences of eigenvalues are denoted by {, }22; and {v, }52,
respectively. Now we are ready to prove our main uniqueness theorem for the
solutions of the problems (2.1)—(2.9). For this purpose we agree that together
with L and L; we consider a boundary value problem L and f/j of the same
form but with different coefficients ¢(z), h, H, Hy, a;, b;, ¢;, d;. If a certain
symbol 7 denotes an object related to L, then 7 will denote the analogous
object related to L.

Theorem 3.4. If \, = M, Pn = fin, and vy, = Uy for n = 0,1,2,..., and
w(x) = w(x), h = h, and H = H. Moreover, if {un}25 and {v,}125 are
pairwise disjoint, then L = L.

This result is an extension of [8,9] to the discontinuous problems with a
finite number of transmission (jump) points.

Proof. Define a meromorphic function
AN _
W(DR(d, BN Hy = o0,
(3.12) g(A) =

NS
@@ T @N @ THg@ ] H1 7 00

It is clear that the set of poles of g(A) is precisely {u, 152, U{v,}22 ;. It should
be noted that

A()‘) = w(d) (bkso(dv A)W(da )‘) - ak@/(d7 N(d,N)) .
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So,
¥'(d,A) '(d,\) _
—oa sy TGy Hy = oo,
= (d,A) (d, \)
: ¥(d,
—be o Aq)JJrHl s@™ T Ea L e@yy T # o0
(3.13) =M, () + M_(N),
where from (3.11)
(3.14)
—bkm+()\), H2 = 00, fakm_(/\), H1 = 00,
M (X) = M_()\) = i
ag N
Tormyoyr  H2 €R, 3, HieR

It is easy to see that both M (\) and M_()) are Herglotz functions. Define
m_(A), my(A), M_(\), My(\), and g(\) in an analogous manner with L

replaced by L. Define the function
9N

FO =50y

F(\) is an entire function from the above argument, since g has the same zeros
and poles as §. Using Theorems A.1 and A.2, for H; = oo and H; # oo,
respectively, we deduced that

holds in sector of ¢ < argA < 2w — e. By using the Liouville’s theorem, we
have
FA) =1
which therefore concludes
g(A) =3g(A).
From (3.14) and (3.12), we see that the poles of M_(\) and M ()\) are precisely
{352, and {v, }32,, respectively. So we have
res M_ () = res g(pyn) and res My (vy,) = resg(vy,), forn=1,2,3,... .
Which means that
res M_(p,) = res M_ () and res My (v,,) = res My (v,), forn=1,2,3,... .
This, together with Lemma 3.1 and Theorem A.2 we get
M_(N)=M_(\),  Mi(\) =M.
Therefore by Borg’s theorem [11] we get

L=0L.
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4. Uniqueness results for eigenparameter dependent boundary
conditions

In this last section we will replace the Robin boundary conditions (2.2),
(2.5), and (2.8) by the following eigenparameter dependent boundary condi-
tions respectively

U(y) == A(y'(0) + huy(0)) — hay'(0) — hsy(0) =0,
A

(4.1) V(y) = Ay (7) + Hiy(m)) — Hay'(7) — Hzy(m) =0,
A (y'(0) 4+ h1y(0)) — hay'(0) — hay(0) = 0,

(4.2) y'(d) + $H1y(d) =0,

and

y'(d) + H2y(d) =0,
(4.3) Ay () + Hiy(m)) — Hay' () — Hzy(m) = 0,
where we assume that h;, H;, j = 1,2,3, and 1, 2 are real numbers, satis-
fying
(4.4) r1:=hs —hihes >0 and 79:= H{Hy— H3 > 0.

Using the transmission conditions (2.3) we obtain £, = Z—’“jﬁl. In order to

obtain a self-adjoint problem we will use the following Hilbert spaces H :=
Lo((0,7);w) @ C2, Hy := Lo((0,d);wy) ®C, and Ha := La((d, 7); we) ® C with

inner product defined by
( ) (f(ﬂ?)) (9(90))
f292; F=1h |, G={a |,
f g2

(4.5)
4.6)  (F, G / fgwr + ﬁ 7, Fi= (f}"f)) LGy = (g(m)),

and !
(47)  (Fy,Ga)n / fgws + —)f = (f](cf)) , Gy = (ﬁ?) .

Again the associated norms will be denoted by || F||y = (F, F>1/2 |E1 ||, =
<F1,F1>H/1 ; and || o, = (Fa, o)y, 12 respectively. Next we introduce

Ri(y) :==y'(0) + hay(0),  Ri(y) := hay/(0) + hay(0),

Ry(y) =y (m) + Hiy(m),  Rs(y) := Hay'(m) + Hsy(r).
In this Hilbert space, we construct the operators

(4.8) AH—H, A H; oM, =12
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with domains

f(m) ’ m—1 2
_ _ f.f e AC(UJ ™ (di,dit1)), £f € L=(0,m)
(49) dom(4) = {F‘ ( A ) ‘ S I L Pl }

f2
(4.10) -
it o= ()| 2 LS4 S )
and
(4.11) -
bt (= () | 7 LRSS
by
( (f ) (f(af))
AF = | R|(f)| with F= [ Ri(f) | € dom(4),
Ry(f) Ra(f)
and

A;F = (Rf{ f)> with Fj = (é?(?)) € dom (4;).

By construction, the eigenvalue problems for A and A;,

(z)
(4.12) AY = )Y, Y = (]gl (y)) € dom (A),
Ry(y)
(413 Y=, v (Y0 e dom ).

are equivalent to the eigenvalue problems (2.1), (2.3), and (4.1) for L, and (2.1),
(2.3), and (4.2) or (4.3) for L;, respectively. A straightforward calculation
shows:

Lemma 4.1. The operators A and A; for j = 1,2, are symmetric.

Suppose that the functions p(z, A) and ¥ (x, \) are solutions of (2.1) under
the initial conditions

(4.14) <p(0, )\) =A- hg, (,0/(0, )\) = h3 - )\hl7
and
(415) ’(ﬂ(ﬂ',)\) = HQ — /\, w/(ﬂ',)\) = /\H1 — H3,

as well as the jump conditions (2.3), respectively.
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Theorem 4.2 (see [15]). Let A = p? and 7 := Imp. For equation (2.1) with
boundary conditions (4.1) and jump conditions (2.3) as |\| = oo, the following
asymptotic formulas hold:

(4.16)
p? cos pz + O(pexp(|T|z)), 0<z<d,
p? [a1 cos px + o cos p(z — 2d1)] + O(pexp(|7|x)), dy <z < da,
PPl cos pr + o cos p(x — 2d1) + a1ahy cos p(x — 2dz)
+ajas cos p(x + 2d1 — 2d2)] + O(pexp(|7|x)), dy <z < ds,

Pl ... um—1 cos pr+

pla,A) = +alas...am_1cosp(x —2d1) + -

+ai@s ..., _1cosp(z — 2dm—1)+
+alabas ... m_1cosp(z + 2d1 — 2d2) + - - -

/

tar... o). . amo1cosp(x + 2d; — 2d;)
tar...0f... ). a ... am—1cosp(z — 2d; + 2d; — 2dy) + - -
+ahdy ...l _qcosp(z4+2(=1)""tdy +2(=1)™2de + - — 2dm—1)]

+O0(pexp(|7|x)), dm—1 <z <,

and
(4.17)
p’[=sinpz] + O(p* exp(|7|z)), 0 <z <d,
p3[—au sin pz — o sin p(x — 2d1)] + O(p? exp(|7|z)), di < x < da,
ps[—alaz sin pr — ajas sin p(xz — 2d1)—
—arag sin p(z — 2d2) — ajab sin p(x + 2d1 — 2d2))
+0(p? exp(|7|x)), do <z < ds,
‘Pl(‘r7 A) = 3[— 1 — o 1 —
pPPlmaias ... Qmo18inpr — Qj@s ... Qm—1sin p(z — 2d1)
— =2 ... Ay Sinp(x — 2dim—1)
—afahas ... am—1sinp(x +2d; — 2d2) — - -
—Q1... 0. .. 0. o Sinp(x + 2d; — 2d;)
—1.. 00 g ame sinp(x — 2di 4 2d; — 2dg) + - -
—aah ...y _ysinp(z +2(—=1)"" dy +2(=1)""2d2 + - — 2dm-1)]
+0(p? exp(|T|)), dm—1 <z <,
where
a; + b; a; —b;
(4.18) ai:% and o} = 12 :

fori=1,2,...,m—1.
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It follows from the above theorem that
(4.19) ™) (2, M) = O (lpl" " exp(|r]z)) 0<z<m v=0,1,
and so by substituting x to m# — x we get the asymptotic form of ¢ (z, ) and
¥'(xz,\) and particularly
(4.20) [ (2, \)] = O (lp|" " exp(|7|(r —x))) 0<z<m v=0,1
Moreover, from (4.1) and 2.2 we have
AA) =W(p(A), ¥ (N)
= —w(m)V(e(N))
(4.21) — w(d) (buee(d N (d, ) — age'(d A (d, V)
The asymptotic form of characteristic function satisfies
A(N) :psw(w) [a1a2 e Q1 SiNPT + 0fa . 1 sin p(7 — 2d1)
+taraz...a sin p(m — 2dm—1)
+ajabas. .. am—1 sinp(m 4+ 2d1 — 2d2) + - - -
+a1...ag...a;-...am_lsinp(w+2di — 2d;)
+a1...a;...a;-...aﬁc...am_lsinp(w—2di+2d]- —2d) + -
+alah .. .o,y sin p(m + 2(—1)m_1d1 + 2(—1)m_2d2 4= 2dm,1)]
+0 (p" exp(|7|m)) -
(4.22)

Then A()) is an entire function whose roots \,, coincide with the eigenvalues
of L. Again define the Weyl-Titchmarsh m-functions

! /

P(d, A) p(d, A)
It is known from [9, Theorem 2.1] that both m. ()) are the Herglotz functions.

Now we consider the PDSLPs (PSLPs) (2.4), (2.6) and (4.2) and PDSLPs
(PSLPs) (2.7), (2.9) and (4.3). Whose increasing sequences of eigenvalues are
denoted by {pn 152, and {v,}22,, respectively. Now we are ready to prove
our main uniqueness theorem for the solutions of the problems (2.1), (2.2) and
parameter dependent conditions (4.1)—(4.3) for the problems L and L;. For
this purpose we agree that together with L and L; we consider a boundary
value problem L and l~/j of the same form but with different coefficients ¢(z),
i’Lj, ﬁj, f{h di, Bi, Ei, CL‘.

(4.23) my(X) =

Theorem 4.3. If A\, = A, fin = fin, and vy, = Uy, forn =0,1,2,..., and
w(z) = w(x), hj = h;, and H; = H;. Moreover, if {u,},:25 and {v,},}2 are
pairwise disjoint, then L = L.
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APPENDIX A. Asymptotic behavior of m—functions for Robin and
eigenparameter dependent boundary conditions

Theorem A.1l. For anye > 0, if ¢ < arg\ < 27 — ¢, then my(\) have the
following asymptotic behavior

(A.1) me(A) =iVA(1+0(1),  as A — .
Specially, when A\ — —oo, we have
(A.2) m+(\) = =\ (1 + o(1)) = —oo.

Theorem A.2. Fized Hi € RU{oo}. For anye > 0, if e < arg\ < 27 — ¢,
then M_(X) and My (\) have the following asymptotic behavior

iarvA(1+0(1), H, =oo,

(A.3) M-()=9

ZTf\(l—l—o(l))7 H, e R,
and

iV A(140(1)), Hy= oo,
(A.4) My(A) =4

L0k (1 4 0(1)), H, € R.

Proof. By applying the asymptotic form of solutions ¢(z,A) and ¢'(z,\) in
(3.3) and (3.4) and similar asymptotic form of solutions ¢ (z, A) and ¢'(z, A), it
is easy to see that the asymptotic forms of m_(\), m4(X), M_(\), and M ()
are satisfying in (A.1)—(A.4). O

APPENDIX B. Asymptotic behavior of solutions and m—functions for
eigenparameter dependent boundary conditions

Theorem B.1. For any e > 0, if ¢ < arg A < 27 — ¢, then my(\) have the
following asymptotic behavior

(B.1) m+(\) =iVA(1+0(1)), as A — oco.

Specially, when A\ — —oo, we have

(B.2) m+(\) = =\ (1 + o(1)) = —oo.

Theorem B.2. Fized H; € RU{oco}. For anye > 0, ife < arg\ < 27 — ¢,
then M_(X\) and M4 (\) have the following asymptotic behavior

iagVA(1+o(1)), $ = oo,
(B.3) M_(\) =

L5 (1 + o(1)), 91 €R,

3
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and
ibgVA(1+0(1)), $H = oo,
(B4) My =4
2 (1+0(1)), $H2 €R.
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