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ABSTRACT. In this paper, we study the convex combinations of harmonic
mappings obtained by shearing a class of slit conformal mappings. Suf-
ficient conditions for the convex combinations of harmonic mappings of
this family to be univalent and convex in the horizontal direction are de-
rived. Several examples of univalent harmonic mappings constructed by
using these methods are presented to illustrate potential applications of
the main results.
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1. Introduction

A complex-valued function f = w + iv defined in D = {z € C: |z| < 1}
is called a harmonic mapping if v and v are real harmonic functions. Let H
denote the class of all complex-valued harmonic mappings f in D normalized
by the conditions f(0) = f.(0) =1 = f:(0) = 0. Such mappings can be written
in the form f = h + g, where

(1.1) h(z)=z+ Z anz™ and g¢(z) = Z b 2"
n=2 n=2

are analytic in . Moreover, a mapping f € H is locally univalent and sense-
preserving in D if and only if

(1.2) g’ () <M (2)] (2 €D).
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Let H; be the subclass of H consisting of locally univalent and sense-preserving
mappings. Let 8% be the subclass of H consisting of univalent and sense-
preserving mappings. Let K% and C% be the subclasses of 8% whose image
domains are convex and close-to-convex domains, respectively.

A domain © C C is said to be convex in the horizontal direction (CHD) if
its intersection with each horizontal line is connected (or empty). A univalent
harmonic mapping is called a CHD mapping if its range is a CHD domain. An
effective way of constructing univalent harmonic mappings with given dilata-
tions, known as the shear construction, was introduced by Clunie and Sheil-
Small [2].

Suppose that f; = hy + g1 and fo = hy + g3 are two harmonic univalent
mappings in D, the linear combination of f; and fs is given by

(1.3) fa=tfHi+ (1 —t)fa = [thi + (1 = t)ho] + [tg1 + (1 — )G2] = h3 + 5.

Indeed, we observe that even if § and g are convex analytic functions, the
convex combination h = ¢f+ (1 —t)g need not be univalent (for details, see [7]).
For results on the linear combinations of analytic functions, we refer to [1,11].

Dorff [4] derived some sufficient conditions for the linear combination f3 =
tf1 + (1 — t)fo to be univalent and convex in the direction of the imaginary
axis under the assumption that f; and fo have the same dilatation. Moreover,
Wang et al. [12] proved that the linear combination f5 = tf; + (1 — t) fo with
hi + gr = 725 (k = 1,2) is univalent and convex in the direction of the real
axis. Recently, Kumar et al. [0] studied the linear combinations of functions
from the family of locally univalent and sense-preserving harmonic functions
fa = ha + Ja, obtained by shearing the conformal mapping F, defined by

z2(1 — az)
1 — 22

They also studied linear combinations of f, and fy, where fy = hg + gg is the

harmonic mapping obtained by shearing the analytic vertical strip mapping

Zei@
(L5) he<z>+ge<z>2islmelog(” )(f)e(o,w)).

1+ ze
For other recent investigations of linear combinations of harmonic mappings,
we refer to [10,13].
In the present paper, we will consider the linear combinations of mappings
of the family of locally univalent and sense-preserving harmonic mappings f =
h + g, by shearing the function ¢ defined by

(1.6) ga(z)—Alog<1+Z>+B &

(1.4) Fo(z) = ha(z) + gal(z) = (a € [-1,1]).

1—2 1+ cz+ 22’

where A > 0, B > 0 and ¢ € [-2,2]. In [5], Dorff et al. have shown that ¢ is
univalent and it maps the unit disk I onto a domain convex in the direction
of the real axis. Harmonic shears of ¢ with the dilatation w(z) = 2™ (n 2 2) is
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discussed by Ponnusamy et al. in [9]. We note that for special choices of ¢, the
images of the unit disk D under ¢ is C minus four half-lines. For example, in
the case ¢ = 0, the mapping ¢ maps the unit disk D onto C minus the following
four half-lines:

(1.7)
A <\/2A+B+\/§>+ B(2A + B) Oo)}

and
(1.8)

A
(C\{x:t;i:xe

C\{xi“i;xe< A (\/m+\/§>_ B(2A + B)
28\ 2arB-vB 5

2 5\ ar - VB 2
The main objective of this paper is to derive sufficient conditions for the
convex combination of two univalent harmonic mappings to be univalent and
convex in the horizontal direction. Several examples of harmonic univalent
mappings constructed by using these methods are also given to demonstrate
applications of the main results.

2. Preliminary results
In order to derive the main results, we need the following lemmas.

Lemma 2.1 ([2]). Let f = h+7 be a locally univalent harmonic mapping in
the unit disk D. Then f is univalent in D and its range is a CHD domain if
and only if h — g is a conformal mapping of D onto a CHD domain.

Lemma 2.2 (Cohn’s Rule, see [3]). Given a polynomial
(2.1) f(z)=ap+a1z+ - +a,z"
of degree n, let

(2.2) ) =2"f(1)z) =a, + an_1z + - - + agz".

Denote by p and s the number of zeros of f inside the unit circle and on it,
respectively. If ag| < |an|, then

@, f(2) —aof*(2)

(2.3) fi(z) =

is of degree n — 1 with p1 = p — 1 and s1 = s the number of zeros of fi inside
the unit circle and on it, respectively.

Lemma 2.3. Let fy, = hy + g% € Hi(k =1,2) with

1 1+2 z
hie — gr = 5 ou log (1_2) +(1- ak)m (o €0, 1]).
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Also, wy, = g1./h}. (k =1,2) are the dilatations of fi and fa, respectively. Then
the dilatation w of f =1tf1 + (1 —1t)f2 (t € [0,1]) is given by
(2.4)
w(z) =
twr [142(20 — 1)2° + 2] (1 —w2) + (1 — twa [1+2(202 — 1)2° + 2*] (1 — w1)
T+ 22ar — D22+ A (L—w) + (- D[+ 22z —1)22 + 24 (1 — w1)
Proof. For f=1tf1 4+ (1 —t)fo =thy + (1 —t)ha + tg1 + (1 — t)gz, we have

2 =
(2.5) w(z):fi} E —t)gh  twih] + (1 — t)wah

thy,  thy + (1 —t)h)

Since hy — g = 2ak10g <1+z) +(1- ak)1+ > and wi(z) = g,./h), (k = 1,2),
we see that

14+2(2a; —1)2% + 24

2. B =
( 6) 1(Z) (I—W1)(1—22)(1+Z2)2’
and
1+2200 — 1)22 + 24
2.7 hl = .
@7 )= T -2+ 22
By substituting (2.6) and (2.7) into (2.5), we readily get (2.4). O

3. Main results
We first prove the following result.
Theorem 3.1. Let f, = hy + 95 € H; (k= 1,2) with
(3.1) hi—g1=% and hy—go=Xp (A>0).

If ¢ is univalent and convex in the horizontal direction, then f = tf; + (1 —
t)f2 (t € [0,1]) is univalent and convex in the horizontal direction.

Proof. Since hy — g1 = % and hy — go = A, we have
h—g=[thy + (1 = t)ha] — [tg1 + (1 — )g2]
(3.2) =t(h1 —g1) + (1 —1)(ha — g2)
=[t+ A1 —=1)]y,
which is convex in the horizontal direction. Thus, by Lemma 2.1, it suffices to

show that f is locally univalent and sense-preserving. If wq, ws and w are the
dilatations of fi, fo and f, respectively, then we get
(3.3) tgy + (1 —t)gh  twih) + (1 — t)wahl
. w = =
thi + (1 —t)h} thy + (1 —t)h}
From (3.1) and the definitions of w; and ws, we see that
w/

17(&)17

(3.4) R} =
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and
A
1-— w2 '
Substituting (3.4) and (3.5) into (3.3), we obtain
~twi(1—wp) + A1 = Hwa (1 —w)
(36) T o) A A=t —wr)

(3.5) by =

Note that

twy (1—w2)+A(1—t)wa(1—w
SR(l—i—w) 2 1+ ltE1—wig+Agl—t§(12_(w1)l)

1 —w 1 o tw1(17w2)+/\(17t)w2(17w1)
t(l—w2)+A(1—t)(1—w1)

o (t w1 —w2) + AL = £)(1 —wi)(1 + w2)
‘%< EN O )T ) )

- t 1+w1 /\(17t) ].+(.¢)2
t+)\(1—t)§R(1—w1> +t+)\(1—t)§R<1—w2)

>0,

(3.7)

we see that |w| < 1, which implies that f is locally univalent and sense-
preserving. This completes the proof of Theorem 3.1. (]

Suppose that A 20, B20, A+ B>0and c€[-2,2]. Let f=h+7g € H,
with
142 z
3.8 =h—-—g=Al D — B——.
(38) ? g Og(l—z)Jr 14+ cz+ 22

Since ¢ is univalent and convex in the horizontal direction, by Lemma 2.1, we
know that f is univalent and convex in the horizontal direction. In view of
Theorem 3.1, we obtain the following result.

Corollary 3.2. Let fr = hi + g € H; (k= 1,2) with

1+2 z
. hi—qg1 = Al B
(39) Lo Og(l—z)Jr 1+cz+ 2%
and
1+ 2 z
.1 ho — gy = MNAl AB——m—— (A .
(3.10) 2~ g2 %(L_>+ T2 >0

Then f=tfi + (1 —t)f2 (¢t € [0,1]) is univalent and convez in the horizontal
direction.

Another way to construct desired univalent harmonic mappings is taking the
linear combination of two harmonic mappings with the same dilatation w, it is
easy to get the following result, and we choose to omit the details of proof.
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Theorem 3.3. Let fr, = hy, +gx € H; (k= 1,2) with
z
1+ cpz+ 22

If 1 = c2 and w1 = wa, then f =1tfi + (1 —t)f2(t € [0,1]) is univalent and
convez in the horizontal direction.

1
(311) hk—gk:Aklog<1i—i> +Bk

If two harmonic mappings have different dilatations and they are sheared by
different conformal mappings, it seems to be difficult to guarantee the univa-
lency of their linear combinations. Next, we will discuss certain special cases.

Taking A = %a, B =1—-«a and ¢ = 0, we obtain the conformal mapping ¢,
defined by

(3.12) valz) = %alog (14_;) +(1- a)ﬁ (e €1]0,1)).

The above conformal mapping ¢, is constructed in [].

Theorem 3.4. Let f, = hy + 95 € H; (k= 1,2) with

1 1+2 z

Then f=tfi + (1 —t)f2(t € [0,1]) s univalent and convez in the horizontal
direction provided that f is locally univalent and sense-preserving.
Proof. Since
h N e el )—
k= 9k = 5Qk08 | 7 Qk
we have
h — g = [thl + (]. — t)hg] — [t91 + (1 - t)gg]
=t(h1 —g1) + (L = t)(h2 — g2)
tag + (1 —t)as 1+2 z
= 1 1—(t 1—-1t —_—.
5 tog (172 ) [ Gt + (1 haa)] 1
Because tag + (1 —t)az € [0,1] for all ¢ € [0,1], we see that h — g is univalent
and convex in the horizontal direction. Thus, if f = h + g is locally univalent
and sense-preserving, by Lemma 2.1, we deduce that f is univalent and maps

(3.14)

D onto a domain convex in the horizontal direction. O
Theorem 3.5. Let fi, = hy +gx € H; (k= 1,2) with
1 142 z
1 — g = —ag 1 —_— 1—ap)—— 1]).
(3.15) his = g = 50 0g<1_z)+( ak)1+22 (o € [0,1])
Also, let w; = —2% and wy = 22 be the dilatations of fi and fo, respectively.

Then f=tfi + (1 —t)f2 (¢t € [0,1]) s univalent and convez in the horizontal
direction provided that oy 2 as.
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Proof. If a; = aa, the result follows from Theorem 3.1. Now, we only need to
prove the case a; > ay. By virtue of Theorem 3.4, it is sufficient to prove that
the dilatation w of f satisfies |w| < 1 in D. Substituting w; = —22 and wy = 2>
into (2.4), we get

(3.16)
w(z) =

g 282t — 14+ 4tar +4(1 —t)an] 2* + [4t — 1 — 4dtar +4(1 — t)ao] 22 + 1 — 2t
14 [—2t — 1+ 4dtar +4(1 — t)as] 22 + [4t — 1 — 4taq + 4(1 — t)az] 2% + (1 — 2t)26°

Let

n(z) =2° + [-2t — 1 + 4dta; +4(1 — t)ag] 2*

(3.17) +[4t — 1 — 4ty 4+ 4(1 — t)ag) 22 + 1 — 2t,
and

n*(2) = 1+ [-2t — 1 +4tay +4(1 — t)ag] 22
(3.18) + [4t — 1 —4tag +4(1 — t)ag) 2* + (1 — 2t)2°

= 25(1/7).

Then, we may write w(z) = 22 n’lf((zz)). Thus, if 2z (z0 # 0) is a zero of 7, then

1/Zy is a zero of n*. Subsequently, we know that

(2 + )z +p2) - (2 + pe)
(1+72)(1+ip2) -+ (14 Tig2) |

Note that the function ¥(z) = 32 maps D = {z : |z| < 1} onto D for

(3.19) w(z) = 2*

1+Ez
|8] < 1. Thus, to prove |w(z)| < 1, we only need to show that |ug| < 1(k =
1,2,...,6). The cases t = 0 and t = 1 are obviously true. We now suppose

that ¢ € (0, %) U (%, 1), then it is clear that |1 — 2¢| < 1. By applying Cohn’s
rule on 7, it is sufficient to show that all zeros of 7, lie inside or on the circle
|z| = 1, where

o) = 1) = (1= 200°(:)
(3.20) z
=4t(1 —t)z [2* + 2(1 + a2 — 1)2% + 1 — 204 + 20s)] .

Define
(321) ’Y(Z) =24 + 2(041 + g — 1)22 +1—2a71 + 2as9,

and 7*(2) = z%y(1/z). Note that if a; = 1 and ag = 0, then all zeros of
v lies on the circle |z| = 1. Otherwise, we see that |1 — 2y + 22| < 1 for
0 < as < a1 < 1. Then it is sufficient to show that all zeros of « lie inside or
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on the circle |z| = 1. By applying Cohn’s rule on v again, we get

o) = 20 = (1= 201+ 200)7°(2)
(3.22) 2
=4(ag — )z [(1 —o +ag)? oy +ag — 1] )

Clearly, if 21 (21 # 0) and 25 (22 # 0) are the zeros of 1, then z; + 25 = 0 and
2129 = % Thus, |zx| £ 1(k = 1,2) is equivalent to 4as(l — a1) 2 0,
which is true for o € [0,1] (k = 1,2). Hence, all zeros of 1, 7, 11, n lie in or
on the unit circle |z| = 1.

For the case t = %, we see that

(3.23) n(z) = 2% [z" +2(a1 + a2 — 1)2° + 1 — 204 + ] = 2%y(2).
It is easy to see that all zeros of ) also lie in or on the unit circle |z| = 1. We
thus complete the proof of Theorem 3.5. O

By applying the similar method as in the proof of Theorem 3.5, we get the
following result.

Corollary 3.6. Let fr = hi + g € Hi(k = 1,2) with
1 1+
(3.24) hy — gx = iak log < Z) + (1 — ag)

1—=2
Also, let w; = —2% and wy = 2* be the dilatations of fi and fo, respectively.
Then f=tfi + (1 —t)f2 (¢t € [0,1]) s univalent and convez in the horizontal
direction provided that oy 2 as.

ﬁzzz (ax € [0,1]).

Theorem 3.7. Let fi, = hi, +gx € Hi (k = 1,2) with hy — g1 = 3 log 1+Z>

2 11—z
Also, let wy(z) = —22 and wa(z) = 2’ ta (a € (—1,1)
[

are

)
0,1])

and hy — g2 = 1755 Tras
the dilatations of f1 and fo, respectively. Then f =tf1 + (1 —t)fa2 (t
is univalent and convex in the horizontal direction.

Proof. Noting that hy — g1 = %log (HZ) and hy — g2 = 1757, we have

11—z

t 1+2 z
2 —g=-1 4 (1 - )
(3.25) h—g 5 Og(l z> ( t)l 22

Thus, h — g is univalent and convex in the horizontal direction. Hence, it
suffices to show that the dilatation w of f satisfies |w| < 1in D. Since hy —g1 =

1log (ifg), ha — g2 = 15, wi(2) = —2° and wa(2) = ﬁTZ;, we obtain
1
3.26 ¥ =
( ) I(Z) (1 + 22)(1 - ZQ)
and
1+ az?
(3.27) (=) =

(1—a)(1+22)2
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By observing that

twlh’ + (]. — t)wghé
3.28 =
(3.28) w(z) thy + (1 —t)hy

we get

(1—at)z*+ (1 —a)(2t —1)2% +a(t —1)

(3.29) W(Z) = - 1—at+ (1 — a)(2t — 1)22 + a(t - 1)24 .

Suppose that

(3.30) o(z) = (1 —at)z* + (1 —a)(2t — 1)2® +a(t — 1),

and

(3.31) 0 (2) =1—at+ (1 —a)2t —1)z2 +a(t —1)2*
Then

(3.32) w(z) = — o(z) _ (z+A)(z+ X2)(z+ A3)(z + N\y)

0*(2) (T4 N12) (14 Xez) (14 A32) (1+ Aaz)
We only need to show that |Ax| £ 1(k = 1,2,3,4). Since |a(t — 1)| < |1 — at]
provided that a € (—1, 1), by applying Cohn’s rule on g, it is sufficient to show
that all zeros of gy lie inside or on the circle |z| = 1, where
(1 —at)o(z) —a(t —1)0"(2)
z

(3.33) 01(2) = = (1+a—2at)(1—a)z(z*+2t—1).

It is easy to see that all zeros of p; lie in or on the unit circle |z| = 1. Thus,

Theorem 3.7 is proved.
|

4. Examples

In this section, we give several examples to illustrate potential applications
of the main results.

Example 4.1. Let f; = hy + g1, where hy — g1 = 1—10 log (%fz) + % 2 and

wi = z. Then

(4.1) hy

1 =z 1 142 1 2(2+2)
= —-———— 71 JE—

01—- 20 °g<1z)+10(1+z)2’
and

1 =z 1 142 1 P
4.2 = — — — —1 I .
(42) N=Z101-2 20 Og<1—2)+10(1+z)2
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Suppose that fo = hy + g2, where ho — go = log (%) + (14%72)2 and wy =

z

2z+1
2—iz°

Then we have

8+ Ti 1+2i (7 + 2i)z + 322
hy = log(1 - log(1 — ~ 7
(4.3) 2= g los(1+2) el =)+ Ay
' L9 (2=
16 % 24 ’
and
j 1+42i 1
92:8+7210g(1+z)— + Zlog(l—z)—log( —|—z>
16 2 1—=2
(4.4) , . . ,
(—142i)z+ 3z +%lo 2—i—(241)z
A1+ 2)2 16 8 24 '

By Theorem 3.1, we see that f3 = % f1+ % fo2 is convex in the horizontal di-
rection. The images of D under fj (k = 1,2,3) are shown in Figures 1-3,
respectively.

1.0

0.5+

0.0

_1 -0 I I
-1.0 -0.5 0.0 0.5 1.0

FI1GURE 1. The image of f;.

Example 4.2. Let fy = hy + g1, where hy — g4 = %log (}fi) + %H% and
wy = —22. Then we have

1 =z 1 z

1. (1+z\ 3. (1+iz
45) hi=- - | -2 :
(45)  ha 81+22+4(1+z2)2+80g<1—z> 16 0g<1—iz>
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(4.6)

-2

-3

-3

FIGURE 3. The image of f3 = 3 fi + 3 fo.

3 =z

Shi, Wang, Rasila and Sun

+1 z _110 142 _3i10
A0+z22 8 %\1-2) 16°®

g4 =

81+ 22

(

141z
1—1z

).
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Suppose that f5 = hs + g5, where hs — g5 = %log (if;) + % oz and w5 = 24,
Then we get
(4.7)

L 1 z +1 z Jr1 z +11 1+2 il 1+iz
= - — — —lo —-1lo

ST (222 AT+ 22 T121-22 12 B\1-2) 6 B\1 i)
and

(4.8)

1 z 5 =z n 1 =z 1 1 1+2 1 1 1+iz
== - — — ——1lo — =1lo .

BT r222 121422 12122 12 2\1-2) 6 ®\1-iz
By Corollary 3.6, we see that fg = % fa+ %0 f5 is convex in the horizontal

direction. The images of D under f;, (k = 4,5,6) with ¢ = % are shown in
Figures 4-6, respectively.

1.0

0.5f \ > —

0.0+

-0.5¢

_1 .0 1 T 1
-1.0 -0.5 0.0 0.5 1.0

FIGURE 4. The image of fj.

Example 4.3. Let f; = h7 + g7, where hy; — g7 = %log (H‘Z) and wy = —22.
Then we have

1 1+2 i 1+1iz
(4.9) h7—410g<12)—4log<1iz),

and

1 1+z2 i 14z
(4.10) g7——4log<1_z) _410g<1—z'z)'
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1.5

1.0-

0.5+

0.0

-1.0-

-1.5 . . . . .
-1.5 -10 =05 0.0 0.5 1.0 1.5

FI1GURE 5. The image of f5.

1.5

1.0-

0.5-

0.0

-1.01

-15 . . . . .
-1.5 -1.0 -05 0.0 0.5 1.0 1.5

FIGURE 6. The image of fs = %f4 + 1—10f5.

14222

pawal Then we

Suppose that fs = hs + gs, where hs — gs = 1777 and ws =
get

1 =z 31 144z
411 hy = ~— — 2]
(4.11) STo1+2 1 0g<1—iz>’




and

(4.12)

Convex combinations of harmonic shears of slit mappings

1.0

0.5- - ~ / <\ |

0.0~

_1 0 I I I
-1.0 -0.5 0.0 0.5 1.0

FI1GURE 7. The image of f7.

=2k

-3 -2 -1 0 1 2 3

F1cURE 8. The image of fg.

1 =z 3i1 1412
=——————1lo .
98 = 9712 1 %\1-4z

1508

By Theorem 3.7, we see that fg = 19—0 fr+ 1—10 s is univalent and convex in the

horizontal direction. The images of D under fi (k = 7,8,9) with ¢t =

shown in Figures 7-9, respectively.

are
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0.0+

-1.5+ 4

-1.5 -1.0 =05 0.0 0.5 1.0 15

FIGURE 9. The image of fy = %f7 + 1—10f8.
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